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gravity theory that satisfactorily mimics the asymptotically flat vacuum solutions of the Einstein’s equations.
With this, we solve the governing equations describing the accretion flow and obtain the global transonic
accretion solutions in terms of flow energy (£), angular momentum (1) and gravity parameter (A) that
determines the effect of f(R) gravity. We observe that depending on the model parameters, flow may contain
either single or multiple critical points. We separate the effective domain of the parameter space in 4 — &
plane that admits accretion solutions possessing multiple critical points and observe that solution of this kind
continues to form for wide range of the flow parameters. We examine the modification of the parameter
space and reveal that it gradually shrinks with the decrease of A, and ultimately disappears for A = —2.34.
Finally, we calculate the disk luminosity (L) considering bremsstrahlung emission process and find that global
accretion solutions passing through the inner critical point are more luminous compared to the outer critical
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point solutions.

1. Introduction

Accretion process around the black hole is considered as the prin-
ciple source to power the astrophysical objects, namely micro quasars,
active galactic nuclei and quasars [1]. As the black holes classically
do not emit anything, not even electromagnetic radiations, the study
of the accretion flow in black hole environment ought to provide the
intrinsic imprints of the central engine. Meanwhile, numerous works
have been performed on the study of accretion processes near the black
hole using different physical conditions [2-5, and references therein].
However, only a handful of works were reported in the context of
hydrodynamical aspects of accretion flow in modified gravity frame-
work. In particular, major efforts were given in studying the particle
dynamics around braneworld black holes [6,7], slowly rotating black
holes in dynamical Chern-Simons modified gravity [8], and black holes
in Hotava gravity [9,10], to name a few. In addition, accretion physics
has also been studied in exotic backgrounds where the central object is
a boson star [11,12], wormhole [13], gravastar [14], quark star [15],
and even a naked singularity [16,17].

Indeed, black holes are one of the most simple compact objects with
the strongest gravitational fields around them. They are ubiquitous in
the relativistic theory of gravity. Therefore, testing the theory of gravity
around such strong-field regime is one of the ways to understand the
theory properly. Towards this, the general theory of relativity (GR)
has been tested successfully under various different situations [18].

* Corresponding author.

However, GR also has its own limitations and drawbacks. The theory
fails to explain the initial singularity in the cosmic history of the
Universe, existence of dark matter and dark energy, and the singularity
at the centre of the black holes. Among the above mentioned facts, the
acceleration of the Universe, which was discovered by using type Ia
supernovae [19] (see [20] for more details), still lacks a satisfactory ex-
planation. This discovery, despite having enormous implications in the
field of cosmology, also has great significance in fundamental physics.
With the help of WMAP and Planck results, it can be concluded that
if GR is the correct theory of gravity, then approximately 68% of the
energy content of our Universe is not dark or luminous matter, instead
is a mysterious form of energy, known as the dark energy. On the
other hand, while the baryonic matter content is 5%, the dark matter
content of the Universe is approximately 27%. Therefore, it perhaps
will not be an exaggeration to state that the present astrophysical and
cosmological models are facing two crucial issues, namely the dark
energy problem (see [21] for a recent review), and the dark matter
problem [22], respectively.

So far, three main classes of models were proposed to understand
the origin of cosmic acceleration, which are namely the introduc-
tion of a cosmological constant A [23], different models of the dark
energy [21] and the modification of gravity. Interestingly, the intro-
duction of cosmological constant in explaining the acceleration of the
Universe requires an extreme fine tuning, which seems very unlikely in
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a realistic scenario. The second class i.e. , the models of dark energy,
within the context of GR, requires the introduction of fluids with an
equation of state (EoS) P = —¢, where P and ¢ are the pressure and
energy density of the fluid, and EoS plays a crucial role late in the mat-
ter dominated era. Needless to mention that many such models were
proposed, however most of them were not physically convincing, and
some are even problematic from the fine tuning perspective. The third
one, which is the motivating force behind this work, is the modification
of gravity [24,25, and references therein] instead of introducing exotic
matters in the theory.

One set of such models where the Ricci scalar (R) in the Einstein—
Hilbert action is replaced by an arbitrary analytic function of R, known
as the f(R) gravity models, have been extensively studied in both
astrophysical as well as cosmological contexts [24-31]. One of the
immediate implications of such models was to examine the explanation
of cosmic acceleration [32]. Indeed, every single form for f(R) may
give rise to a new model of gravity, but it is crucial that these theories
are getting tested against observations. These observations need not
only be cosmological in character, it can also be astrophysical, or can
be tests like perihelion shift of Mercury or bending of light. Considering
all these, we infer that the study of accretion process around black
holes in modified gravity can provide a path way to test the gravity
theories against observations. Meanwhile, some efforts were already
given in studying the accretion physics in the black hole backgrounds
of such f(R) gravity theories where particle dynamics [33-35] around
the black hole was considered.

With this, we mention the motivation of this work which is two
folds in nature. The first one is to study the accretion process in a f(R)
gravity background which is asymptotically flat and the remaining one
is to perform a complete hydrodynamical study of the accretion process
in f(R) modified gravity scenario. It is worth mentioning at this point,
that having an asymptotically flat vacuum solution in the f(R) gravity
is not straightforward, instead it involves big challenge.

The vacuum solution of f(R) gravity for a static, spherically sym-
metric space-time were reported by various group of researchers [36—
39]. The axisymmetric solutions were also obtained for such theo-
ries [40,41]. However, for a large class of spherically symmetric or ax-
isymmetric models, either the Schwarzschild-de Sitter metric turns out
to be an exact solution of the field equations, or the metrics have some
diverging terms for which they cannot be reduced to the Minkowski
form in the asymptotic limit. Meanwhile, the properties of the accretion
flow in the f(R) gravity with constant Ricci scalar [35] were studied
in such scenarios where asymptotic flatness is not achieved. Very few
works have focused on the direction where exact asymptotically flat
vacuum solutions were obtained for different forms of the f(R) [42,
43]. Accordingly, we study one such asymptotically flat f(R) gravity
model [42] in the context of accretion processes around black holes. At
the same time, we also note that a complete relativistic hydrodynamical
study of the accretion phenomena in the black hole background is
also lacking in the literature, with only a few exceptions [44-48].
Accordingly, we plan to fill up this gap by considering hydrodynamic
description of the accretion flow in modified gravity backgrounds. We
consider a low angular momentum, inviscid accretion disk and perform
a fully relativistic hydrodynamical treatment in the above mentioned
modified gravity background. In doing so, we assume relativistic equa-
tions of state (EoS) [49,50] and carry out the critical point analysis to
obtain and classify the critical points. Using the critical point proper-
ties, we solve the governing equations to obtain the transonic global
accretion solutions in terms of the input parameters of the theory, such
as energy (£), angular momentum (4), and gravity parameters (A) that
regulates the gravity effect. Afterwards, we study the parameter space
in A — € plane, where the boundary of the parameter space indicates
the ranges of parameters that separate accretion solutions containing
multiple critical points. Finally, considering free—free emission, we
estimate the disk luminosity corresponding to the global accretion
solution and study its variation with input parameters.
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The paper is organized as follows: in Section 2, we discuss the
modified gravity model that is used throughout the paper to study the
accretion disk properties. In Section 3, we present the model formal-
ism including assumptions and governing equations. In Section 4, we
discuss the accretion solutions in modified gravity including all results.
Finally, we conclude the paper by giving a brief summary and outlook
in Section 5.

2. Description of modified gravity

The energy-momentum tensor for the non-dissipative fluid com-
posed by ions and electrons is described by the following equation:

T = (e + P)utu’ + Pgh", (@D)]

where e, P and u* are the energy density, pressure and four velocity
vector, respectively. Here, y and v represent component of the coor-
dinates (t,r,0,¢), and in this work, g#¥ refers the metric component
which is described as g"¥ = (g",g"", g%, g??). In order to understand
the effect of modified gravity, we consider asymptotically flat spheri-
cally symmetric metric g,, = diag(—s(r), p(r), %, 12 sin? 0), where metric
component s(r) and p(r) are the functions of radial coordinate r only.
In this work, we adopt a model of modified gravity which we describe
below.

Following [42], we consider F(r) = df(R)/dR = 1+ A/r, which
yields F(r) — 1 for r — oo. Here, A is a parameter (hereafter gravity
parameter) with which gravity is being modified. Indeed, the above
choice of F(r) satisfies the criteria of asymptotic flat vacuum solutions.
Accordingly, the metric components are given by,

QMg A(—6Mg+ A) AX(—66Mg + 134)

=1-_—=
) r 22 2073
A3(=156Mg +31A) 3A*(=5TMg + 114) o)
48r4 56r°
A3 (=360M ¢ + 67A)
12876 ’
and
X(r
pry = 20 ®
s(r)
A4 . . .
where X (r) = (Al-f#)‘" Accordingly, f(R) is given by,
f(R) =R+ K R*+ KR+, 4)
12 A4 1 A324-12
Where Kl = “—SMW and K2 = #

60y/3 (A-2%2 °

3. Model formalism

We begin with a steady, axisymmetric, inviscid, low angular mo-
mentum, advective accretion flow that resides at the equatorial plane of
the central source [50-52]. In studying the properties of the accretion
flow, we adopt the theory of modified gravity and present the model
equations and critical point analysis in the subsequent sub-sections.

3.1. Governing equations for accretion flow
The conservation of the energy—-momentum tensor and mass flux

provide the relevant hydrodynamical equations that describe the flow
and are given by,

T} =0, and  (pu"), =0, (5)
where p refers the local mass density of the flow. The timelike velocity
field satisfies the condition u,u* = —1. We take the projection of the

conservation equation on the spatial hyper-surface and get the Euler
equation by using the projection operator hZ = 5;’ +u®u, as,

hZT;‘vN =(e+ P)u‘/u:’v + (@ +u"u")P, =0, (6)
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Fig. 1. Variation of the effective potential (@) as a function of radial coordinate
(r). Results plotted using dot-dashed (purple), dashed (green), dotted (blue) and solid
(red) curves are for A = —1.0,-0.5,—-0.1, and 0, respectively. See text for details. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

Here, projection operator satisfies the condition hjut =0, confirming
that the four velocity and projection vectors are orthogonal to each
other. Projecting the conservation equation along the direction of the
four velocity, we obtain the first law of thermodynamics as,

v + P

In this work, we consider the structure of the accretion disk to be
geometrically thin and hence, the flow generally lies around the disk
equatorial plane with @ = z/2. This leads to u? = 0. Next, we define the

three radial velocity of the fluid in the co-rotating frame as v = yévf,

2
-

the radial Lorentz factor y2 = 1/(1 — v*) and v2 = wluyz/(—i'u,).
Using these definitions of velocities in Eq. (6), we obtain the radial
momentum equation for « = r as

where, v? = u'u, /(~u'y,), the azimuthal Lorentz factor y; =1/ - ui),

2dv 1 dp dog’

— =0, 8
e dr  hpdr dr ®

where h [= (e + P)/p] is the specific enthalpy, and tbiff represents the
effective potential in the disk equatorial plane and is given by,

1 _ T8u8¢s

o =1+ —Ino; = . 9
¢ 2 (8 + 228

The adopted space-time under consideration is stationary and ax-
isymmetric, and hence, there exists mutually perpendicular two killing
vectors which allow us to construct two conserve quantities along the
direction of flow motion which are given by,

hu¢ = L (constant); —hu, = € (constant), (10)

where € is known as Bernoulli constant (equivalently the specific
energy) of the flow and £ corresponds to the angular momentum
conservation. Note that index « = ¢, ¢ in turn renders conserve energy
and angular momentum, respectively (see Eq. (10)). We express the
specific angular momentum of the flow as A = £/€ = —u,/u,, which
is also a conserved quantity.

Physics of the Dark Universe 44 (2024) 101429

14.75
10.00

14.50
9.00¢

14.25
Qo
2 2
L.
8.00; - 14.00™
7.00+ : 13.75
6.00l : 13.50

10 05 0010 05 00
A A

Fig. 2. Variation of (a) inner stable circular orbit (rigco) and (b) the flow angular
momentum (A;gco) at rigeo as function of A. See text for details.

In order to examine the effect of modified gravity, in Fig. 1, we
present the variation of the effective potential (tbg”) as function of
the radial coordinate (r) for flows having angular momentum 4 = 4.0.
Here, dot-dashed (purple), dashed (green), dotted (blue) and solid (red)
curves are for A = —1.0,—0.5,-0.1, and 0, respectively. We observe that
@ tends to merge with the Schwarzschild potential (A = 0) at large
r indicating the asymptotically flat vacuum solutions. In addition, we
find that when A is decreased, the existence of the local maxima of
@< near the horizon gradually diminishes. This clearly indicates that
for a fixed A, modification of gravity eventually weakens the potential
barrier.

We also calculate the radius of the inner most circular orbit (r;gcq)
and the corresponding angular momentum (4;gcg) at rigco and plot
them as function of the gravity parameter A in Fig. 2. We observe that
risco recedes away from the horizon as A is decreased. Similarly, Aigco
is also seen to increase with the decrease of A. Hence, it is evident that
in the modified gravity framework, flow with relatively higher angular
momentum can smoothly cross the event horizon in comparison with
the Schwarzschild black hole where A = 0.

The continuity equation (second part of the Egs. (5)) is expressed

in terms of the mass accretion rate (M), which is a constant of motion
and is given by,
M = —4zru"pH, an
where H is the local half-thickness of the accretion disk. In this work,
H is calculated assuming the flow to be in hydrostatic equilibrium in
the vertical direction and is given by [53,54],

3
H= P_’z (12)
ﬂ}’¢

The governing flow equations are closed with an equation of state
(EoS) that relates pressure (P), density (p), and internal energy (e).
Because of the black hole’s strong gravity, the accretion flow is expected
to be relativistic in nature at the vicinity of the horizon. Hence, follow-
ing Chattopadhyay and Ryu [49], we consider an EoS for relativistic
flow as,

e=—21__ a3
(1+32)
with
m 90m, + 3m
f:[1+@(9@+3)]+ Do 22|
30 +2 m, 30m, +2m,
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where m, and m,, are the mass of the electron and ion, @ (= kgT /m,c?)
refers to the dimensionless temperature and kg is the Boltzmann’s
constant. Using the relativistic EoS, we delineate the polytropic index
(N), adiabatic index (I") and sound speed (a,) as,
_ldf L 1 p_ TP _ 2re
2do N S e+P f+20
Using Eq. (13), we integrate Eq. (7) to express the flow density (p)

as a function of temperature (O) as,

14

(15)

m,(f—1)—m
p=K032360 +2)3*(30 +2/ y)** exp [;] ,

20m

e

where constant K is the measure of entropy. Subsequently, we define
the entropy accretion rate M [55] as

M

M= —"— =030 +2>*(30+2/)>%*
v e 16
mf = D=mp (16)

XSXp [Trng:l ru .,

It is noteworthy that for a non-dissipative flow, M remains conserved
all throughout the flow [46].

3.2. Wind equation

Now, using Egs. (8), (11) and (13), we calculate the radial derivative
of the flow velocity in the form of wind equation as,

dv _ N
w_N 17
dr D an
where the numerator N is given by,
2
2 s 1 dp) 1 | dett 18)
r+1|2r 2p(r) dr zyi dr dr

and the denominator D is given by,

D= 24 19
=7 U_m . ( )

Further, using Egs. (6), (11) and (14), we obtain the gradient of
temperature as,

2 dy?
do _ =20 |rdv, 5 __1 dotn_ 1 20)
dr  2N+1|vdr 2r 2p(r) dr ’
3.3. Critical point analysis

Over the course of accretion on to a black hole, infalling matter
starts its journey with sub-sonic velocity (v — 0) from the outer edge
of the disk (rq,). Because of the black hole’s strong gravity, radial
velocity gradually increases as the flow moves towards the horizon
(r,) and eventually makes sonic state transition to become super-sonic
after smoothly crossing the critical point (r.). This is inevitable as
the flow must satisfy the ‘supersonic’ inner boundary condition at the
horizon. Note that, at r., both numerator and denominator tend to
vanish simultaneously (i.e. N' = D = 0) and hence, the radial velocity
gradient takes dv/dr — 0/0 form. Since flow remains smooth along
the streamline, dv/dr must be real and finite all throughout. Hence,
we compute the (dv/dr), by applying the I'Hopital’s rule. In reality,
(du/dr),c assumes two values: one for accretion and other for wind
branch. Depending on the (dv/dr),, values, critical points are classified
in three categories. When critical points are saddle type, both values of
(dv/dr),, are real and of opposite sign. For nodal type critical points,
the values of (dv/dr), are real and of same sign, whereas for spiral type
critical point, (dv/dr),, becomes imaginary [51,52,56, and references
therein]. It is noteworthy to mention that in the astrophysical context,
accretion flow can pass through the saddle critical point only.

In order to evaluate the critical point location, we solve the second
part of Eq. (10) by supplying the input parameters, namely energy (&),
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Fig. 3. Variation of the specific energy (£) as function of critical points (r.). Here,
we choose 4 = 3.2 and mark the gravity parameter A =0,—-0.15,-0.32 and —0.50. Solid
(red), dotted (blue) and dashed (green) parts of a given curve refer saddle, nodal and
spiral critical points. See text for details. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

angular momentum (4) and gravity parameter (A). Depending on the
set of chosen parameters (&, 4, A), accretion flow may possess single or
multiple critical points. Hence, while examining the transonic nature of
the flow, we calculate the flow energy (£) as a function of the critical
point location (r,) for different A parameters. Accordingly, in Fig. 3,
we present the obtained results, where we choose 4 = 3.2 and vary
the gravity parameter as A = 0,-0.15,—0.32 and —0.50, respectively.
The solid (red), dotted (green), and dashed (green) segments in each
curve denote saddle, nodal and spiral type critical points. It is evident
that the critical points occur in sequential order as saddle-nodal-spiral-
nodal-saddle-nodal with the increase of r,. Note that when the saddle
type critical point forms near the horizon, it is usually called as inner
critical point (r, = r;,), whereas the same located at far away from
the horizon is referred as outer critical point (r, = r,,). Further, we
observe that flow possesses multiple saddle type critical points for a
range of & and A parameter, which is essential for shock transition
(see Section 4) [44,51,52]. Needless to mention that A = 0 renders the
results identical to the Schwarzschild case.

We continue the investigation of the transonic behaviour of the
flow and in Fig. 4, we depict the variation of the angular momentum
(4) as function of the critical point location (r,) for a set of gravity
parameters (A). Here, we choose £ = 1.0018. As before, the solid (red),
dotted (blue) and dashed (green) parts of the curve denote saddle,
nodal and spiral type critical points, respectively. Setting ddigff Jdr =
0, we obtain the Keplerian angular momentum distribution [/1 K(A)],
which is depicted using dot-dashed curve (purple). Figure evidently
indicates that A remains sub-Keplerian all throughout the disk between
the horizon (r,) and the outer edge of the disk (reqqe)-

For the purpose of completeness of the critical point analysis, we
examine the variation of £ as a function of M for a given set of 4
and A for all possible accretion solutions. Fig. 5 shows such plot when
A = 3.2 is chosen and A is varied as 0, —0.15 and —0.32 in panel (a),
(b) and (c), respectively. In general, a transonic flow with initial flow
parameters that lies on the branch EF passes through the inner saddle



A. Uniyal et al.

'- /! |
A i |
' le v/
| /i
|
4.5¢ \ 1
\. /\'S’—."
< PRGN
Q¥ T
a4 .
//// "."
3.5¢ -7, )\
/7
/7
—— saddle
2.5' - nodal 4
——=- spiral
101 102

re

Fig. 4. Variation of the specific angular momentum (4) as function of critical point
location (r,) for a set of gravity parameters (A). Obtained results are presented in using
solid (red), dotted (blue) and dashed (green) segments which denote saddle, nodal and
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dot-dashed curve (purple). See text for the details. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Variation of energy (£) with the accretion rate (M) that renders critical points.
Here, we set angular momentum A = 3.2 and vary gravity parameter as (a) A =0, (b)
—0.15, and —0.32, respectively. See text for the details.

type critical points and a flow with parameters belonging to the branch
GH has the outer saddle type critical point. The parameters chosen from
FG branch give the spiral type critical point. An accretion flow avoids to
possess spiral type critical point as radial velocity gradient at this point
becomes complex. The branches EF and GH intersect at a common point
where the accretion rates at both the critical points are equal. Such a
critical accretion rate is denoted by M,, and the corresponding energy
is represented by &,,. Note that the flow with energy & > &; has only
one inner saddle type critical point. For &,, < £ < &g, the accretion rate
Mgy = M, and for &; < € < E,,, My, < M,,, where the subscripts ‘in’
and ‘out’ denote the quantities at the inner and outer saddle type critical
points respectively. Fig. 5 clearly suggests that as A is decreased, the
overall range of EF and FG branches are reduced, whereas the range
of GH branch is increased. Evidently, beyond a limiting value of A, the
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Fig. 6. Variation of Mach number (M = v/a,) as function of radial coordinate (r)
for A = —0.15. Solid (red) curve denote accretion solution while dotted (blue) refers
wind. Top panels: Here, £ = 1.0014, and angular momentum is varied as 4 = 3.0,3.2,3.4,
and 3.6, respectively. Bottom panels: Here, A = 3.2 and energy is increased as & =
1.0002, 1.0010, 1.0021, and 1.0025. See text for the details. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

multiple critical points cease to exist and only the Bondi type accretion
solutions passing through the outer critical points remains [56,57].

4. Accretion solutions in modified gravity

In this section, we present the transonic global accretion solutions in
modified gravity background. Moreover, we examine the role of gravity
parameter (A) on the nature of the accretion solutions, and obtain the
range of input parameters that admits transonic accretion solutions.

4.1. Global transonic solutions

Following [57], we obtain the transonic global accretion solution by
solving Egs. (10), (17) and (20). In doing so, we use &, 4, and A as input
parameters, and obtain r, and (dv/dr), (see $ III C). Employing these
values, we integrate (17) and (20) from r, first inward up to horizon
(r,) and then outward towards the disk edge. Finally, we join both
parts of the solution to obtain a global transonic accretion solution. In
Fig. 6, we display the typical accretion solutions for different values of
gravity parameter A, where Mach number (M) of the flow is plotted as
function of radial distance (). In the upper panel, we choose & = 1.0014
and A = —0.15, and gradually vary A from left to right. For 4 = 3.0,
we find a single saddle type critical point (hereafter critical point)
at r,, = 1453561 and observe that transonic solution successfully
connects the horizon (r,) and outer edge of the disk (reqe) similar to
Bondi solution [58]. We refer this solution as global transonic solution
which is of O-type [44]. Here, critical point is marked by the filled
circle (black), and solid (red) curve denotes the accretion solution,
while the dotted (blue) curve is for wind. As the angular momentum
of the flow is increased as 1 = 3.2, keeping the remaining parameter
unchanged, we obtain multiple critical points, where inner critical
point has appeared at r;,, = 6.8508 along with the outer critical point at
Fout = 140.8278. As before, the solution passing through r_,, = 140.8278
yields as global solution, however, the solution passing through r;, =
6.8508 appears closed as it fails to connect r, and r.q,.. Interesting to
note that accretion solution containing r;, = 6.8508 possesses higher
entropy (M) compared to solution passing through rg,, i.e. , My, >
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Fig. 7. Modification of the accretion solution when the gravity parameter A and
angular momentum A are varied for flows with fixed energy & = 1.001. In each
panel, solid (red) and dotted (blue) curves denote solutions corresponding to accretion
and wind, respectively, and filled circles (black) refer to critical points. The chosen
parameter values, such as 4 and A are marked in each panel. See text for details. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

M, (see Fig. 5). Solutions of these kinds are likely to be viable in
the sense that they may trigger discontinuous transition of the flow
variables in the form of shock waves [51,56,57,59-61, and references
therein]. Indeed, the shock-induced global accretion solutions are po-
tentially promising in the context of astrophysical application, namely,
in explaining the timing as well as spectral features commonly observed
from Galactic black hole sources [62-67]. When angular momentum is
increased further as 4 = 3.4, the multiple critical points continue to
exist, however, the overall characters of the accretion solution changes
as the solution passing through r;, = 5.8892 opens up as it connects
rp and reqe, whereas the solution passing through r,, = 135.6049
becomes closed with M,, < M,,,. Global solutions passing through r;,
are called as I-type [44]. For 4 = 3.6, we observe that r, disappears
and open solution passing through r;, = 5.3357 only remains. In the
lower panels of Fig. 6, we choose 4 = 3.2 and A = -0.15, and vary
&. For & = 1.0002, we find that only inner critical point exists at
F, = 6.9711 and solution passing through it becomes closed. With
the increase of energy as & = 1.0010, flow possesses multiple critical
points at r;, = 6.8890 and r,,, = 191.6503, where solution passing
through r;, remain closed while open solution passes through . For
& = 1.0021, multiple critical points continue to exist, however, the
nature of the accretion solution alters. When energy is increased further
as £ = 1.0025, outer critical point ceases to exist although open solution
passes through the inner critical point ry, = 6.7540. Overall, the above
findings clearly indicates that both £ and A seamlessly regulate the
nature of the accretion solutions obtained from the modified gravity
background.

In Fig. 7, we examine how gravity parameter A alters the nature
of the accretion solutions for flows with fixed energy & = 1.001.
The obtained results are presented in each panel, where we show
the variation of Mach number M as function of r for a given set of
A and A values. Here, solid (red) and dotted (blue) refer solutions
corresponding to accretion and wind, and filled circles denote the
critical point locations. For 4 = 3.17, we obtain two different types
of solutions for A = 0 and —0.5, as shown in the top panels. When
angular momentum is increased as A = 3.50, three different types of
solutions are found for A = 0, —0.5, and —0.8 which are shown in the
middle panels. For further increase of angular momentum as A = 3.85,
four types of solutions are obtained for A =0, —0.5, —0.8, and —1.0, as
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A= -0.36

€=1.0006

£=1.0018

w

Fig. 8. Same as Fig. 7, but & is varied keeping angular momentum fixed as (4 = 3.3).
See text for details.
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Fig. 9. Modification of the parameter space in 1— & plane for multiple critical points.
The region shaded in purple are for M, > M,,, whereas orange shaded region
accounts for M, > M,,. The dashed line corresponds to M, = M,,. In each panel,
the gravity parameter A is decreased from left to right which are marked. See text for
details.

shown in the bottom panels. Needless to mention that A = 0 refers flow
solutions corresponds to the Schwarzschild black hole.

We continue to study the combined role of gravity parameter (A)
and flow energy (&) in deciding the nature of the solutions for flows
with fixed angular momentum as A = 3.30. In Fig. 8, we present the
obtained results, where the chosen values of A and £ are marked in
each panel. From the figure, it is evident that the gravity parameter
(A) plays decisive role in deciding the overall character of the flow
solutions in the frame work of modified gravity.

4.2. Parameter space for multiple critical points

Meanwhile, we indicate in Section 3 that depending on the input
parameters (£, 4, A), accretion flow may possess either single or
multiple critical points. It is also pointed out that in an accretion flow
around black hole, the multiple critical points are essential for the
triggering of discontinuous transition of the flow variables in the form
of shock wave [51,56,57,59-61, and references therein]. Therefore,
it is useful to identify the range of the input parameters that allows
the flow to possess multiple critical points. Accordingly, in Fig. 9, we
demonstrate the modification of the parameter space in 1—¢& plane with
the variation of the gravity parameter A. In each panel, the domain
enclosed by the solid (black) curve admits the multiple critical points
and the same domain is further separated by the dashed (black) curve
obtained for M;, = M,,. We observe that when A is decreased, the
effective domain of the parameter space is reduced with a marginal
increase of minimum energy and shifted towards the higher angular
momentum side. Moreover, we notice that the region shaded in orange
is shrunk more than the purple shaded region and ultimately it ceases
to exist leaving behind only the purple shaded region for A = —1.667.
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Fig. 10. Left: Variation of disk luminosity (L) as function of gravity parameter A. In
panel (a-b), we fix & = 1.0015 and open circles connected by solid (cyan), dotted (blue)
and dashed (red) are for 2 = 3.4,3.6 and 3.8, respectively. In panel (c-d), we choose
A = 3.6 and open circles joined with solid (cyan), dotted (blue) and dashed (red) are for
£ =1.0005,1.0015 and 1.0025, respectively. See text for details. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version
of this article.)

With the further decrease of the gravity parameter, the purple region
completely disappears when A goes down to —2.34.

4.3. Radiative emission of the accretion flow

The accretion flow around black hole generally becomes hot and
dense because of the geometrical compression inevitable in the conver-
gent accretion process. At this extreme environment, the flow remains
in the plasma state and it is composed of both ions and electrons.
Considering this, we infer that the flow is likely to radiate by means of
free-free emissions [68]. The free-free emission rate per unit volume,
per unit time and per unit frequency for bremsstrahlung process is given
by,

6
ev) = 32rxe! < 2

1/2
2 —hv/kgT, 21
3k pm,T, > e EXP Bor: @

3m,c3
where e, m, and T, are the charge, mass and temperature of electron, kp
is the Boltzmann constant, 4 is the Planck’s constant, v is the frequency,
and g, is Gaunt factor [69]. In general, g,. assumes any values between
0.2 to 5.5 [69], and hence, we consider g,, = 1 in this work for
simplicity. Following [70], we approximate the electron temperature
as T, = y/m,/m,T, where T refers the flow temperature. With this, we
calculate the total luminosity emitted from the accretion disk as,

o0 Tedge 2
L=2 / / Hre(v,)dvydrd, (22)
0 ry 0

where v, and v, denote the emitted and observed frequencies, respec-
tively and are related as v, = (1 + z)v,. Here z is a red-shift factor and
is given by [71],

1+z=u'(1+rQsingsini), (23)

where Q = u?/u' refers the angular velocity of the rotating flow and i
is the inclination angle of the observer with respect to the black hole.
In this work, we choose i = z/4, mass of the black hole My = 10M,
M, being the solar mass and mass accretion rate M = 0.1M,,, where
Mggq [: 1.44 x 1017 (Z—;)] g s~! is the Eddington accretion rate.
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Fig. 11. Two-dimensional surface projection of the three-dimensional plot of angular
momentum (4), energy (£) and disk luminosity (L), where multiple critical points
are present. Here, we choose A = —1.0, and vertical colour coded bar represents the
estimated range of disk luminosity (L). See text for details. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of
this article.)

In Fig. 10, we demonstrate the variation of disk luminosity as
function of gravity parameter (A). In the upper panels, we set the
energy of the flow as & = 1.0015, and results are presented for
different value of angular momentum (4). In Fig. 10a, we focus only
on those transonic global accretion solutions that passes through r;, (I-
type solution), whereas results obtained from transonic global accretion
solutions containing r, (O-type solutions) are shown in Fig. 10b. In
both panels, open circles join with solid (cyan), dotted (blue) and
dashed (red) are for 4 = 3.4,3.6 and 3.8, respectively. We observe
that disk luminosity (L) increases with A in both cases irrespective of
the A values. Moreover, when A is fixed, L is seen to increase with
the increase of 1. We also find that I-type solutions render luminosity
variation relatively in the wider range in comparison to same obtained
from O-type solutions. In the lower panels, we present the luminosity
(L) variation with A for a set of £, where angular momentum is kept
fixed at A = 3.6. We present the results obtained from I-type and
O-type solutions in Fig. 10c and Fig. 10d, respectively. Here, open
circles join with solid (cyan), dotted (blue) and dashed (red) are for
& = 1.0005,1.0015 and 1.0025, respectively. It is evident from the
figure that flows having higher energies resulted enhanced luminosity
as expected. What is more is that the maximum luminosity obtained
from O-type global accretion solutions are generally remains smaller
compared to the minimum luminosity obtained from the I-type global
accretion solutions. This finding clearly indicates that I-Type solutions
seem to be energetically more favourable over the O-type solutions in
the frame work of modified gravity.

For the purpose of completeness, in Fig. 11, we demonstrate the
variation of disk luminosity (L) in 41— & plane, where two-dimensional
projection of the three dimensional plot of 4, £ and L is depicted. Here,
we keep the gravity parameter fixed as A = —1.0, and freely vary A and
£ in such a way that they render multiple critical points (both r;, and
Fou Simultaneously). We employ the global accretion solution passing
through either ry, (I-type solution) or r,, (O-type solution) to calculate
the disk luminosity (L) using Eq. (22). In the figure, vertical colour
code indicates the range of disk luminosity as 2.18 x 1032 erg s™! <
L < 1.13 x 10* erg s~'. We find that the luminosity is higher for the
flows that pass through the inner critical point (r;,) before connecting
the horizon. Moreover, we observe the sub-division of the parameter
space with sharp colour contrast which is resulted due to the entropy
separation as discussed Section 4.

5. Conclusions

In this work, we examine the properties of low angular momentum,
advective accretion flows in the framework of f(R) gravity. While
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doing this, we solve the governing equations that describe the flow
motion in the steady state and for the first time to the best of our
knowledge, obtain the global transonic accretion solutions in terms of
the flow parameters, such as energy (£) and angular momentum (4)
for different values of the gravity parameter (A). The overall findings
of this work are summarized below.

» We find that the low angular momentum accretion flow becomes
transonic before entering into the black hole in modified gravity
model under consideration. Depending on the input parameters
(€, 4, A), the accretion flow contains either single or multiple
critical points (see Figs. 3—-4). Indeed, when the gravity parameter
(A) is decreased, the possibility of obtaining the multiple criti-
cal points is decreased, and beyond its limiting value, multiple
critical points disappear leaving the outer critical point only (see
Fig. 5).

With the suitable choice of the input parameters (&, 4, A), we
obtain the global transonic accretion solution(s) passing through
either single (r;, or r,,) or multiple critical points (r;, and rg).
Needless to mention that the overall nature of the accretion
solution strictly depends on the input parameters (see Fig. 6).
One of the aims of the present paper is to study the effect of the
gravity parameter A on the nature of the global solutions. We
find that for flows with fixed energy £ and angular momentum
4, A plays a pivotal role in deciding the nature of the accretion
solution. When A assumes relatively large negative values, we
obtain accretion solutions similar to Bondi type irrespective of &
and A values (see Figs. 7-8).

The comprehensive analysis of examining the nature of the criti-
cal points of the accretion flow in modified gravity suggests that
a large region of the parameter space in A — £ plane provides
multiple critical points. Accretion solutions containing multiple
critical points with M;, > M, are potentially promising in
explaining the timing and spectral features of Galactic black hole
sources [62-67]. What is more is that the effective domain of the
parameter space is reduced with the decrease of A values. We also
notice that the parameter space with M., > M, is susceptible to
A values as it disappears expeditiously as compared to the other
part of the parameter space (see Fig. 9).

We compute the disk luminosity (L) considering bremsstrahlung
emission process. It is evident that L strongly depends on the
input parameters (€, 4, A). In fact, we find that for a fixed A,
accretion solutions yield higher L for flows with higher & and
A (see Fig. 10). Further, we redraw the 1 — £ parameter space for
multiple critical points to demonstrate the luminosity variations
and indicate that the global accretion solutions containing r;,
render higher disk luminosity L (see Fig. 11).

Finally, we state the limitation of this work as it is developed
based on several assumptions. We do not consider the effect of black
hole rotation. We also ignore dissipative processes such as viscosity,
magnetic fields etc., although they are expected to be relevant in the
context of the accretion physics. Of course, the implementation of all
these issues is beyond the scope of this paper which we plan to consider
for future work and will be reported elsewhere.
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Appendix. Derivation of innermost stable circular orbits (ISCO)

Consider a point particle moving in a circular orbit in a spherically
symmetric space-time. The corresponding line element is given by
diag(—s(r), p(r), r2, r2 sin? 6). For circular orbit, the particle satisfies the
equation given by,
av,(r) _

or lrgag =7

V/{O (rg) = (A1)
where V,(r) refer to the effective potential and 4, is the conserved
orbital angular momentum for the circular orbit of radius r,. Using

rzx’ (ro)
25(rg)—s"(ro)rg :
family of circular orbit is considered, one can vary Eq. (A.1) to obtain
8V (rg) V] (ro) 54,

0 ”n
L UN— v + =0, A2
brg 3 70) dly by A-2)

the geodesics equations, we calculate 4, as Ay = When

where 4 is a function of r,. Eq. (A.2) yields as
aV/{U(I‘O) %

, A3
04y 6rg “.3)

V,{[:(ro) ==

where we assume (0V/1,0 (rg)/04g) # 0 for ry = rysco and 4y = A;5c0-
Accordingly, the ISCO condition VA’: YCO(r, sco) = 0 remains equivalent
to 849 /6rp =0 [72]. :
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