MA 542 Differential Equations
Lecture 11

(January 27, 2022)




Bessel Functions

Important recurrence relations:
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Bessel Functions

In a similar manner, the result (2) can be obtained. )

Opening up the differentials in equations (1) and (2) and dividing them by x£#, respectively, the
following important results can be obtained:

2p
Ju—1(x) + Jus1(x) = 7J”(X)7 3)
’
Jum1() = () = 24,(). )
The above relations show the connection between some specific Bessel functions. J

Specifically, for = n,

Result (3) can be interpreted as the recursion relation between three consecutive Bessel functions
of integer order whereas (4) shows that the derivative of an integer order Bessel function can be
expressed in terms of that Bessel function and the following integer order Bessel function.
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Bessel Functions

[ 2 .
J1/2(x) = — s
2
J_1/2(x) =4/ o 5%

Then, from (3), the following can be obtained:

1 2 (sinx
J3/2(x) = ~J12(x) = J1pa(x) =/ — ( . —Cosx) ,
1 2 cos X .
J*3/2(X) = —;J,1/2(x) - J1/2(X) = x (_T - smx) .
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Bessel Functions

For 1 = £(3/2)

3 2 (3sinx 3cosx .
Js5/2(x) = ;J3/2(X) —J12(x) = \/;( I smx) ,

J_5/2(x) = —§J73/2(X) —J_12(x) = 2 (

T™X

3cosx  3sinx
5 — oS X
X

@ Such calculation can be continued indefinitely and hence every Bessel function Jy,,1/5(x),
with m as an integer, is elementary.
@ Liouville proved that these are the only cases in which J,(x) is elementary. For all other

values of p, they are not elementary.
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Bessel Functions

Recall from (1) and (2) that

d
2 K Je0) = x* 1 (x),
i
dx

(T du(x)) = =xF s (x).

Integrating both sides, we get

/x”JM_l(x)dx = x"Ju(x) + a,

/xf“J;ﬁl(x)dx = —x HJ,(x) + .

v

This shows that

Integration of expressions containing Bessel functions yields results in terms of some other Bessel
functions.
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Bessel Functions

One simple example is (for 4 = 0 and by using J_1(x) = (=1)J4(x))

Jo(x) = —/Jl(x)dx +c.

Another example is (for = 1)

xJi(x) = /XJ()(X)dX +c.

| N

In a similar manner, we can obtain

/X x2Jo(x)dx = x2Jy(x) + xJo(x) — /X Jo(x)dx,
0 0

/OX x3Jo(x)dx = x3 I (x) — 2x2 o (x).
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Bessel Functions

Observation from above two:
X

The integral / XM Jo(x)dx can be reduced and evaluated completely when m + n is an odd
0

X
positive integer.However, the reduction is terminated by a term / Jo(x)dx if m+ n is even.
0

X
In order to evaluate the integral / Jo(x)dx, we repeatedly integrate
0

Ju—1(x) = Jup1(x) = 2J;(x) forp=1,3,...
/OX Jo(x)dx — /OX J(x)dx = 2J1(x),
/0 Jz(x)dxf/o St = (6

and so on.

| \

Adding both sides separately

/OX Jo(x)dx = 201 (x) + s(x) + -} =25 osa (x).
n=0

v
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Bessel Functions

Definition of generating function:

Let {an},>0 be a sequence of numbers. The generating function associated with this sequence is
the series G(x) = Za,,x
n>0

In other words, the above series can be assumed to be generated by the function G(x). J

Consider the following and observe the generating functions:
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Bessel Functions

The generating function of the Bessel functions is

G(x,t):exp{%x (t—%)} (5)

This function can be developed into a Laurent series. The coefficient of t" in the expansion is the

Bessel function of argument x and order n.

We can write

exp{%x (t — %)} = f: t"Jn(x). (6)

n=—oo

(6) can be obtained by considering the series expansions for exp(xt/2) and exp(—x/(2t)),
multiplying those series and then comparing the coefficients of t".

Further recall that

| \

J-n(x) = (=1)"Jn(x). )

‘ \
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Bessel Functions

Using (7), we can rewrite (6) as

exp {; (t - 1)} = Jo(x) + Z [t" + "t Jn(x). (8)

Let t = exp(if) so that 1/2(t —1/t) = w =isin6. J
Then (8) gives
exp(ixsin @) = Jo(x) + Z [exp(inf) + (—1)" exp(—inB)] Jn(x). 9)
n=1
t" + (—1)"t™" = [exp(inf) + (—1)" exp(—inf)] = 2cos(2k), n = 2k, (10)
t" + (=1)"t™" = [exp(inf) + (—1)" exp(—inf)] = 2isin((2k — 1)0), n =2k — 1. (11)
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Bessel Functions

Therefore, (9) can be written as

exp(ixsin @) = Jo(x) + 2 Z Jok (x) cos(2k0) + 2i Z Jok—1(x)sin((2k — 1)0). (12)
k=1 k=1

Equating real and imaginary parts

cos(xsinf) = Jo(x) + 2 f: Joi (x) cos(2k0), (13)
k=1
sin(xsin0) = 2§:J2k_1(x) sin((2k — 1)0). (14)
k=1

V.

Now multiply both sides of (13) by cos nf and both sides of (14) by sin nf and integrating each
with respect to 6 from 0 to 7

™
/ cos(x sin 0) cos nfd6 = (), even, (15)
0 0, n odd,
/Tr sin(xsin 0) sin n0d6 = 0 moeven, (16)
0 " | 7In(x), n odd.
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Bessel Functions

Adding (15) and (16), we can get for all positive integral values of n

/Tr[cos(x sin @) cos nf + sin(x sin @) sin n0]d0 = mJ,(x). (17)

Simplification gives

o
3
\

/ cos(nf — xsin 0)d0 = mJn(x). (18)
0

Further, putting = 7/2 in (13) and (14), we get, respectively,

cos x = Jo(x) + 22(—1)kJ2k(x), (19)
k=1
oo
S|nx—2z DA hr_1(x). (20)
The above show a relationship between circular functions and Bessel functions of first kind. J
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Bessel Functions

Consider a boundary-value problem which consists of
9 a second-order homogeneous linear differential equation of the form

o [P ] 140+ Ay =0 @y

where p, g and r are real functions such that p has a continuous derivative, g and r are
continuous and p(x) > 0 and r(x) > 0 for all x on a real interval a < x < b, and A is a
parameter independent of x;

Q two supplementary conditions
Ary(a) + Azy'(a) =0 (22a)
Biy(b) + Bay'(b) =0 (22b)

where Az, Az, B; and By are real constants such that A; and A, are not both zero and B;
and B, are not both zero.

This is called the Sturm-Liouville Problem. J
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Bessel Functions

The function r(x) is called the weight function of the differential equation. J

For Bessel's equation,

r(x) = x.

Definition

Consider the Sturm-Liouville problem consisting of the differential equation (21) and the
supplementary conditions (22). The values of the parameter X in (21) for which there exist
non-trivial solutions of the problem are called the characteristic values or eigenvalues of the
problem. The corresponding non-trivial solutions are called the characteristic functions or

eigenfunctions of the problem.
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Bessel Functions

For Sturm-Liouville problem

@ There exists an infinite number of characteristic values A, of the eigen problem. These
characteristic values A\, can be arranged in a monotonic increasing sequence

A< X< A<

such that A\, —+ +00 as n — oco.

Q Corresponding to each characteristic value A\, there exists a one-parameter family of
characteristic functions ¢,. Each of these characteristic functions is defined on a < x < b,
and any two characteristic functions corresponding to the same characteristic value are
nonzero constant multiples of each other.

9 Each characteristic function ¢, corresponding to the characteristic value A\, (n =1,2,3,...)

has exactly (n — 1) zeros in the open interval a < x < b.
v

Orthogonality of characteristic functions

Two functions f and g are called orthogonal with respect to the weight function r on the interval
a < x < b if and only if

b
/ r(x)f(x)g(x) dx = 0.

V.
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Bessel Functions

Definition
Let {¢n},n=1,2,3,... be an infinite set of functions defined on the interval a < x < b. The set
{¢n} is called an orthogonal system with respect to the weight function r on a < x < b if every
two distinct functions of the set are orthogonal with respect to r on a < x < b. That is, the set
{¢n} is orthogonal with respect to r on a < x < b if

b
/ r(x)¢m(x)¢n(x) dx =0, for m # n.

Theorem

| A\

Let Am and A, be any two distinct characteristic values of a Sturm-Liouville problem. Let ¢, and
én, respectively, be the characteristic functions corresponding to A, and A,. Then the
characteristic functions ¢, and ¢, are orthogonal with respect to the weight function r on the
interval a < x < b.
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Bessel Functions

Definition
Let {¢n},n=1,2,3,... be an infinite set of functions defined on the interval a < x < b. The set
{¢n} is called an orthogonal system with respect to the weight function r on a < x < b if every
two distinct functions of the set are orthogonal with respect to r on a < x < b. That is, the set
{¢n} is orthogonal with respect to r on a < x < b if

b
/ r(x)¢m(x)én(x) dx =0, for m#n

Theorem

| m
\

Let Am and A, be any two distinct characteristic values of a Sturm-Liouville problem. Let ¢, and
én, respectively, be the characteristic functions corresponding to A, and A,. Then the
characteristic functions ¢, and ¢, are orthogonal with respect to the weight function r on the
interval a < x < b.
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