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Double, triple integrals and change of variables

SECTION-I: TUTORIAL PROBLEMS

1. Evaluate the following integrals.
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(a) f f 1 —y2dydx
0 0

(b) [ [ = dyde
0 x

2. Evaluate [[ zdxdy where R is the region 1 <z(1 —y) <2and 1 <zy < 2.
R

3. Using double integral, find the area enclosed by the curve r = sin 36 given in polar
coordinates.

4. Compute lim [[ exp=@*+¥") dxdy, where
a—>0<b(a)

{(z,y) : 2* + y* < a*} and
{(z,y) :0< 2 <a,0<y<a}l.

vT

[e.e]
Hence prove that gﬁ exp™® dr = 5

5. Evaluate the integral [ [ ——2&d where W is the ball 22 + y? + 22 < 1.

/ 24,21 ,2"
W 14+x“+y“+=

6. Let D denote the solid bounded by the surfaces y = =, v = 22, 2 = 2 and z = 0.
Evaluate [[[ ydxdydz.
D

SECTION-II: PRACTICE PROBLEMS

. Consider the transformation 7T : [0, 27] x [0, 1] — R? given by T'(u,v) = (2v cos u, v sin u).

(a) For a fixed v, € [0,1], describe the set {T'(u,v,) : u € [0, 27]}.
(b) Describe the set {T'(u,v) : [0,27] x [0, 1]}.

. Let R be the region in R? bounded by the straight lines y = z, y = 3z and = + y = 4.
Consider the transformation 7'(u,v) = (u—v,u+v). Find the set S satisfying 7'(S) = R.
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Evaluate the following iterated integrals by interchanging the order of integration.
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(a) | [ cos(z?)dxdy.
0

=y
]' P
1l eV’ dydzx.
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Let R = [a,b] X [¢,d] and f : R — R be defined by f(z,y) = p(x)q(y), where p : [a,b] - R
b d
and ¢ : [¢,d] — R are continuous. Show that [[ f(xz,y)dzdy = (fp(x)dx) <f q(:v)d:v) .
R a

c

T

r Yy
Let f: R — R be a continuous function. Show that [ [ f(t)dtdy = [ (x —t)f(t)dt.
y=0t=0 t=0

Let R be the region lying below the curve y = cosz, —3 < z < 7 and above the X-axis.
Evaluate [[ sinzdzdy.
R

Let R be the region in R? bounded by the curves y = 22? and y = 1 + 2. Evaluate the
double integral [[(2z* + y)dxdy.
R

. Evaluate [z cos (y — %) dxdy, where R = {(z,y) e R* : 2 +¢y* <1, 2 >0, y > 0}.
R

Evaluate the double integral [[ vz +y (y — 2z)?’dydz over the domain D bounded by
D
the linesz =0, y=0and z+y = 1.

Find the volume of the solid enclosed by the surfaces z = 6 —2? —y?, 2 = 222 +9y*—1, x =
-1, z=1 y=—-land y = 1.

Let D be the solid bounded by the surfaces y = 22, y = 3z, z =0 and 2z = 2? + 2. Find
the volume of the solid.

Let D be the solid bounded by the cylinder 22 4+ y? = land the planes y + 2 = 1 and
z = 0. Find the volume of the solid.

Using change of variables u = x +y and v = x — y, show that
1 y=zx 1 2—v
v
/ /(aj —y)dydx = / / §dudv.
0 y=0 0 u=v
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Find the volume of the solid in the first octant bounded below by the surface z = /22 + 1?2
above by 2?2 + y? + 22 = 8 as well as the planes y = 0 and y = .

Let D denote the solid bounded below by the plane z + y = 2, above by the cylinder
z+y* =4 and on the sides z = 0 and = = 2. Evaluate [[[ zdzdydz.
D

Let D = {(z,y,2) € R?: %2+%+§ <1} and E = {(u,v,w) € R : v? +v? + w? < 1}.
Show that [[[ dxdydz = [[[ 24dudvdw.
D E

Let D be the solid that lies inside the cylinder x?+3? = 1, below the cone z = \/4(x2 + y?)
and above the plane z = 0. Evaluate [[[ 2*dzdydz.
D

2 Vi—a2Z 4
Evaluate [ [ [ adzdydzx.
I P

Let D denote the solid bounded above by the plane z = 4 and below by the cone

z = y/x? + y% Evaluate [[[ /2?4 y? + 22dxdydz.
D

Let D denote the solid enclosed by the spheres 22 +y*+ (2 —1)?> = 1 and 22 +¢y* + 2% = 3.
Using the spherical coordinates, set up iterated integral that gives the volume of D.



