MAb542 Differential Equations
Lecture 34
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Method of Characteristics

Aty + Bugt + Cuge + f(x,t, u,ug, ug) = 0. (1)
After using the transformation
Atz + Bug +Cuy = (Ad® + Bab + Cb?)Uy
+(2acA + B(ad + bc) + 2Cbd)Ugy,
+(Ac? + Bed + Cd*)U,y,. (2)
Further with a =1 =¢, and C # 0,
—-B++VD -B-vD
b= 1T e 3)
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Method of Characteristics

Parabolic Case, D =0

In this case, equations (3) give

-B
2C

b=d=

Hence, the resulting transformation
E=x+bt,n=ao+0bt

is not invertible.

Observe that if we choose

a=c=1,d=-B/(2C), and b=0,

then the coefficients of
Uy and Uy, in (2) vanish.
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Method of Characteristics (Contd.)

e

the transformation

B
£:$, 77:$__t

2C

transforms equation (1) into

where only one double derivative appears.

Check the case when C = 0. )
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Method of Characteristics (Contd.)

Elliptic Case, D < 0:

Now b and d in (3) are complex conjugate numbers.

That is
d=".

Selecting a = ¢ = 1, we obtain a complex transformation:

E=x+bt, n=x+0bt

A real transformation can be found by considering real variables « and f:

a=2E+m), B= ()
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Method of Characteristics (Contd.)

This transforms (1) into

Uaa + U + K(o, 8,U, Uy, Ug) = 0. (5)

where two second partial derivatives (in the new variables) are still present and only
the mixed derivative is absent.

Equation (5) is the canonical form of elliptic equations.

We recognize the combination of the second partial derivatives as
the Laplacian operator.

We notice that

even after using transformation, we are still left with two derivatives and this reduction

does not help us in finding the solution by simple integration.

Hence this method is not all suitable for elliptic equations.
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Method of Characteristics (Contd.)

Generally characteristic coordinates are useful only for hyperbolic equations. |

They do not play any important role in elliptic and parabolic equations.

first order equations, like a reaction-advection equation, are classified as hyperbolic
because

they propagate signals like wave equations.
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Method of Characteristics (Contd.)

Find the characteristics of the following equation and reduce it to the appropriate
standard form and then obtain the general solution:

Bugzz + 10uUgy + uyy = 0.

Here A=3,B=10,C=3 and we have B2 — 4C'A = 100 — 36 = 64 > 0.

Hence the equation is of hyperbolic type.

The characteristics are given by

§—w+<_3+0\/ﬁ>y—x—(l/3)y, n—x+<ﬂ>y—w—3y~

2C

Here we have &, =1,n, =1,§, = —1/3,n, = —3.
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Method of Characteristics (Contd.)

Uy = Uy + UpNy = Ug + Uy,

Uy = uely + upny = (1/3)ug — 3uy,.

Therefore, under this transformation:

Expressions for the second order derivatives are

Uy = u&&éz + ugnnz + un&éz + Uy Nz

Ugg + 2ugy + Uy,

Uzy = Ugey + Ugnty + Unely + Unyy
—(1/3)uge — (10/3)uey — Jugp,
(1/3)[ueely + uenny] — 3[unely + unymy]
(1/9)uge + 2ugy + .

MA542

01/04/2022

9/18



Method of Characteristics (Contd.)

Substituting these values in the given equation, we obtain

Now integrating with respect to & partially

Uy, = F'(n).

Again integrating with respect to 7 partially

u=F(n) +G().

Hence the solution of the original equation is

u(z,y) = F(z — 3y) + G(3z — y),

where F' and G are arbitrary functions.
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Method of Characteristics (Contd.)

Find the characteristics of the following equation and reduce it to the appropriate
standard form and then obtain the general solution:

Ugg + duzy = 0.

Here A=1,B=4,C=0 and we have B2 —4CA = 16 > 0.

Hence the equation is of hyperbolic type.

The characteristics are given by

-B
§=—Faty=—do+y n=y.

A

Here we have ¢, = —4,71, =0,§, = 1,1, = L.

MA542 01/04/2022 11 /18



Method of Characteristics (Contd.)

Therefore, under this transformation:

Uy = uey + upn, = —4dug,

IS
<
Il

Ugly + Uty = ug + Up.

y

Expressions for the second order derivatives are

Uy = u&égz + ugnnz + ur]ﬁfﬂo + Uy Nz
= 1611,557
Ugy = Ugeby + UenTly + Une&y + Uy

= —4(U§§ ar u€n).
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Method of Characteristics (Contd.)

Substituting these values in the given equation, we obtain

Now integrating with respect to & partially

Uy, = F'(n).

Again integrating with respect to 7 partially

u=F(n) +G().

Hence the solution of the original equation is

u(z,y) = F(y) + G(y — 4z),

where F' and G are arbitrary functions.
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Method of Characteristics (Contd.)

Find the characteristics of the following equation and reduce it to the appropriate

standard form and then obtain the general solution:

Hence the equation is parabolic.

The characteristics are given by

gz =1,T]I = 17£y=07ny =_(1/2)
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Method of Characteristics (Contd.)

Under this transformation:

Uy = ey + Uyl = Ug + Uy,

uy = ugly +uyny = —(1/2)w.

V.

The expressions for the second order derivatives:

Uge = Uge + 2ugn + Uy,
Uy = —(1/2)ugy — (1/2)tyy,
Uyy = (1/4)upy.
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Method of Characteristics (Contd.)

Substituting these values in the given equation:

U&* = (),

Integrating with respect to & partially:

ug = f(n).

Again integrating with respect to £ partially:

u=Ef(n)+gn).

Hence the solution of the original equation is

u(z,y) =z f(z — (1/2)y) + g(z — (1/2)y),

where f and g are arbitrary functions.
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Method of Characteristics (Contd.)

Example: (Non-homogeneous equation)
Find the characteristics of the following equation and reduce it to the appropriate
standard form and then obtain the general solution:

Uy — dUgy + 4y, = cos(2z + y).

The given equation is a parabolic one.

The characteristics are:

B
£:w7n=w—%y:w+(1/2)y

The canonical form will be

'LL&* = COsT1).
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Method of Characteristics (Contd.)

Integrating partially with respect to &:

ug = Ecosn + f(n).

Again integrating w.r.t. £
2

u(&,n) = %00877 +&f(n) + g(n).

2
X
u(z,y) = zf(y +2z) + g(y + 2z) + - cos(y + 2z),

where f and g are arbitrary functions.
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