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Differential Equations: Second-order

Il. Method of variation of parameters

Method of variation of parameters, a method based on the availability of the complementary
function of a differential equation, is considered to be the most powerful method for finding a
particular solution. This method is due to the great mathematician Lagrange.

Suppose y1 and y» are the two particular linearly independent solutions for the homogeneous
equation y” + py’ + qy = 0. Then its complementary function can be written as

y=Ay1+ By (1)

where A and B are arbitrary constants.

Assume that A and B in (1) are not constants, but instead are functions of x, denoted by A(x)

and B(x), respectively. Then consider that
y =AM + B(x)y2 2

is a complete solution of the non-homogeneous equation

y" +py’ + qy = R(x). 3)
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Differential Equations: Second-order

Since the method assumes that the quantities A and B vary with respect to x, the method is
generally known as the method of variation of parameters.

It is obvious that, since we have two unknowns to be determined, we usually require two
conditions: One of these conditions arises from the fact that the assumed solution must satisfy
the differential equation and the second one is at our disposal.

Thus differentiating (2) once, we get
y' = Ay + B(x)y; + (A'(x)y1 + B'(x)y2)- (4)

We realize that further differentiation would introduce second derivatives of the unknown
variables.

We choose the following condition which simplifies (4):
A'(x)y1 + B (x)y2 = 0. (5)

Then (4) reduces to

y' = A + B()ys. (6) |
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Differential Equations: Second-order

Differentiating (6),
Y= Ay +B(x)y, + A (x)yi + B'(x)y;- @)

Substituting the values of y, y’ and y’’ into (3), we obtain

(Ay; + By, +A'yi + B'y5) + p(Ayi + Bys) + a(Ay1 + Byz) = R(x). ®)

But, since y; and y» are solutions of the homogeneous equation, therefore

1"
yi +pi+an =0,
Y> +pys+ay2 =0.

Hence (8) reduces to
A'yl + B'y; = R(x). 9

Thus, we have obtained two conditions (5) and (9) in two unknowns A’ and B’:

Ay1 + By, =0,
A'y{ + B'y; = R(x).
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Differential Equations: Second-order

Using Cramer's rule, we obtain the solutions for A’ and B’ as

0 ¥2

A — R(x) }’; _ —wR _ —yR
iy nys—yiy2 Wi, y)’
i %
yi 0

g1y RO R
iy W(y1, y2)
o

Integrating the above two equations, we get

»R
A =— | == d c,
() /W x + c1

R
B(x) = YIW dx + . (10b)
v
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Differential Equations: Second-order

Hence the complete solution can be written as

A(x)y1 + B(x)y2

R R
ayi+ oy + (—yl % dX) + (yz y1W dX) : (11)

y

In (11) above, the first two terms on the right side represent the complementary function and the
third and fourth terms represent the particular integral.

Example:

| \

y" +y =secx.

A complementary function of the given equation is y = A cos x + B sin x.

In order to use the method of variation of parameters, we assume

y = A(x) cos x + B(x) sin x.
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Differential Equations: Second-order

The following two equations are to be solved for A’ and B’:

A’ cos x + B sinx = 0,

—A’sinx + B’ cos x = sec x.

Solving for A" and B’ by Cramer's rule:

B' =

0 sin x
seCXx COs X
cosx  sinx
—sinx cosx
cos X 0
—sinx secx
cosx  sinx
—sinx cosx

sin x

—sinxsecx = — s
€os X

cos xsecx = 1.
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Differential Equations: Second-order

Integrating with respect to x,

A:—/ sinx dx + ¢1 = In(cos x) + c1,
B:/d)(-i—Cg:X-f—Cg7

where ¢; and ¢ are two arbitrary constants.

The complete solution can be written as

y (e1 + In(cos x)) cos x + (c2 + x) sin x

[e1 cos x + ¢ sin x] + [cos x In(cos x) + x sin x].

In the above solution, the first part corresponds to the complementary function whereas the
second part corresponds to the particular integral.
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Differential Equations: Second-order

x2y" + xy’ — y = x?e*, given that y = x is a solution.
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Differential Equations: Second-order

Differential operator method

Consider the n-th order nonhomogeneous linear differential equation with constant coefficients as:

d"y d"1ly dy
dn+ 1oy o b A oy = (%) (12)
where ap, ap—1,...,ap are all constants.

Now defining the differential operator as

2 n
D= i,D2: di’“.’D":di7
dx dx? dx"
we can write (12) in a compact form as follows:
¢(D)y = f(x) (13)

where ¢(D) is a linear polynomial operator in D and is given by

¢(D):anD"+an—1Dn_1+"'+31D+ao. (14)
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Differential Equations: Second-order

Now treating the equation (13) as an algebraic equation, we can solve for y:

(15)

We define the inverse operator 1/D as

-
%://,,%:/// (n integrals).

Similarly,

(16)

The following results will give ideas to solve differential equations by operator method.

Result 1:
#(D)e™ = e™¢(a)

Proof: Since De®™ = ae™, D?e™ = 2%, ..., D"e®™ = a"e?, then

(anD" + a,_1D" 1 + -+ a1D + ap)e™

(ana" + ap—1a" "1 + - + a1a + ag)e™ = e¥¢(a).

¢(D)e™

Differential Equations



Differential Equations: Second-order

Corollary
1 eaX
ax = 0
70) & = oy Y07

Result 2
For the case ¢(a) =0,

$(D)(e™ V) = e¥¢(D + 2)V

where V is a function of x.

Result 3

| \

¢(D2){ C.OSBX }_¢(_a2){ C.OSBX }
sin ax Sin ax

#(D?) = anD?" + 2,1 D?>"2 4 ... 4 a1 D? + ag.

where

| \

Note:

The method of operators is very powerful for differential equations with constant coefficients and

with f(x) of the type k, x", e?, cos ax, sin ax or any combination with these functions.

Differential Equations



Differential Equations: Second-order

" / _ =3
4y" +12y" + 9y = 144e72 .

y=(A+ Bx)eiT& +6x5.

Exercise

y" — 5y’ + 6y = 1005sin 4x

y = Ae® 4+ Be3* + 4 cosdx — 2sin 4x.

Exercise

y" 4+ 9y = cos3x.

v
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Differential Equations: Second-order

Linear equations with variable coefficients

Now we are going to discuss a method for solving a certain class of linear differential equations

with variable coefficients of the following form:

anx"y(M 2, 1 x" Ly 44 g xy! 4 agy = F(x). (17)

This equation is called Euler-Cauchy differential equation and can be solved by transforming it
into a linear differential equation with constant coefficients.
Here ap,an_1,..., a1, ao are all constants and the coefficient of derivative of each order is a

constant multiple of corresponding power of the independent variable.

However, this method is not applicable for a general linear differential equation with arbitrary

variable coefficients of the following form:

an()y™ + an-1(x)y "D + -+ a1(x)y’ + a0(x)y = F(x). (18)

The change of independent variable for equation (17) is defined by x = e” or z = Inx, x # 0.
2

d d
Denote D = —, D? = — and so on.
dx dx?
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Differential Equations: Second-order

Subsequently,

d _dzd _1d

D = —=——=
dx dxdz xdz
02 - d2id(1d)7 1d+1dzd27 1d 1 d°
T dx®  dx xdz' x2dz xdxdz2 x2dz x2dz?’ )
Therefore, we have
d
xD = —:Dl
dz
d d?
22
D = —+ —
x dz—l—dz2

= —D;+D?=Dy(D; —1).

Hence by the substitution, we get a differential equation with constant coefficients in terms of the

transformed variable. After solving and using z = In x, we get the required solution for y.
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Differential Equations: Second-order

1"

x2y +xy’ =12xInx.

Solution:

|

. N 1
By making the substitution x = e?, we have z =Inx and — = —

x .

The equation gets converted to

[D1(D1 — 1) + D1]y = 12z€*.

d2
A 12z€%.
dz?

| \

We get a complementary function as

Ye = A+ Bz.
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Differential Equations: Second-order

We get the particular integral from

12
= — Z
e D?

z

12ez#z
(D1 +1)?
= 126*(1+ D)%z
= 12e7(1—2D; +3D% —--.)z
= 12e%(z—2).

y = A+Bz+12e%(z—2)

= A+ Blnx+ 12x(Inx — 2).
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