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Introduction and Basic Definitions

Definition
A partial differential equation (PDE) for a function u(xi,x2, ..., Xs)
(n > 2) is a relation of the form
F(X17X27 sy Xy Uy Usgy Uxyy o ooy Uxyxq s Uxyxps o o - 7) = 07 (1)
where F is a given function of the independent variables x1, x2, . .., x,; of

the unknown function v and of a finite number of its partial derivatives.

Definition (Solution of a PDE)

A function ¢(x1, ..., x,) is a solution to (1) if ¢ and its partial derivatives
appearing in (1) satisfy (1) identically for xq, ..., x, in some region
QcCR"

The order of an equation:The order of a PDE is the order of the
highest derivative appearing in the equation. If the highest derivative is
of order m, then the equation is said to be order m.

Uy — Uxx = f(x,t) (second-order equation)

Ut + Uxex + Uk = 0 (fourth-order equation)
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Introduction and Basic Definitions

Definition (Classification)

o A PDE is said to be linear if it is linear in the unknown function u
and its partial derivatives, with the coefficients depending only on
the independent variables x1, x2, .. ., X,.

o A PDE of order m is said to be quasi-linear if it is linear in the
derivatives of order m with coefficients that depend on
X1,X2,...,Xn, U and the derivatives of order < m.

e A quasi-linear PDE of order m, where the coefficients of derivatives
of order m are functions of the independent variables xi, ..., x,
alone is called a semi-linear PDE.

e A PDE of order m is called nonlinear if it is not linear in the
derivatives of order m.
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Introduction and Basic Definitions

Example (Some well-known PDEs)

e The Laplace's equation in n dimensions:

Au = E (second-order, linear, homogeneous)

e The Poisson equation:

Au = f (second-order, linear, nonhomogeneous)

The heat conduction (diffusion) equation:

ou
——kAu =
g KAu=0

(k = const. > 0) (second-order, linear, homogeneous)

e The wave equation:

82
ﬁ7c2Au =0 (c = const. > 0) (second-order, linear, homogeneous)
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Introduction and Basic Definitions

e The Transport equation:

0 0 . .
a—: + 8_>L: = 0 (first-order, linear, homogeneous)
e The Burger's equation:
0 0 . -
G_Ltl + ua—i = 0 (first-order, quasilinear, homogeneous)

Basic facts about ODE and PDE:

e lLet u= u(x,y) and consider a PDE u, = % = 0. Integrating it, we
have u = u(x,y) = c(y), i.e., any arbitrary function of y solves this
PDE.

e Solution u(x,y) = c(y) gives all possible solutions of the PDE. Such
a solution is called a general solution/integral.

e In PDE, a general solution involves arbitrary functions, whereas in
ODE, a general solution involves arbitrary constants only.

What type of equations are of interest?

e Linear, quasi-linear, and nonlinear first-order PDEs involving two
independent variables.

e Linear second-order PDEs in two/three independent variables.
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Introduction and Basic Definitions

Example
Let us warm up with a simple example

ux = u+c, cis function of x, y. (2)

Observe

e Since equation (2) contains no derivative with respect to the
variable y, we can regard this variable as a parameter.

e Thus, for fixed y, we are actually dealing with an ODE, the solution
is immediate:

wxy) =L [ Ce (e, y)de+ AY)]. 3)

e Suppose, we supplement (2) with the initial condition u(0,y) = y.
e Then the unique solution is given by

u(xoy) = ] / e¢c(&,y)de + y). (4)



Introduction and Basic Definitions

Example

e Consider following IVP

uy = u, u(x,0)=2x. (5)

e The solution of (5) now becomes u(x,y) = e*f(y) and with the
condition u(x,0) = 2x, we must have %(0) = 2xe™*, which is of
course impossible.

e We have seen so far an example in which a problem had a unique
solution,and another example where there was no solution at all. It
turns out that an equation might have infinitely many solutions.

e Consider following IVP
uy = u, u(x,0)=e". (6)

e Now f(y) should satisfy £,(0) = 1. Thus every function f(y)
satisfying £(0) = 1 will provide a solution for the equation together
with the initial condition. Hence, the IVP has infinitely many

olution
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First-Order Partial Differential Equations

First-order PDEs: A first-order PDE in two independent variables x, y
and the dependent variable u can be written in the form

ou Ou

F(Xayauaaﬂa_y): . (7)

For convenience, set
ou ou

p= Ix’ q= a_y
Equation (7) then takes the form

F(x,y,u,p,q) = 0. (8)

First-order PDEs arise in many applications, such as
e Transport of material in a fluid flow.

e Propagation of wave-fronts in optics.
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First-Order Partial Differential Equations

e Classification of first-order PDEs
e If (7) is of the form

du @

a(X7y)_ + b(xv)/)ay

I = c(x, y)u+d(x,y),

then it is called a linear first-order PDE.
e If (7) has the form

ou

0
a(x,y)a + b(x,y)a—; = c(x,y,u),

then it is called a semilinear PDE because it is linear in the leading

(highest-order) terms 2 and g—;. However, it need not be linear in wu.

e If (7) has the form

ou ou
a(X7Y7 u)a + b(X7y7 u)a = C(X7.y7 U),

then it is called a quasi-linear PDE. Here the function F is linear in

the derivatives % and % with the coefficients a, b and ¢ depending

on the independent variables x and y as well as on the unknown u.

e If F is not linear in the derivatives 2% and g—;, then (7) is said to be

. Ox
a nonlinear PDE.
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First-Order Partial Differential Equations

Linear PDE ; Semi-linear PDE € Quasi-linear PDE € PDE

Z= Z=

o xuy + yu, = u (linear)

® Xuy + yu, = u?

(semi-linear)
o u,+ (x+y)u, = xy (linear)
e uu, + u, =0 (quasi-linear)

o xuZ + yu? =2 (nonlinear)
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First-Order Partial Differential Equations

How do first-order PDEs occur?
e First-order PDEs mainly connect to geometry.
o Two-parameter family of surfaces: Let

f(x,y,u,a,b) =0 (9)

represent two parameters family of surfaces in R3, where a and b are
arbitrary constants.
Differentiating (9) with respect to x and y vyields a relations

of of
& + P% =0, (10)
of of
il —_ =0. 11
oy T 94 0 (11)

Eliminating a and b from (9), (10) and (11), we get a relation of the
form

F(x,y,u,p,q) =0, (12)

which is a PDE for the unknown function u of two independent
variables x and y.
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