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1. THE REAL NUMBERS
1.1. Preliminary. Let Q be the set of rationals:

Q= {g :p,q € Z, ged(p, q) = 1}

where Z is the set of integers.

There are numbers other than rationals.

Consider (p/q)? = 2, with ged(p, q) = 1.

p? =2¢° = p=2m for some m € Z
— 2m’=¢* = ¢=2n = (p,q) >2

which is a contradiction. Thus, V/2 is not a rational number.

Such numbers are called irrational. We denote:

Q°=R\Q

as the set of irrationals.

Remark 1.1. The set of rationals is not complete in the following sense.

1.2. Bounds.

Definition 1.2. Let A C R. A number x4 € R is called an upper bound for A if a < z
for all @ € A. Similarly, y is called a lower bound for A if a > y, for all a € A.

Definition 1.3. An upper bound z, of A is called the least upper bound (l.u.b.) or
supremum (sup A) of A if for any upper bound = of A, implies xy < x. Similarly, the
greatest lower bound (g.1.b.) or infimum (inf A) is defined.

A:{l—l:nEN}
n

Show that inf A =0 and sup A = 1.

Example 1.4.

Remark 1.5. Every non-empty subset of R having an upper bound has a l.u.b. (sup),
and every non-empty subset of R having a lower bound has a g.l.b. (inf).

1.3. Completeness Property of R. This is known as completeness property of R.
(For a proof, see Chapter 1, Rudin Principles of Mathematical Analysis.)

Example 1.6.

o If A(# () C R is not bounded above, we write sup A = +o0.
e If B(# () C R is not bounded below, we write inf B = —o0.
o If A =10, then we write inf A = +00 and sup A = —oc.

(Hints: {a} C {a,b} = inf {a} =a > inf {a, b}
.9 C{a} = inf ¢ >aforallaeR)
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Properties 1.7.
e [f AC B CR, then inf A > inf B and sup A < sup B.
e Therefore, ) CQ CR = infQ > ¢,Vqg € R.

1.4. Archimedean Property. Let x > 0 and y be any real number. Then there exists
a positive integer n such that nz > y.
(Implies any two real numbers can be compared.)

Proof. If there does not exist n € N such that nx > y, then nx < y for all n € N. Thus,
y is an upper bound of the set {nz : n € N}.
By completeness property of R, there exists [ € R such that
[ = sup{nz :n € N}
Note that = < .
Since [ is the least upper bound, there exists n € N such that | — z < nx < .
This implies [ < (n + 1)z, which contradicts the fact that [ is a supremum. O

Exercise 1.8. Let
A={recQ:r*<2, r>0}
Show that sup A = v/2 (which is not in Q).

Example 1.9. If x,y e R, thenz < yorx >y
If y—z > 0, by comparing y—=x with 1 (using Archimedean property), we get n(y—z) > 1
— there exist integer m such that ny > m > nx
= r< <y
That is, between any two real numbers, there is a rational.
Similarly,

x m Y m
e — < = < —V2<
NI nt oY

i.e., between any two real numbers, there is an irrational.

Example 1.10. Find inf and sup of { T m,n € N}.

m+n °

Solution: Let A = {WLM tm,n € N}.
Clearly,

{HL” 'n € N} C A and HLn approaches to 0 for large n.

So, if @« = inf A > 0, then by Archimedean Property, there exists n € N such that
(n+1)a>1 = a > 5, which contradicts that a is inf A.

If 3 =sup A <1, then (m+1)(1 — 3) > 1 (by Archimedean Property), = 8 < -1,
which is a contradiction.

Example 1.11. If & = inf A and g = sup A. Then for € > 0, there exists xg,yy € A such
that ro < a+eand yy > S — €.

Proof. Suppose for a given € > 0, there does not exist x € A such that x < o + €. Then
z>a+eforallze A
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— r>a+¢e>a — a+e€is alower bound, which contradicts the fact that « is the
greatest lower bound.
Similar argument for g works. 0

1.5. Sequence.

Definition 1.12. A function f : N — R (or C) is called a sequence, and we write

{F(1),f(2),.... f(n),...} or {fu}.

Definition 1.13. A sequence {a,} C R is said to be convergent to [ if for any € > 0,
there exists ng € N such that
n>ny = la, — 1| <e
or a, € (I —¢,l+e¢), for all n > ny.
Example 1.14. a, = % — 0. For this, let € > 0,
1 1 [1]
—<e = n>-> |-
n € €
Therefore, for all n > [1] + 1 =no, |a, — 0] <e.

Theorem 1.15. Every convergent sequence is bounded.

Proof. Let a,, — a. Then for e = 1 > 0, there exists ny € N such that |a, —a| <1 =
a, € (a—1,a+ 1) for all n > ny.

Let m = inf[(a—1,a+ 1) U{a,...,an,—1}] and M =sup[(a—1,a+1)U{a, ... ,an,—1}]
Then m < a, < M, for all n € N. O

Theorem 1.16. Ifa, is increasing and bounded above, then a,, is convergent and lim a,, =

SUp,,>1 An-

Proof. Let o = supa,. Then for € > 0, there exists a,, such that a,, > a —e. =
a+€>a, > a,, > a—c¢, for all n > ny. Thus, a, = a =supa,.

Similarly, if a, is decreasing and bounded below, then a, is convergent and lima, =
inf a,,. [

1.6. Nested Interval Theorem. Statement: If I, D I,,; D --- and lim({([,)) =
b, — a, = 0, where I,, = [a,, b,], then (", I,, = {z}.

Proof. 1t is clear that, a, is increasing and < by, and b,, is decresing and > a;. Hence,
{a,} and {b,} are convergent. Let a,, — a and b, — b.

Ifb—a=1lm(, —a,) =0 = a=0b.

Notice that a, < aand b, > a = a, <a<b, = a€ (),

If x enl,, thena, <x<b, — = =a. O

Definition 1.17. If {z,} is a sequence and n; < ny < --- < ng < ---, where n; € N,
then {z,, } is called a subsequence of sequence {z,}.

Example 1.18. {5}, {5} are subsequences of {+} with nj, = k%, n; = 2¥ respectively.
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Bolzano-Weierstrass Theorem: Fvery bounded sequence in R has a convergent sub-
sequence.

Proof. Let {x,} be a bounded sequence in R. Then there exist a,b € R such that z,, €
[a, b], for all n € N.

Divide [a,b] into two parts, say [a,b] and [by,b] and Suppose I} = [a,b;] contains
infinitely many terms of {z, }. Further, choose z,, € I. Further, divide I; = I, U I, and
suppose I contains infinitely many terms of {z,}. Choose x,, € I5 such that n; < ns.

Then z,, € I, and I, D Ij41 D ...

Then ¢(I;) — 0. By Nested Interval Theorem, NI = {z}.

Thus for each € > 0, kg € N such that for all k > ky = I, C (x — €, 2+ €) (How??)

ie. z,, € (r—ex+e) foralk>ky = x, — . O

Remark 1.19. Suppose (z,) C [a,b], let x,, = inf,>rz, = inf{ag, 2401, .. }
Then z,, T and < b = z,, — sup,>, (inf,>x ;)
i.e. iMoo Ty, = limy_so0(inf, >4 2,) = limz,, (say)
Similarly, y,, = sup,sj n = sup{xg, Tx41,. ..}
Then Yny J/ and > a 7:> Yny — inkal(Supn>k xn)
i.e. Mg o0 Y, = Mg s00(SUP, 5 Tn) = limz, (say)
Notice that subsequences (x,, ) and (yn,) need not be subsequences of (z,,).
Also, inf,,>1 2, < 2, < Yp,, < SUP,>q T
Thus, limit of sequence (z,,, ) can be thought as lower limit of (z,,) and similarly limit
of (yn,) can be as upper limit of (x,,).
Since both (z,,) and (y,, ) are convergent, it follows that
limz,, <limy,,
That is, limz,, < limz,,

Example 1.20. z,, = (—1)", then limz, = —1 < 1 = limz,,.

Exercise 1.21. If z, — =, then show that limz,, > limz,,. .
Thus, deduce that a bounded sequence (x,,) is convergent iff limz,, = limz,,.

Example 1.22. If X,, = (z,,,y,) € R? is a bounded sequence, then
Va2 +y2 < M,Vn>1
= |z,| < M and |y,| < M,Vn >1
By Bolzano-Weierstrass theorem, there exists (z,,) such that x,, — = € R.
Now, (yn, ) is also a bounded sequence, hence by Bolzano-Weierstrass theorem, there exists
Ynig = Y- Thus, (2., Yn,,) = (2,y) € R?

Remark 1.23. Similar arguments can be produced for sequences in R".
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2. OPEN SETS AND CLOSED SETS
1. Open Sets.

Definition 2.1. A set A C R is said to be open if every point x € A encloses an open
interval in I, C O.
i.e., for each x € O, e > 0 such that (z — e,z +¢€) C O.

Thus, a countable union of open intervals is an open set.
On the other hand, any open set in R can be written as a countable union of
disjoint open intervals.

Theorem 2.2. Let O be an open set in R, then there exists a disjoint family of countably
many open intervals I, such that
O=||I
n=1

Proof. Since O is open, for x € O, there exists an open interval (a,b) such that z €
(a,b) C O.
Now, we extract the largest open interval containing x and contained in O.

Let a, = inf{a : (a,z] C O},
and b, = sup{b: [z,b) C O}.

Then I, = (ag,b,) will be the largest open interval containing z and contained in O.

Note that I, = (ay,b,) C O. For this, let a, < y < by, then a, <y — € for small e > 0
— ap te<y.
But by definition of infimum, Ja < a, + € and (a,z] C O
= (ay +e€,2] CO.

Similarly, [z,b, —€) C O
= (ay +¢€,b, —€) C O for small € > 0
= (ay,b,) C O.

Now, if z,y € O and x # y then either I, N [, =0 or I, = I,.

If I, N1, # 0, then I, U I, is an open interval containing x and y.

Therefore, by maximality of I, for x and I, for y, it follows that

Luvl,Cl, = I,C1,

Since y € I, = I, =1, ("." I, is maximal)

Now, O = |_|er] Since I and [, are disjoint (if z # y), we can assign a distinct
rational to each of them. That is, choose ry € I, and ry € I,. Then r, #r,

Thus,

{L, : x € O} =5Q (set of rationals) via I, — r,

Hence,

(1) o=

The representatlon (1) is unlque

Let O= ]2, L, =1
Then I, = I, ﬂO |_|m: (I N Jm).
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Since {I, N J,, : m € N} is a disjoint family and [, is an open interval, I,, C I, N J,,,
for some my.

But then [,, C J,,,, and given [, is maximal, = [, = J,.

Thus, the representation (1) is unique upto change in order of union. 0

2.2. Closed Sets.

Definition 2.3. A set A C R is said to be closed if for each sequence (z,) € F with
Tn, — x, implies x € F.

Theorem 2.4. A set FF C R is closed if and only if F© is open.

Proof. Let F be a closed set. Suppose F° is not open. Then for some z € F¢, fle > 0 such
that (v — e,z +¢€) C F°.
Take € = %, then z,, € (z — %,a: + %) and =, € . Thus, x, — x and F is closed,
implies z € F', which is a contradiction.
Hence, F° is open.
Conversely, suppose F€ is open. Let z, € F' and z, — x.
Claim: z € F.
If x ¢ F, then € F°, which is open. Then 37 > 0 such that (z —r,x +1r) C F°.
Since =, — x, 3ng € N such that n > ny = =z, € (x —r,z +r) C F° which is
absurd. Thus z € F. ([l

Notice that we can define open and closed sets in R™ in a similar way.

Example 2.5. The set A = {(z,y) : y = sin %, x # 0} is neither open nor closed in R?
(in the usual metric).

Let z, = =, n € N, then (z,,,y,) = (+=,0) € A.
But lim(x,,, y,) = (0,0) & A.
Bi(1,0)¢ A

2.3. Interior of a set. Let A C R, then there exists open set O C R such that A C O =
LS s L = (an,by).
Let us collect all open intervals which are contained in A.
Interior of A (or A°) = union of all open intervals contained in A
i.e., the interior of A is the largest open set A° contained in A.
(That is, O is open and O C A = O C A°.)

Example 2.6.
N=g, Q=R-Q)°=09
and

{(z,y) iyzsini,asséo}" =

2.4. Closure of a set. Let A CR and z, € A such that z,, — =x.
Closure of A (or A) is the collection of x which is the limit of a sequence in xz, € A.

That is, closure of a set A is the smallest set A that contains A.
That is, if B is closed and AC B — A C B.
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Example 2.7. Show that the closure of A = {(z,sin1) : # # 0} is the set AU ({0} x
[—1,1]).

Notice that AU({0} x[—1,1]) is a closed set containing A. Hence A C AU({0} x[~1,1]).

Here, (-=,0) — (0,0) and (m),il) — (0, £1).

Hence, (0,0), (0,£1) € A.

Need is to show for y € (—1,1) \ {0}. Find a sequence (z,) € R\ {0} such that
(@p, sin é) — (0,y).

Or z, = 0 and sinﬁ — y etc.

Definition 2.8. A closed and bounded subset of R™ is called compact in R”.

Exercise 2.9. The set {(z,y) : y =sini, 2 # 0} is closed but not bounded.
Note that if K C R there exist an open set O C R exists such that
KcO= |_| I, (open cover)

n=1

Using the Bolzano-Weierstrass theorem, it can be deduced that the set K C R is
compact if and only if every open cover of K reduces to finite sub-cover, i.e.,

I
Kc||L
n=1
Similar arguments hold for K compact subset of R™.

Example 2.10. A subset F' C R is closed if and only if Ve > 0, (x —¢, z+e)NF #
) = zeF

Proof. Suppose F' is closed and for alle > 0, (z — e,z +¢) N F # (. Then for e = 2,
Jz, € (x— L z+i)NF.
1
— |z, —z|<—, forall neN = z, >z and Fisclosed = x € F
n

Conversely, let Ve >0, (r —¢, z+e)NF #£() = x € F.
Claim: F' is closed.
Let z,, € F and z,, — x. Then for ¢ > 0,dng € N,
n>ng = r,€(x—c,x+e)NF#0) = z€F

2.5. Dense Set.
Definition 2.11. Let A C R and z,, € A such that x, — z. Then,
A={reR:3x, € Awithz, — z}
If A=R, then A is called dense in R.
Example 2.12. Let x € R, then

(*) x:xg—i—f—(l)qL---—i—%—i—--- where z; € {0,1,...,9}

X
Let S, = R
e x1 + +1On€(@
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Then S,, — z, thus Q = R.
Also, 2, =2+ —1+ € R\ Q (??) and z,, — . Thus R\ Q = R.

(14n3)5
Note that representation (x) is not unique, e.g. 0.5 = 0.4999. ..

Theorem 2.13. Letpe Z,p>2 and 0 <z < 1.
Then 3 a sequence of integers (a,) such that 0 < a,, < p— 1 such that
o0 an
T=20n
n=1 p
Proof. Choose a; to be the largest integer such that
By (by Archimedean property)

Since 0 <z <1 = a; < p. Given a; is an integer, a; < p — 1. Also, a; is the largest,

we must have
aq a; + 1
—<zr<
p p
Next, choose ay such that
aq Q9
— + ") <
p p
a
= 0<a;<p—1 and | —2<p—a1<1,sincea1islargest]
p
a a a as +1
- —; <r<—42 5
‘ , p P p P
By induction,
a an, a a, +1
—1+-~‘+—<1’§—1+~~'+
p - p" p p"
Qn . . .
— x = — (p-adic) decimal expansion
pn
n=1

Exercise 2.14. Show that {2% k=0,1,2,....2"n=1,2,... } is dense in [0, 1].

(Hint: Use binary expansion)
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3. CANTOR SET

The Cantor set is an uncountable set in [0, 1] having zero length with many peculiar
properties, answering some of the difficult questions related to topology of real line.
Let C() = [0, 1]
1 2
0 3 3 1
Delete middle one-third open interval J; = (%, %) from Cj. Then

1 2
G =050

1
] 1 2 ]
Delete one-third open interval from each section of ', and let

1 2 7 8
2= (5’5) Y (575)
1 21 27 8

Cy = [0, §] U [5’ g] U [ga §] U [5’ 1]

1]

Then,

Thus,

e (Cy = [0, 1], one closed interval of length 1.

e Cy =[0,35] U [3,1], two closed disjoint intervals each of length 3.

o Oy =[0,5]U (3, 5] U3, Z]U[3, 1], four closed disjoint intervals each of length §.
By induction, we can construct C,, with 2™ disjoint closed intervals each of length 37".

3.1. Properties of the Cantor Set.
(1) C, is a sequence of closed and bounded intervals, hence, by nested intervals theo-

rem,
(Cn #0

(Hint: use nested intervals theorem for each chain in the construction of C,).
(2) Let C =(,~, Cn, then C contains all the end points of the deleted open intervals.
(3) C=[0,1\J1UJo...Udy...=[0, 1]\ L2, Jn
(4) Since C' C C,,, ¥n > 0,

1
(o) <ic,) =2"- 3 — 0
Thus, the total length C' = 0. This shows that the set C' is “small”. On the other
hand, we shall see that C' is uncountable.

(5) The Cantor ternary set C' (later we just say Cantor set) is nowhere dense.
i.e. (C)° = C°=10. If not, then for z € C° = Je > 0 such that (z —¢,x +¢) C
C°CcC = l((x—ex+e€) <I(C)=0 = 2¢ <0, which is a contradiction.
Hence C' is nowhere dense.

(6) C' is totally disconnected (i.e. connected sets in C' are singletons only).
(We shall prove it later!)
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(7) Every point of C'is a limit point of C itself (i.e., C'is a perfect set).
Let z € C =(C, = z € C,,¥n > 0. Then x must belong to one of the
closed intervals that constitute to C,,. That is, x € [x,,y,] with v, — z,, = 3%

1
= |$n—$|§|yn—$n|=3—n—>0

Note that z,, and y, are end points of the deleted open intervals J,,’s. Hence, x,,, y, € C.
Thus, if E denotes the set of all end points, then £ = C. Since E is countable (being
subset of rationals), C' is separable (we define later).

3.2. Representation of Cantor’s set. Consider the end pt % € C. We can write

1 0 2 2
- == — 0.022...
o 3=3 3 tgEtol Js
Similarly,
2
- = (02)3
Inductively, it can be shown that any end point x € E can be expressed as
a a
x:§1+3—§—|—-~-, a; € {0,2}

Since each = € [0, 1] has ternary representation, consider the set

a;
F—{xe[o,l].x—;g,aiE{O,l,Q}}
If x € F, then z is not an end point, and
x:%+%+---, a; € {0,1,2}

Notice that a; =1 iff x € (% ) iff x ¢ C.
Next, a; # 1,a, =1 iff x € (% %)U(g,g) iff ¢ Cs.
Thus, a;, = 1 for some i iff z ¢ C;,.

Now, let z € C = NC,, and x = 7, &. Suppose some of a; = 1, then = ¢ C; —
r ¢ C = all the q; € {0,2}.

That is,

* R i

(*) Cg{xe[o,l].x—;?)i,ale{0,2}}

On the other hand, let x ¢ C, then = ¢ C;, for some iy. This completes a;, = 1.
That means, © ¢ RHS of (*)
Thus,

C:{xE[O 1]:z= igz i:0,2}

This implies Cantor set loses only one decnnal 1ndeX taken from {0, 1,2}. Can it thought
some light about uncountability of Cantor set?
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3.3. Representation is Unique. For every = € C, there exist unique sequence (a,)
from {0, 2} such that

(1) T = —

Suppose
2 = ;, b; € {0,2
&) =3 g he(02)
Then claim a; = b;, V.

If not, let iy be the smallest integer such that a;, # b;,. Thena; =b; fori =1,2,... ig—
1.

Now, without loss of generality, we can take ig = 1. That is, a1 # by = a1 = 0 and
by = 2 (or otherwise).

From (1), z € [0, 3] and from (2), z € [3,1], which is absurd.

Exercise 3.1. Conclude without assuming 7o = 1.

Cantor set is uncountable:
Define f: C — [0,1] = {z =Y, % : b; € {0,1}} by

i=1 2¢
00 a;

fl@) = f (ZZ—) -y 2
thenbi=% e {0} andf@ep) 7

Since each x € C' has unique representation, the map f is well defined.
f is not one-one:

f G) = f((0.022...)3) = (0.011...)s = (0.1)2 = %

and

f (;) — [ ((02)5) = (0.1) = =

()

Exercise 3.2. Show that f(z) = f(y) iff 2,y are end points of one of the deleted open
interval.

f is an onto map:
Here f: C' — [0,1] and let y € [0, 1] such that

o0

f(x)zyzzaz‘%

=1

=y

Let




14 REAL ANALYSIS

then f(x) =y holds.
Hence C' is an uncountable set.

f is monotone increasing:

Let z,y € C and x < y. Since ternary representation of C' is unique, 3 the least positive
integer n € N such that a,, < b,,. Hence a; = b;,7 =1,2,...,n—1. Thus, while comparing
f(z) and f(y), we can ignore the first n — 1 terms. Therefore, WLOG, we can assume
n=1.

That iS, g <b = a1 = O,b1 = 2.

0 1 1 1
. <4 4 .. =Z
S@) S5ttt :
and
1. % % 1
f(y)——+—2+¥+ 25

2
= f(z) < f(y)
Notice that f(5) = f(2) = 3. Hence, we can extend f to [0, 1] by keeping it constant
on the deleted intervals.
Thus, f:[0,1] — [0,1] is defined by )
fle =f and  f([0,1]\ C) = {ai}

where «; is the common value of f at the end point of deleted interval.

Thus, f : [0,1] — [0,1] is a monotone increasing onto function. Hence f continuous
(Why?) (We will see later.)
Now, define g : [0,1] — [0, 2] by )
g(x) = f(z) +z
Then g is strictly monotone increasing and onto function.
If 2 <y then g(z) = f(z) +2 < f(y) += < f(y) +y=9y) = g(x) <g(y)
Hence,
g(0)=0 and g(1)=2
(o) =f)+1=f(X3)+1=2)
Since ¢ is continuous on [0, 1], by Intermediate Value Theorem,
9([0,1]) = [0,2]

Exercise 3.3. Show that g~' is monotone and continuous.
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4. LimMiT AND CONTINUITY

Let f be a real valued function, which is defined in an open neighbourhood (nbd) of a
point a, and may not be necessarily at a.
A number L is called left limit of f at a if for each € > 0, 3§ > 0 such that

for ze€(a—0d,a) = |f(x)—L|<e
or simply, we write
L= lm f(z)= f(z—)
Tr—a—
Similarly, right limit if for € > 0, 3§ > 0 such that
for z€(a,a+0) = |f(z)—M|<e
or
M = lim f(z) = f(z+)
r—a
Moreover, if f is defined in nbd of a and a, then f is said to be continuous at a if for
any € > 0, there exist § > 0 such that
z€(a—d,a+0) = [f(x) = fla)] <e
or f(z7) = f(z) = f(z").
In case, when f(z7) and f(x™) exists and are unequal, we say f has jump discontinuity
at a.

4.1. Monotone Function. We shall see that a monotone function is continuous except
on a countable set and it is also known that such functions are very close to differentiable
function. We skip here the later one property.

Theorem 4.1. Let f : (a,b) = R be a monotone function, then for ¢ € (a,b), f(¢*) and
f(c™) both exist.

Proof. Let f be an increasing function.

fle™)=sup{f(z):a<zx<c}=L<f(c)
flc)=imf{f(z):c<x<b}=M2> f(c)
]
For € > 0, there exists xy € (a,c) such that f(zg) > L —e. Let § = ¢ — xg, then for
x € (c—d,c),
L+e> f(x)> f(zg) > L —€e (since f is increasing)
ie., forz € (c—0,¢) = |f(x) — L| < e. Hence,
flc™)=sup{f(z):a<ax<c}=1L

f(c) =inf{f(z):c<ax<bl=M
Notice from [*] that if ¢,d € (a,b) and ¢ < d, then f(c*) < f(d7).

Hence either (f(c™), f(c¢™)) and (f(d™), f(d")) both coincide or disjoint.

Choose rational r. and r4 from the above intervals. Then these intervals have one-one
correspondence with the set of rationals. Hence, the set of discontinuities of a monotone
function is atmost countable. O

Similarly,
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Example 4.2. If f : [a,b] — [c,d] is monotone and onto, then f is continuous.

Proof. Let f be an increasing function. Then f(a) = ¢ and f(b) = d.
If f(a) > ¢, then for y € [c, f(a)), there is no x € [a,b] such that f(x) =y. If so, then
f(z) =y < f(a) = x < a (since f is increasing).

Further, if possible, let f(c¢™) < f(¢).
Then y € (f(¢™), f(¢)) has no pre-image.
On contrary, if there exist xy € (a, c¢) such that f(zg) =y. Then
L=sup{f(x) 1a<z<ct=f(c) <y=flw) < f(c)
which contradicts the fact that L is supremum on (a, c).
Thus, f(¢™) = f(c) = f(¢"). Hence, f is continuous. O

Example 4.3. If f: (a,b) — (¢, d) is monotone and onto, then f is continuous.

(Proof is similar to the above case).

Observe that if f is monotone onto, then f need not be one-one.

(For example, Cantor function.)

f:[0,1] = [0,1] is monotone and onto but not one-one.

However, if f : (a,b) — (¢, d) is strictly monotone and onto, then

f:(c,d) = (a,b)

is continuous, because, in this case, f~! is also strictly monotone.

For this, if f is increasing function, then for y; < y»

= [ y) < [ ().

If not, then for y; = f(x;) and y, = f(x2), it follows that x; > z (since f~1(y;) >
f~Hy2)), but then f(x;) =y < y2 = f(z2) is a contradiction to the fact that f is strictly
increasing.

onto

Notice that f : C([a,b]) — C(]c, d])need not be continuous if f is monotone, else f([a, b])
is compact.
Finally, if f : R — R is one-one and onto, then f and f~! both are continuous.

Example 4.4. If I be an interval in R and f : I — R be a monotone function, then
E,={xel: f(zx)>a}=1I org,
where I’ is an interval.
Let f be an increasing function. If 2’ € E,, then for x < 2’ <b, = f(b) > f(z) >
f(2') >a = [2/,b] C E,.
Let o = inf{z € I : f(z) > a} = inf E,.
(i) If 29 = a, then for x € I, there exists x; € E, such that z; < z and f(z) <
f(z1) >a = x € E,. So I =E,.
(ii) If @ < 29 < b, then for x > xg, there exists x; € FE, such that o < z; < x and
f(z) > f(x1) >a = (w0,b] C E,.
(ii) If x < xg, then f(z) <a = x ¢ E, = (x,b] C E, C [x0,].
This proves the claim that F, is an interval.
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4.2. Construction of Monotone Function. Let D be a countable set in R, then we
can construct a monotone increasing function which is discontinuous only on D.
Let D = {z1,2,...} and 0 < ¢, < 1 be a sequence such that > >~ €, < co. Let us

define
= j{: €n,

Tn<T

where the sum is on the set {n : z, <z} = A, (say) and f(z) =0 if the set A, = @.

If x <y, then
:Zen:ZEn—i- Z €n > f(2)

Tn <y Tp <z r<xn <y
Note that for x = xp < y, we get

fl) = Fla)+ ) e

T <Tn <y

flaf) = flaw) + im0 e = flw)

YTk Tp<Tn <y

Then

Since Y7 v €, — 0 as N — oo.
And when z < 2, =y =

fa) = f@)+ 3 e fla)+ea

r<xn Tk
Then
lim f(z)= f(zy) — lim Z en = fzr) — e
T, mﬁxkx<zn§xk
So
flxy) = flar) — e
Thus,

@) - flag) = e
The proof of f is continuous at each point of R \ D is similar to the above.
Let z € R\ D. Then z # z, for any n.
For x < v,
f)=f@)+ ) e

r<rn <y
When y — 2, then

Z en—0 (o{n:z<z,<y}—9)

z<zn<y
If y < x, then
f@)=fy+ Y e
Hence,
flz) = hm )+ hrn Z en=[f(z7)+0 ({n:y<z,<z}— Q)

Y<rn<T



18 REAL ANALYSIS

Example 4.5. Let D = 7Z, then

For z € (0,1),
flz) = Zen =C.

n<0
= Constant on each open interval (n,n + 1)

Example 4.6. Let D be the of end points of deleted open intervals in the construction
of Cantor set. Find appropriate sequence 0 < ¢, < 1 define Cantor function via

flx) = Z €n, T € D.

rn<x

Example 4.7. Let f : [0,1] — R be defined by
Ny 1
=+ 27" n, = if ¢ <1
f(z) m—f—nzo ., n L—QTJ if v <

and f(1) = 3.
Show that f is strictly increasing and discontinuous on {1 — % ckeN }
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5. METRICS AND NORMS

Let X be a non-empty set. A map d: X x X — RT =0, 00) such that
(i) d(z,y)=0iff z =y, z,ye X

(ii) d(z,y) = d(y,x) (symmetric)

(iii) d(z,z) < d(z,y) +d(y,z) (triangle inequality)

is called a metric on X, and the pair (X, d) is called a metric space.

Example 5.1. If X = R", then for x,y € R", 1 < p < o0,

(1) dyl.y) = (S o — ), w= ()
is a metric on R" (we prove it later).
(2) doo(z,y) = maxi<ij<p |r; — y;| is a metric on R™. (It follows easily.)

Example 5.2. Let (X, d) be a metric space. Show that d'(z,y) = min{1,d(z,y)} defines
a metric.

Example 5.3. If X = (0, 1], the space of continuous functions on [0, 1], then for f, g €
X

Y

doo(f,9) = sup [f(t) — g(t)|

0<t<1
defines a metric on R.

(Hint: f is continuous on [0,1], so f is bounded and |f(t) — h(t)| < |f(t) — g(t)| +
l9(t) = h(®)])

Example 5.4. For f, g € C|0, 1], define
1

plh.o) = [ mindlre) = glo)l 1} ar
Then p is a metric on C0, 1].

Example 5.5. If X # (), then for z,y € X,
L z#y

dO(J:ay) - 0 r=vy

defines a metric on X and called the discrete metric. Thus, every non-empty set has a
metric.

Note that for d(z,z) < d(z,y) + d(y, z) to hold, we need to verify three cases:
() z=y,y#=

(3) all of z,y, z are distinct

Question 5.6. If (X, d) is a metric space and f : [0,00) — [0, 00) is a map, does it imply
that f od is a metric on X7

Example 5.7. Let f(t) = 1%, then f'(t) = (1 - &5) = [f(t) = ﬁ > 0 for all
t € [0,00). Hence f is strictly increasing.
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And f"(t) = (1+t)3 < 0, hence concave.

Also, f(t) =0iff t = 0.

Note that
t+ s t S

< +
1+t+s 14+t 1+s
Let s =d(z,y), t =d(z,2), r =d(y, z), then r < s+ t,

F(r) < F(s 1) < f(s) + £(2)
= (fod)(z,2) < (fod)(z,y) + (fod)(y,2)

Thus, f od is a metric on X.
This result is true for a large class of concave function.

Example 5.8. Let f :[0,00) — [0,00) be concave and f(0) > 0. Then
fle+y) < flz)+ f(y) (sub-additive)

Hence,
xiyf(0)+:ciyf(x+y> <f (xLer -0+ xiy(ery) = xLerf(ery) < f(x) (.- f is concave)
Replacing z — y, we get ;’Tyf(x%—y) < fly) = flz+y) < flx)+ fy).

Result: Let (X, d) be a metric space and f : [0,00) — [0, 00) be a monotone increasing
function with f(t) = 0iff ¢t = 0. If f is concave, then f od is a metric on X.
(Hint: Conclude from the example and the previous result.

Example 5.9. Let H* (Hilbert cube) be the space of sequences x = (z,,) = (1,22, ..., Tp,...)

such that |z,| < 1. Then
fo: |2 — Ynl
d g _—

n=1
defines a metric on H*™.

(i) (xy)<2—<oo

< d(z,y) +d(y,z) < o0
Since LHS is an increasing sequence which is bounded above, it follows that

1im2|n_ <d(z,y) +d(y,2)

k—oo

= d(z,z) <d(x,y) + d(y, 2).

Exercise 5.10. Show that d(z,y) =

1_1
x

(0, 00).

(int: |L =3 =1 =2+ 2 =Y <L =3+ 15— 2)
Definition 5.11. B.(z) = {y € X : d(y,z) < r} is called an open ball in the metric
space (X, d).

B.lx] ={y € X : d(y,x) < r} is called closed ball in (X,d).
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Definition 5.12. A set O in a metric space (X, d) is called open if for each x € O, 3r > 0
such that B,(z) C O.
Let J be the collection of all open sets in X with respect to d. Then

(i) 0, X € J (why?)
(i) U;e; Oi € T, for O; € J and for any index set [
(i) (Vi O € T, for Oi € T

(Hint: Follows from definition of open set.)

Definition 5.13. A function f : (X, d) — R is said to be continuous at = € X if for any
€ > 0, there exist § > 0 such that

(*) d(z,y) <6 = [f(z) — f(y)] <e

If it happen for each x € X, we say that f is continuous on X.

From (*), it follows that

' 1 y € Bs(z) = [f(y) € (f(z) —€ f(z) +¢)

ie. Bs(x) € fH(f(z) — € f(z) +€)).

Since x € RHS, it follows that RHS is open around z.

Result: A function f : (X,d) — R is continuous iff f~1(O) € J for each open set O
in R.

Proof. Suppose f is continuous. Let O C R be open.
Claim: f~(0O) is open in X. Let z € f~1(0), then f(z) C O.

Hence, 3 some ¢; > 0 such that

(f(z) — €0, fz) +€) SO
Given f is continuous at z. For ¢y > 0, 3 § > 0 such that
Bs(x) C £ (f(z) — eor f(2) + e0) € £71(O)

= f1(O) is open in X.

Conversely, let f~1(0) € J for each open set O in R.
For € > 0, it follows that z € f~'((f(z) — ¢, f(z) +¢)) € J.
Since f71((f(z) — €, f(x) +€)) is open in X, it follows that 3 § > 0 such that

y € By(x) € 1(f(x) — e f(z) + )

e, d(r,y) <6 = [(y) € F(By() C (F(2) — €, () +€) = |f(z) — Fy)] < ¢

For a metric space (X, d), we call (X, J) the topology of X generated by d. O

5.1. Normed Linear Space. A normed linear space is eventually mixing of linear
structure of a space with its some topological structure.

Let (X, +,-) be a linear space over the field F' (= R or C). Let (X, J) be the topological
structure given by some metric d on X. Now, the question is: how to mix linear structure
with topological structure?
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Note that a linear space is mainly concerned about two maps:
) @y —rt+y X xX-X)

(ii)) (o,z) = ax (FxX—X)
Therefore, a linear space X can be thought of made by these two maps.

Topology is all about continuity of maps. Thus, we can think of continuity of ”+”
and 7 -7 on X x X and F' x X respectively, in their respective product topology J x J
and U x J, where U is the usual topology on R or C.

A linear space with such property is called a topological vector (linear) space.

Note that an open set in J x J is a union of sets of the form Oy x Oy, where Oy, 05 € J.
And open set in U x J is a union of sets O x Oy, with O € U, O, € J.

Now, because of linearity and homogeneity of the space X, we can opt for a sense of
distance that should satisfy the following set of rules:
(1) dist(0, ax) = |a] dist(0, x)
(i7) dist(0,z +y) < dist(0, z) + dist(0,y)
(14i) when a =0, dist(0,0) =0
Let p :=dist : X — [0, 00) be defined by p(z) = dist(0, ). Then
(i) p(x)=0 forz=0
(17) plaz) =|a|p(z) (absolute homogeneity)
(iii) p(r+y) <plx)+p(y) (triangle inequality)
Here, p is known as a semi-norm, because it is little away from the natural sense of
usual distance.

Example 5.14.
p:R2_> [0,00), p(I17I2):|I‘1|-
Then p is a semi-norm and p(0, 1) = 0.
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That is, points on the y-axis are at zero distance from the origin. This is not convincing
as long as usual distance is concerned.

Let || - || : X — [0,00) be a map such that

(i) |lz|| > 0 for each z € X, and ||z| = 0 iff z = 0,
(ii) ||az|| = |a] ||z|| for each (o, z) € F x X (absolute homogeneity)
(iii) ||z + y|| < |lz|| + ||ly|| for each x,y € X (triangle inequality).

The map || - || is called a norm on X.

Note that the norm || - || induces a metric on X by d(z,y) = ||z — y||, that produces a
topology on X. For r > 0, x € X, the open ball
By(x) ={y € X :[lz —yll <r}
Hence,open sets can be defined accordingly.

Note that every metric on a linear space need not produce a norm.

For example, the discrete metric on any linear space is not normable, because it fails
to satisfy the absolute homogeneity property.

For z,y € X, define

1 ifzx#y
do(z,y) =
o(,9) 0 ifx=y
If we write ||z|| = d(0,x), then for a € F, ||azx| # |af||z] (x # 0) unless |a| = 1.
However, if d is a metric on a linear space X such that d(z,y) = d(z — y,0) and

d(az,ay) = |ald(z,y), then d(x,0) = ||x| defines a norm on X.

(1) ||lz]| =0 <= d(z,0) =0 <= =0
(2) ||oaz| = d(az,0) = |ald(z, 0) = |||
3) lz+yll = d(x +y,0) = d(z, —y) < d(x,0) + d(=y,0) = [lz]| + [y

A function f:R"™ — R is said to be convex if
fltrxy + -+ tpxn) <tif(z1) + -+ tuf(z,)
where 0 <t; <1 and z; € R™.

Example 5.15. Let f : R" — R be a convex function satisfying f(azx) = af(x) for all
a € R, for all z € R™. Prove that

1) fz+y) < flz)+ f(y)
(ii) f(0)=0
(iti) f(—2) > —f(x)
(iv) f(tizy + -+ town) < tof(2r) + -+t f(@n)

Further, what requires to make f a norm on R"?
5.2. Convergence of Sequence in Metric Space. A sequence (z,) in a metric space

(X, d) is said to be converging to x € X if for any € > 0, 3Ny € N such that n > N
— d(zp,x) <e.



24 REAL ANALYSIS

1

Example 5.16. Let X = (0,00) and d(z,y) = ;|- Then x,, = n does not converge

to any point of X.
However, this sequence is not so bad as x,, = n — 0, which is not in X. Such sequences
can be classified as Cauchy sequences.

1_
T

5.3. Cauchy Sequences.

Definition 5.17. A sequence (z,) in (X,d) is said to be a Cauchy sequence if for any
€ > 0, there exist Ny € N such that Vm,n > Ny, d(zp, ;) < €.

Example 5.18. Show that every Cauchy sequence in a metric space is bounded.

Proof. A set A C X is said to be bounded if A C B,(x) for some fixed x and r > 0.)
Tp € Be(zy,) for n > ny.
Let r = max{e, d(xp,, z;) i =1,2,...,n9 — 1}. Then z,, € B,.(x,,), for all n > 1.

We need certain inequalities to deal with sequence spaces. 0

5.4. Young’s Inequality. Let 1 < p < oo and a,b > 0. Then for % + é =1,

P
(*) ab< &+ =
p q
Proof: Let y = a?~! thenz =y9 ! (sp—1= qul by % + % =1)
b
) o
— yq_:l
Yy = =1 i
a a

Now, from the figure, it is clear that
a b aP bq
abg/ xp_ldx+/ y " ldy = — + =
0 0 p q
Note that equality in (*) holds iff a? = b9 (or a = b771).

For this, consider
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Replace a — a%, b— bs and é =a.
Then, we get
a®b' ™ = aa+ (1 —a)b
or
t*—at—(1—a)=0 if t=a/b.
Let
f@)=t*—at—(1—a), te(0,00).
Then f(1) =0 and
ffy=at* ' —a=at* ' -1)=0 < t=1.

Since f'(t) <0ift > 1 and f'(t) >0 for 0 <t < 1,
Hence, f is strictly increasing in (0, 1) and strictly decreasing in (1,00). Thus, t = 1 is
the point of absolute maximum of f.
Therefore, f(t) < f(1) = 0, which is another proof of the inequality. On the other hand,
f(t) =0 iff t = 1. This completes the proof.

Example 5.19. Let © = (21, 22,...,2,) € R” Write

(B4R =Z|$z’|~

Then (R™, || - ||1) is a normed linear space (n. 1 s.)

If
]2 = Z \le2>

then by Cauchy-Schwarz inequality, (R", || - ||2) is a n.Ls.
For

[ 2]l = sup [z,
7

(R™ ]| - ||) is @ normed linear space.

For 1 < p < oo, write
n 1/p
lll, = (Z Iwilp> :

i=1
Then [2:=(R", || - ||,) will be a normed linear space.

5.5. Space of Sequences. Let 1 < p < oo and let [P denote the space of all sequences
that satisfy

Z|xl|p<oo r=(21,Ty ..., Tpy...)
Then (I, || - ||,) or snnply lp will be a normed linear space.
If p = o0,
[zl = sup |z;] < oo,
1<i<oo

then (1%, || - ||o) is @ normed linear space (follows from definition of supremum).
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For 1 < p < oo, showing [? is a normed linear space required the following inequalities.

5.6. Holder’s Inequality. Let 1 < p < oo and %%—% = 1. Then for x € I” and y € [9, it
follows that

v-y(=oy+ .. F g +..) €L,
and

-yl < llzllpllylly - ()
(where = = 0 adopted.)
When p=1, ¢ =o00. In this case (%),

|-yl = Z wayil < lasl - sup [yl = [lz1]lyll

Now, let 1 < p < o0, then1<q<oo
Substitute a = a; = ”| |J|| and b = b; Wil i the Young’s Inequality. Then

lyllq

SR ST E T |yjrq)<(nxnz+ [T AT
lzllpllylly — pllzlp  allvlld) — \pllzllz  dlyllg P q

=1
That i 1s

n
> lziyil < llzlplyllg,  forall n>1
j=1
Since LHS is an increasing sequence which is bounded above, hence

[z -yl < ll=llpllyllq
Notice that if ||z|, =1 = ||y|ly, then ||z -y|; <1,

and equality holds iff |y;|P = |z;|?, Vj.
This follows from Young’s equality. For

we must have a? = b9.

5.7. Minkowski’s Inequality. Let 1 < p < co. Then for z,y € [P, x + y € [P, and
2 +yllp < llzllp + [yl

Proof. For b =1 or oo, the proof is trivial.

Let 1 < p < oo .Then
- 1/p
|z +yll, = (Z |7 + yi|”)

=1

0 1/p
(1) < (Z(!xil + Iyil)p>

' i=1
Since

(Jal + Jya)" = (sl + lyal) (il + )
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By Holder’s inequality,

S+l el < (30l + 1) (S )
Sl + lul < (ed + 1)) (el + ol

Thus,

That is )
1—1
(D=l +1al)?) ™ < Nally + iyl

From (1), we get
1/p
o+ yllp < (D (il + 1ly") ™ < el + lyl,

Remark 5.20. Equality in ||z + yl|, < [|z[, + [|yll, holds iff = = Hz”;’y .
(Hint: Consider ||z||, =1 = ||y]|, etc.)

Example 5.21. Since we know that any convergent sequence is bounded, it follows that
the space ¢ of all convergent sequences is a normed linear space under the norm
[zl = sup |2;] < oo;
where x = (21, Z2,...,Zp,...).
Further, the space ¢y of all sequences converging to ”zero” is also a normed linear space.
That is, * = (x1, 22, ..., Ty, .. .),

lim |z,| = 0.
n—oo

Thus, (co, ||  ||) 18 a linear subspace of (¢, || - [|o0)-

Exercise 5.22. Show that the following strict inclusions hold:
P CPCeCeCl™
(Hint: © = (x,) € (', then limx, = 0 = z € £, Y |z,)* < X ||2llclzn] =
2113 < llzllcollzll2.)

Exercise 5.23. For z = (x1, ..., 2,) € R" (or C"), show that:
2]l < [lzlls < Vallzll2 < nllzllo

5.8. Geometry of Spheres in (R", |- ||,). For 0 <p < co and x € R", write

1
el = (3 fe?)
Then || - ||, is a norm for 1 < p < oo, and for 0 < p < 1, |[z[|} = d,,(0,z) with d,(z,y) =
|z — yl[) is a metric. ~ (We see later)
Let S7(0) = {z : d,(0,2) = 1}.
Then the following figure can be plotted for different values of p;0 < p < co;p = 00
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p::yl p:OO

pI>1

PV o

Shapes for 0 < p < 1 would look like star-shaped curves (not shown).
5.9. Closed sets in (X, d).

Definition 5.24. A set F' C (X, d) is said to be closed if F*° is open.
ie., forall z € F*= X\ F, Je > 0 such that B.(x) C F°.
On the other hand, if for each € > 0,
B(x)NF#0 = x € F.

®

Theorem 5.25. Let (X, d) be a metric space and F C X. Then the following are equiv-
alent (F.A.E):

(1) F is a closed set (F° open).

(2) Ve >0, B(x)NF#0) — x € F.

(3) V sequence (x,) € F' such that x,, >+ = x € F.

Proof. (1) = (2): Suppose F' is closed.
Claim: B(x)NF #0,Ve >0 — z € F.
Notice that if z ¢ FF = o € F¢ and F°is open = Je¢y > 0 s.t.
B () C F¢* = B (x)NF =0,
which is a contradiction.

(2) = (3): Let (x,) C F and z, — =. Then for each ¢ > 0, x, € B.(x) for all
n > ng.

— 2, €EB(x)NF#0, Ve>0 = z€F

(8) = (1):
Claim: F€is open. Let x € F*°.
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Then = ¢ F. By (3), J¢o > 0 such that
B.,(x)NF =0 = B.(z)C F*.
0

Example 5.26. Let f : (X,d) — R be a function. Then f is continuous at = € X iff for
every sequence z, € X with z, -2 = f(x,) = f(z).

Proof. Suppose f is continuous at = (e-0 definition).
Let x € X and z, € X such that z,, — =x.
Since f is continuous at x, for each € > 0, 30 > 0 such that

d(y,z) <6 = |f(z) = fy)l <e
Given z,, — x. For § > 0, Ing € N such that n > ng,d(x,,x) <d = |f(z,)—f(2)| <

€.

[That is, for each € > 0, Ing € N such that n > ny = |[f(z,) — f(z)| <e = f(z,) = f(x).]
Conversely, suppose for each sequence z, € X with z,, » =z = f(z,) — f(2).
d(zn,x) =0 = |f(2n) = f(z)] = 0.

[That is, for each € > 0,3ng € N and § > 0 such that
n>ny = d(z,,z) < = |[f(z,) — f(z)] < ¢
If f is not continuous at x, then Jey > 0 such that for each 6 > 0, there exist y such
that

d(,y) < 6 but | f(z) — 1(0)] > 0
Let § = 1/n, then Jy,, € X such that
1
) <~ bt 1)~ F)] > o
ie., y, — x but f(y,) /4 f(x), is a contradiction. O

Exercise 5.27. If f : (X,d) — R is continuous and f(xy) # 0 for some z5 € X, then
36 > 0 such that

f(x) # 0 Vx € Bs(z).
(Hint: take g = 3| f(z0)| > 0, 30 > 0 etc.)

Example 5.28. Show that if f : (X,d) — R is continuous, then A = {z : f(z) > 0} is
open (without using the complement should be closed).
(Hint: Let © € A, then for ¢ = 3f(x) > 0, 3 > 0 such that d(z,y) < § =

[f(z) = fly)l <€)

5.10. Interior in (X,d). Let A C X. Then interior(A) or Int(A) or A° is the largest
open set contained in A.

e A° = U{O C X : O open, O C A}

= U{Be(m) C A: for x € A and some € > 0}
= union of all open balls contained in A.
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5.11. Closure in (X,d). The closure of set A C X is the smallest closed set containing
A.
ie A= ﬂ{F C X : F closed and A C F'}
={r e X : 3z, € A with z,, - z}
= collection of limits of all convergent sequences in A (limit need not be in the set A).

Example 5.29. A= {(n,2):n € N}. Then closure of A in (R,u) is A = A and A° =)
(Why?).

Result: Let A C (X,d). Thenx € A <= B(vr)NA#3, Ve>0.

Proof. Let * € A. Suppose J¢y > 0 such that B, (r) N A = @. Then A C (B (z)) a
closed set. By definition of A, A is the smallest closed set containing A. Hence,
B AC (B, (x))"
Since x € A, but x ¢ (B, (x))¢, this is a contradiction.
Conversely, suppose B.(x) N A # @ for all € > 0. By the previous result, r € A (. A
is closed). O

Result: = € Aif and only if there exists a sequence (z,,) with z,, € A such that z,, — z.

Proof. If x € A, then for all n € N, Bijn(r) N A# @. So, Jx, € Byjp(x) N A. Thus,
1
d(zp,z) < —,VneN = z,, — .
n
Conversely, if there exists z,, € A with z, — z. Then for ¢ > 0, dng € N such that

d(z,,z) < e foralln > ng, = w, € B(z)NA# & for all e > 0. Thus v € A (by
previous result). O

Definition 5.30. A set A C (X, d) is said to be dense in X if A = X.

5.12. Space of Finite Sequences. Space of finite sequences play a vital role similar to
the space of all polynomials.

P(z) =ao+ a1z + ...+ a,z"
= (ag,ai,...,a,) ~ (ag,a1,...,a,,0,0,0,...)
Let
coo = {x = (z1,29,...,2,,0,0,...) :x; € F}.
Then obviously, x is a bounded sequence, and
2] o = max |z;] < oo
1<i<n

defines a norm on cgyg.
Notice that the space of all finite sequences cqo is dense in all /%; 1 < p < oo (which
will see later). However, the closure of ¢y is ¢, which is a closed proper subspace of £*°.

For . .
Tpn = (1,—,...,—,0,0,...) € Coo,
2 n



REAL ANALYSIS 31

and

then

1 1
lx — x| 00 = sup 0,

= —
E>n k+1 n+1
but x & coy. Hence cqp is not a closed subspace of £,
In addition ¢y is not open in £°°.
For this, let € > 0,be arbitrarily small. Then for B.(0) C ¢, (¢/2,¢/2,...) € B.(0) but
(€/2,€/2,...) & coo. Hence, B.(0) € oo for any € > 0.

For 1 <p < 00, cgp C P and ¢ is neither closed nor open in ¢P. For this, let
1/p
Ep
Ty = T , 1 < p<oo,
and consider x = (x1,2,...). Then x € B(0) C ¢*, but = ¢ cop. Now write z,, =

(21, ey Tn, 0,...) € coo. Then

oo
Ep

k=n-+1

but = ¢ co.

Example 5.31. Let M be a non-open subspace of a normed linear space (n.l.s.) X. Show
that M = X.

(Hint: O € M = B/(0) c M C X. Since M is linear, aB.(0) C M C X for all
e>0 = B, (0) C M for some ¢; > 0. If y € X, then y € B, (0) C M C X for some
€1 > 0)

Notice that for z = (z1, %2, ..., Tp,...) € P;1 < p < 00, Ty, = (1, ..o, Tp, 0, ...) € Coo-
And

(o]
lz = zalp = > P =0 (ze)
k=n+1
Hence z,, — x in /P. Thus, ¢o = ¢P.
However, cqg is not dense in £°°, but ¢og = ¢g. For this, let
X = (I’l,fﬂg,...) € Cp.
Then

lim z, = 0.
n—oo

For € > 0, there exists ng € N such that n > ng implies |z,| < €/2. Now, write
Xn,=(x1,...,2,,0,0,...).
Then X,, € coo and for n > ny,
| X — Xulloo = sup |z;] < e€/2.
i>n+1

Therefore, X, — X.

Remark 5.32. ¢y = ¢y € ¢*°. That is, cqg is not dense in ¢£°°.
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Example 5.33. Let f: R — R (or C) be a continuous function. Suppose lim,|—, f(z) =
0. Then for € > 0, there exists § > 0 such that |f(z)| < € for |z] > }.

Since f is continuous, it follows that f is bounded. Let || f|l = sup,er |f(2)] < oo.
Then
Co = {f: R — R is continuous, ‘1|im |f(z)| = 0}
T|—00

is a normed linear space.
For any function f: R — R, define

supp(f) = {z € R: f(z) # 0}

called the support of f.
Let
Ce ={f: R — R continuous and supp(f) is compact}.
Then f € C. is a bounded function and

[flloc =sup|f(z)[ = sup |f(z)] < oo.
z€R xesupp(f)

Let K = supp(f) be compact. Then (C¢, || - ||«) is a dense subspace of (Cy, || - ||oo)-

For this, let f € Cy, then for e > 0, there exists § > 0 such that |f(z)| < € for |z| >
Write K = {x : |z] < %.

Let O be a bounded open set with K C O.

Define

1
5

d(x,0°)
9(x) = d(z,0°) +d(z, K)
Then ¢ is continuous on R, 0 < g(x) < 1 and g(z) =1 for 2 € K and g(O°) = {0} .
Let h=f-g. Then h € C¢ and
If = Plleo = 701 = 9)lloe = sup [F(@)|(1 — g(=)) <.

Hence, C¢ is dense in Cj.
Note that d(z, A) = infyeca |z — yl.

Diagram:

@)

/N

K X

5.13. Complete Metric Spaces. We have seen that there are Cauchy sequences whose
limits need not necessarily belong to the space.

For example, the sequence % € ((0,1),u) under the usual metric, is a Cauchy sequence

but the limit + — 0 ¢ (0,1).
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It is always possible to enlarge the space so that limits of all Cauchy sequences can
be accommodated. This process is known as the completion of metric spaces, we shall
see later. However, there are many spaces which do accommodate limits of their Cauchy
sequences.

Definition 5.34. A metric space (X, d) is called complete if every Cauchy sequence in
X has its limit in X.

Example 5.35. (R, u) is a complete space.

Let (x,) be a Cauchy sequence in R. Then it is bounded. And by the Bolzano—Weierstrass
theorem, there exists a subsequence z,, — x € R. For any € > 0, there exists a natural
number kg such that
(1) |z, — x| <€ forall k> kg
But the sequence (x,,) is Cauchy, so for all € > 0, there exists ng € N such that

|z, — x| < € for all n,m > ny.

Let m > ng and m > ny,. Then
(2) |zp — x| < € for any n > ng and k > k.

From (1) and (2), it follows that:
2 — 2| <2 — Ty | + |20y, — |
< 2e
for n > ng and ng > ny,.
Thus, for € > 0, there exists ng € N such that
n>ny = |z, —z| <e
Notice that the above discussion can be used to prove the following result.

Result: Let (x,) be a Cauchy sequence in a metric space (X, d). If (x,) has a conver-
gent subsequence z,, — z, then z,, — z.
(Proof is similar to the above.)

Example 5.36. (R™, || - ||,) is complete for 1 < p < co.
Let 1 < p < oo, and 2% = (2F,...,2F) be a Cauchy sequence in (R", | -||,). Then for

€ > 0, there exists kg € N such that for all k,1 > ko,

n 1/p
la* — ||, = (Z |2 — wi-!”) <e€
j=1

= |xf—:1:§| <e forall k,l> kg
= (acf) is a Cauchy sequence in (R, u).
Hence xf — x; for all j. Then for € > 0, there exists m; € N such that & > m; =—
|2k — a5 <.
Let mg = max;{m;}. Then, for x = (x1,...,2,),
2% — 2|, < € for k > my.
Notice that the case p = oo is similar. We skip its proof here.
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Example 5.37. Let 1 <p < co. Then (¢, ] - ||,) is complete.
Let 1 < p < oo, and let z¥ = (2%, 2%, ...) be a Cauchy sequence in (¢, ] - ||,). Then for
€ > 0, there exists ng € N such that

Vi1 >ng = ||2" —2!||, < e
n

(1) = ) |af—alp<e
j=1
For each fixed n, this reduces to (R[] - ||), which we know is complete. Hence 2§ — x;;
j=1,2,...,n. Thus, letting k¥ — oo in (1), it follows that
(2) Z]mé—xj\p<ep, VI > ng
j=1

But the left-hand side of (2) is an increasing sequence and bounded above, hence, letting

n — 00, we get
o0
l |p P
E |2 — x5l < e
j=1

|2t — x|, <€ VI>ng
where x = (21,29, ...,Zp,...).

Notice that
[zll, < llz — 2™, + |z, < e+ |lz™|, < oo = z €.

Result: Every closed subset of a complete metric space is complete.

Proof. Let F be a closed subset of a complete metric space (X,d). Then (z,,) C F is a
Cauchy sequence, it follows that (z,) is a Cauchy sequence in X. Hence z, — = € X.
But F is closed, it implies that z € F.

In fact, if (X, d) is complete, then F' is closed if and only if F' is complete.
(Hint: it follows easily.) O

Example 5.38. Show that ¢, is a proper closed subspace of (£°/]| - ||oo)-
We know that ¢y C £°°.
Now, let 2 = (2}, ..., 2%, ...) be a sequence in ¢ such that 2* — = = (21,...,25,...).
That is, for every € > 0, there exists ky € N such that
Vk > ky = |2 — 2] <€
which implies
(1) |.21:;c — ;] <e foreach j > land Vk > k.
Since z% € ¢g = lim;_,oc z¥ = 0 for each k
For € > 0, there exists j, € N such that
(2) ]xf] <e Vji>jo and k> k.
It follows from 1 and 2 that
|z;] < |xf0 — x|+ |xf0| <2 VYj>Jy,
ie., |z;| < 2e for all j > Jy, which means lim;_,. z; = 0.
Hence ¢; is a closed subspace of £*°. Thus, ¢q is complete in its own right.
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Example 5.39. The space (C[a,b], || - ||) is @ complete normed linear space.

Let (f,,) be a Cauchy sequence in (Cla,b], | - ||o)-

Then for € > 0, there exists ng € N such that

Vn,m >ng = || fo — finlleo < €

which implies
(1) |fn(t) — fro(B)] < € Yn > mng,Vt € |a,b.
So (fn(t)) is a Cauchy sequence in (R, u) for each fixed ¢ € [a,b]. Hence f,(t) — f(t)

Letting n — oo in (1), we get

[F(t) = fap ()] < € VI € [a,b].

(Notice that ng is free of choice of t)
Since f,, is continuous, for each fixed t and € > 0, there exists § > 0 such that [s —t| < ¢
implies | fr, () — fuo (t)] < €.

Hence,
[F(s) = SO <1 (s) = Fao(8)] + [fng (8) = frg (D) + [ fno () — F ()]
< 3e
So f is continuous on [a, b].
However, the space (Cfa,b], | - ||1) is not complete.

For this, we consider the following:

Consider

§h
=
Il
—N—
3
~
= O

IA A
— 3=

IN A

0 1 1

It is easy to see that for % < %,

o fulh = ( [ /;+ / /) ult) — Ful)ldt
1/m

1/n 1
= / (mt — nt)dt + / (1 —nt)dt + / (1—1)dt
0 1/m 1/n
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1 /1 1
—|———=) —=0asn<m— o0
2\m n
Thus (f,) is a Cauchy sequence in (C[0, 1], - ||1).
But the pointwise limit:

. 1 0<t<L1
HUENWACES S
(Hint: f,(0) =0 and f,(1) =1 for all n, so f(0) =0 and f(1) =1. For 0 <ty < 1, we
can find large n such that 0 < 1 < ¢, < 1. Hence f,(ty) =1 for large n. Thus f(t,) = 1.)
However, f is not continuous, hence (C[0,1],|| - ||1) is not complete.
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6. SEQUENCES OF FUNCTIONS

Notice that in the previous exercises, we have seen that (C([0,1]),] - |l) is complete.
That is, if || f, — finlleo — 0, then there exists f € C([0,1]) such that || f, — f]loc — 0. But
then,
Falt) = £ < fo— Flle =0, ¥t e [0,1],
i.e., fu(t) = f(t) for each t € [0, 1].
We say that f, — f uniformly if
sup [ fu(t) = f(£)] = 0.

But there are sequence of functions which converge pointwise but not uniformly.

Example 6.1. Let f,(t) =", t€0,1].
Then,

F(t) = lim f(1) =

0 0<t«1
1 t=1
So,

sup |fu(t) = f)=1/40.

Example 6.2. Let f, : R — R be given by
fult) = e’”tg, neN
Then,

F() = Tim fu(t) = {1 =0

n—00 0 |t/>0
Notice that for t = 0,
1fn(0) — f(0)|]=|1-1]=0<¢ VneN
If |to| > 0, t3 > 0. Then for |f,(to) — 0| < ¢, we get
log1/e

2
e < e —= n> 2
0

Let ng = Pogt—zl/ﬂ + 1. Then,
0
| fa(to) = f(to)] < € for n > ng
Notice that ng = ng(€, tg) and ng is large for |ty| close to zero. Thus, ny cannot be free

from tg. Therefore, f,, — f pointwise but not uniformly.
Also,

£ = flloo = sUDE™ =140
teR
If f,(t) =e ™ for t € [1,00), then
sup|fu(t) =0 =e" =0 = e ™ [le—lf)> 0
t ,00

Exercise 6.3. Let f,, f : A(C R) — R be such that f, — f uniformly on A. Then for
|fu(®)| < M, (i.e. f,’s are bounded), that implies f is bounded.

(Hint: 1F()] < [fua(t) = F(O)] + |fun ()] < €+ My, < 00 VEE A)
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We shall see later that uniform convergent sequences is a good carrier for many underline
properties.

Result: Let f, f, : A(C R) — R be such that f,, — f uniformly. Then f is continuous
if f,’s are continuous (i.e. the uniform limit of a sequence of continuous functions is
continuous).

Proof. For € > 0, there exists ng € N such that
sup | fny (£) — f(t)| < e
teA
Thus,
[fo(t) = f(t)] <€, Vi€ A
Since f,, is continuous on A, for fixed ¢ and for € > 0, there exists 6 > 0 such that
if [t —s| <0 = |fu,(t) — [no(8)] <€

Thus,
1f(s) = FO < 1f(8) = fao ()] + [fro(8) = fro (D] + | fao () — f()] < 3e .

Result: Let R[a, b] denote the space of all Riemann integrable functions on [a, b]. Let
fny f € Rla,b] and f,, — f uniformly. Then,

[a=]s

b b
q Moo

n—oo a

that is,

Proof. \ \
/(fn—f)’s/ o F1< o — Fllc(b—a) >0

0
Corollary 6.4. If f, € Rla,b| such that S,, = f1 + fo+ ...+ f, converges uniformly to

S, then
[Si-s

(Obvious from the previous result)

b

n=172

Result: Let f, € C'[a,b] be such that f/ — ¢ uniformly. If there exists zy € [a,b]
such that f,(zo) converges, then there exists f € C'[a, b] such that f,, — f uniformly and

=y
Proof. Since f] — g uniformly and f,, is continuous, g will be continuous. Define
fila,b] = R by  f(z) = nh_)ﬁolo fa(o)
and
f(2) = { (x0) +fwog t) dt, %f:v > I
fzo) = [ gt)dt, if z <z
Then f'(z) = g(x) for every € [a,b]. Hence, f € C'[a,b].
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Now,

fa(@) = fin(2) = ful2) = fin(2) = (fu(@0) = fin(20)) + (fu(20) — fin(70))
= (x —20)(f,(t) — fr (1)) + (fulz0) — frn(z0))

1fo = fmlloo < (b= a)llf, = frulloo + |fn(20) = frn(0)| = 0,

as m, m — oo.
Hence, (f,) is a Cauchy sequence in (Cla, b], || -||s). Therefore, f,, converges uniformly.
Again, since f - g=f' umformly, it follows that

dt—>/f

nh_filo[f"( x) = fa(wo)] = f(z) = f(20)
Jim falz) = f(2) (- lim fa(o) = f(20))

Therefore,

Remark 6.5. Convergence of (f,,(zg)) for some point is necessary. Consider

fult) =Vt +n, te0,1]

Then f, does not converge at any point of [0, 1], but

1 unif.
"(t) = > 0
) zm
Since )
sup |fr(t) — 0] = sup — 0.

te0,1] t€[0,1] 2\/75 +n 2\/5
Exercise 6.6. Let f, : R — R. Check for uniform convergence of f, to some f:

(1) fult) = =220
(2) fu(t) = n?t(1 — %)
(3) fult) = te™™

Also, verify for term-by-term integration and differentiation for each of the above.

Theorem 6.7. Let E C R, and f, — f uniformly on E. For a limit point x of F,
suppose
(*) Pm fut) = A, (finite)
—x
Then (A,) is convergent and
lim f(t) = lim A,.

t—x n—00

That 1s,
lim lim f,(¢) = lim lim f,(¢)

t—x n—oo n—o0 t—x

Proof. Since f, — f uniformly on E. For each ¢ > 0, there exists ng € N such that
(*) |fu(t) — f(t)| <€, ¥Yn,m>mngy, VtEE
By (%), it implies that
|A, — Al <€, VYn,m>ng
So (A,,) is Cauchy, hence convergent — A, — A (Say).
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Now,
[F(t) = Al = [f(t) = fu(t) + [u(t) = An + An = A
<) = L@+ 1fa(t) = An] + [An — A
<€et+e+fe
fort € (v — 9,2+ 9)\ x and n > ng ( free of t)

Pm f(t)=A= lim A,
—T n—oo
Thus, %im lim f,(t) = lim }im fn(t)

—T N—00 n—oo t—

O

Theorem 6.8. Let f, : |a

,b] = R be such that (f!) converges uniformly. If there exists
xo € [a,b] such that (fn(xo))

is convergent, then (f,) is uniformly convergent, and
/
lim f;(2) = (lim fu(2))
n—oo n—oo
(i.e. limit and derivative commute)

Proof. The first part of the proof is as earlier. By the Mean Value Theorem, it follows
that
(@) = fm(@)] < (0= a)ll f = frull + [ fa(20) = fin(o)]

Since f/ converges uniformly and f,(zo) is convergent, it follows that f, — f (say)
uniformly.

Claim: lim,, . f1(z) = f'(z).

Notice that f! need not be continuous, hence Fundamental Theorem of Calculus cannot
be applied.

Therefore, we need to exploit the differentiability of f.

For z € [a, b], define
B 2B e o) o)

fx) = f(t)

r—t

on(l) =
Then

lim p,,(t) = =: ¢(t)

Notice that
lim ¢, (t) = f,,(x) (finite)

t—x

|on(t) = m(D)] = [fu(z) — fru(x)] <€ (by MVT)
for n,m > ng and for all ¢t € [a,b] \ {z}.
Thus,

Also,

©n — @ uniformly on [a, b] \ {z}.
Apply previous theorem with E = [a, b].
Then,
lim f/(z) = lim limp,(t) = lim lim ¢,(t) = lim p(t) = f'(z).

n—o00 n—oo t—x t—x n—o0 t—zx

Thus, /
lim f;(x) = ( lim f(z))
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6.1. Term-by-term differentiation. Let S, = f1+ fo+-- -+ f,, where each f; : [a, b] —

R such that §" 225 S and S,(zg) — L. Then,
lim(S)) = (lim S,,)’
ie.,
fitht Aot =ht ot fat)
This raises a very fundamental question: When does

(%) ([ rwa) = [ roa

hold?

Notice that if f’ is continuous then for
x

)= [ 1w,
by the Fundamental Theorem of Calculus, Jad (x) = f'(x).
(F—f)=0

By the Mean Value Theorem, F' — f is constant. So F(z) = f(x) — f(a) (" F(a) = 0).
However, if f’ is not continuous, i.e. f’ € R[a,b] , then (**) need not be true.
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7. UNIFORM CONTINUITY

Definition 7.1. A function f : A(C (X,d)) — R is said to be uniformly continuous on
A if for each € > 0, there exists § > 0 such that for all z,y € A,
dz,y) <6 = |f(x) - fly)] < e
Notice that § is free of choice of locations of points z,y € A; it only depends on their
separation.

Example 7.2. For 2y € X, let f(z) = d(z,20). Then f is uniformly continuous on X.
(Hint: d(z,20) < d(z,y) +d(y, m0) = [f(z) — f(y) < d(z,y).)
Similarly, by replacing = with y, it follows.

Example 7.3. For x € X, A C X, define
d(z,A) = inf{d(z,a) : a € A},
which is called the distance of A from x, and is uniformly continuous as a function of x.
(Hint: d(z,a) < d(z,y) + d(y,a).)
Thus,
d(z,A) < d(z,y) + d(y, A)
and so,

[f(z) = f)l < d(z,y) (<)

Example 7.4. The function f : (0,1) — R given by f(x) = < is continuous on (0, 1), but
not uniformly continuous.

7.1. Pointwise continuity of f. Let zy € (0,1). Then for ¢ > 0, there exists n € N
such that

(xo —€/n, ko +€/n) C (0,1)

0 rg—€/n To wzo+e/n 1
Suppose
1 1‘
— — | <e
To Y

for y € (xo —€/n,x9 +€/n) =: I,.
Then |zg — y| < exoy.
Let § = minyer, {exoy} = exo(ro —€/n) > 0.
If |z — y| < 9. Then
Lo oyl 90 emlmo—e/n)
To Y Loy Loy Loy
Hence, f is continuous at each zq € (0, 1).
f is not uniformly continuous:

_ _ 1 _ 1
LetE—l/Z,ZL’—E,y—n—H,TlEN.

Then for any d > 0, there exists ng € N such that

1 1

<0
n n+1

|z —y| =
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but

(NN

[f(z) = fly)l =1 £

Hence, f is not uniformly continuous on (0, 1).
From the above argument, we can prove the following result.

Theorem 7.5. Let f: A(C (X,d)) — R. Then f is uniformly continuous on A if and
only if for every pair of sequences x,,y, € A with d(x,,y,) — 0, implies | f(zn)— f(yn)| —
0.

Proof. Suppose f is uniformly continuous on A. Then for any € > 0, there exists § > 0
such that
(1) d(z,y) <6 = [f(z) = f(y)| <e
Let z,,y, € A such that d(z,,y,) — 0. Then for 6 > 0, there exists ng € N such that for
all n > ny,
d(@n,yn) <0 = |f(zn) — f(yn)| <€ (from (1)),

That is, if d(z,, y,) — 0, then |f(x,) — f(yn)| — 0.

Conversely, suppose that f is not uniformly continuous.

Then there exists ¢y > 0 such that for every § > 0 there exist z,y € A with d(z,y) < §

but |f(z) = f(y)| = 0.
Now, let 6 = % for n € N. Then there exist x,,y, € A such that

1
Aon ) < 5 €N, but [f(za) = o) = o

That is, d(z,,y,) — 0 but lim|f(x,) — f(ys)| > €0, is a contradiction. Hence, f is
uniformly continuous. O

Exercise 7.6. Show that a uniformly continuous function on a metric space (X, d) sends
Cauchy sequences to Cauchy sequences.
(Hint: If f: (X,d) — R is uniformly continuous, so for d(z,,z,) = 0 = |f(z,) —

f(@m)] = 0.)
Result: Let f : [a,b] — R be a continuous function. Then f is uniformly continuous.

Proof. On contrary, suppose f is not uniformly continuous on [a,b]. Then there exists
€0 > 0 such that for every § > 0, there exist =,y € [a, b] with |z — y| < J but
1f(z) = f(y)] = eo.
For 6 = 1, there exist @, y, € [a,b] such that |z, — y,| < L but |f(z,) — f(yn)| > €o.
By the Bolzano—Weierstrass theorem, z,,, ¥, have convergent subsequences, say z,, — «
and y,, — .
Now,

1
o vl = o o~y < g =0

so x = y. Since f is continuous, f(x,,)—f(yn,) = f(z)—f(y) =0, but | f(zn,)— [ (Yn, )]
€g, contradiction.

OV

Example 7.7. Let f : R — R be continuous such that
lim f(x)=0.

|z|—o00
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Then f is uniformly continuous.

Proof. For € > 0, there exists [—a, a] such that |f(z)| < €/2 if z € [—a, a]".

Hence, if z,y € [—a, a]®, then

f@ - fWl<z+5=¢ @
Since f is uniformly continuous on [—a,a]. For € > 0, there exists § > 0 such that
v -yl <o = |f(z) = fly)l<e  (2)

Since (1) holds true for z,y with |x — y| < 6. It follows that for e > 0, we get § > 0 such
that [z —y| <d = |f(z) — f(y)| <€ (for any z,y € R).

Hence, f is uniformly continuous on R. O

Notice that if f € Cy(R), that is f is continuous and lim;|—, f(2) = 0 and hence f is
uniformly continuous.
But if f is continuous and bounded, then f need not be uniformly continuous on R.

Example 7.8. f(z) = sinz?, which is continuous and bounded but not uniformly con-
tinuous on R.

Example 7.9. Let f : R — R be a bounded continuous function. If f is monotone, then
f is uniformly continuous on R.
Since f is bounded, let
inf f(x) = L, sup f(x) = M.
For € > 0, there exist zg,yo € R such that f(z¢) < L+ € and f(yo) > M —e.

M
M —¢

L+¢

If f is monotone increasing, then for =,y € [xg, yo]¢ and x,y > yo

fy) = flz) <M = f(yo) <M — (M —¢) =e.
Similarly, if x,y < z( then
fly)—f@) < L+e—f(rg) <L+te—-L=¢e.
Thus, for z,y € [zo, Y], we get
[f@)=fly)l<e Q)
Since f is continuous on [zg, o], f is uniformly continuous on [zg, y]. For any ¢ > 0,
there exists 0 > 0 such that

2,y € [xo, yol, [x —yl <0 = [f(z) = fly)l <e  (2)
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Notice that (1) also holds for =,y € [x¢, yo]® with |z —y| < . Thus, we get single § > 0
such that
[z —yl <6 = |f(z) = fly)l <e

Exercise 7.10. If f : R — R is a bounded continuous function then for f monotone, it
follows that

lim f(z) = finite, lim f(z) = finite.
T—+00

Tr—r—00
(Hint: For any sequence z,, — oo, f(x,) is bounded and lim, ., f(z,) = sup,, f(z,),
for f is increasing.)

Example 7.11. Let f : (a,b] - R and f : (b,c) — R be uniformly continuous. Then
f: (a,c) = R is uniformly continuous.

a b c

Proof. Since f is uniformly continuous on (a, b] and (b, ¢), for any € > 0, there exists 6 > 0
such that if z,y € (a,b] or z,y € (b, c) with |x — y| < §, then |f(z) — f(y)] < e.
Now, let z,y € (a,c), with |z —y| <.
Then |z —b| < § and |y — b| < 0. Hence,
|f(x) = f) < f(@) = fO+ () — f(y)] < 2e.

Thus, f is uniformly continuous on (a, c). O

We see that a uniformly continuous function can be extended uniformly to the closure
of the set.

Theorem 7.12. Let f : A(C R) — R be uniformly continuous on A. Then f can be
extended uniformly to A, and this extension is unique.

Proof. Let * € A. Then there exists x, € A such that z, — 2. Now, f(x,) is a
bounded sequence in R. Hence, by Bolzano-Weierstrass theorem, f(z,) has a convergent
subsequence. WLOG we can assume that f(z,) is convergent.

Let f(z) = lim f(x,) (. lim f(z,) exists )

Notice that f is well defined, because f is uniformly continuous on A. If 2,y — .,

then z, —y, - 0 = f(z,) — f(yn) — 0 ie lim f(x,) = lim f(y,) (" lim f(z,) and
lim f(y,)) both exist).
Hence f : A — R is well defined. Suppose z,y € A and they are close enough to each
other. Then there exist x,,y, € A such that x,, — x and y,, — y.

Hence, 3 3 3 }
f@) = f(y) = f(@) = flzn) + f(2n) = flyn) + fyn) = f(y)
= |f(@) = fW)| < |f(2) = fle)] + | (za) = Flya)l + 1 f(ga) = F)]
Notice that |f(z) — f(z,)| < € and |f(y) — f(yn)| < € for n > ny (say).
Let |z — y| < § (small enough). Then there exists n’ € N such that |z, — y,| < § for
n>n'.

Since f is uniformly continuous on A, it follows that |f(x,) — f(y,)| < € for n > n'.
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Thus for sufficiently large n > max(ng, n').
[f(@) = f(y)] <3¢, where |z —y| < 6.
Hence, f is uniformly continuous on A.
This extension of f is unique:
If there exists § : A — R which is uniformly continuous and § = f on A, then for
x € A, there is a sequence z,, € A such that z, — z.

Hence, .
flx) = lim f(z,) = lim g(z,) = g(z)
(". g is uniformly continuous extension). O]

Next, we shall see that uniformly continuous function grows slower than a straight line.

Theorem 7.13. Let f : R — R be uniformly continuous,then there exist constants A, B >
0 such that |f(x)| < Alz| + B for all x € R.

Proof. For any € > 0, there exists 0 > 0 such that |z — y| < ¢ implies |f(z) — f(y)| < 1.
We divide the proof into two parts: one is near 70" and other is away from ”0”.

i)

|
|
|
!
!
|
|
|
1

Let @ > 0. Then |f(z)| < A < oo for z € [—a,al.
Now, consider f : [a,00) — R.Then for z € [a,00), we can find n € N such that
x € [a+nd, a+ (n+1)d].

1 } }

}
r

|
T 1

G a+d a+ 26 a+nd T a+(n+1)d

Then,
f(@) = fla) = f(z) = fla+nd) + fla+nd) — f(a)

= f(x) = fla+nd) + > [fla+jo) — fla+ (j+ 1)d)]
j=1
= [f(z)| <1+n+|f(a)
f@)| -+ D+ @] _ D+l (), 1)1, (@)
x a+nd no nj)o no
Notice that B is independent of n, hence B is independent of x.
That is, |f(x)| < Blz| if z > a.
Hence, we can summarize that

|f(z)] < Blz| + A for all z € R.

= <B<x
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Example 7.14. Notice that f(z) = 22 is not uniformly continuous on R, as it cannot
satisfies the conclusion of the above theorem.

Example 7.15. Let f : R — R be differentiable and its derivative is bounded. Then f
is uniformly continuous on R.
For any =,y € R, by the Mean Value Theorem,
[f(@) = f)] =) (= = y)| < M|z —y|
where ¢ is between x and y, and M is an upper bound for | f'(t)|.
However, f(x) = /z for € (0,00) is uniformly continuous, but its derivative is
fl(x) = ﬁ, is not bounded.
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8. COMPLETENESS

8.1. Fixed Points. Fixed point searching is an idea to solve equation of the form ¢(x) =
x. This helps solving a range of problems, including approximation theory, differential
equations etc.

Fixed points can be obtained via iterations, i.e. if the function ”shrinks nicely”, then
we get fixed points via iteration.

That is, if xg is a point in the space X, then

xo — @' (20) = ©*(wg) — -+

where ¢" denotes n-times composition of .

Y

X

If the sequence (" (xg)) is convergent and ¢ is continuous, then ¢"(z¢) — = and thus

o(x) = e(lim, s " (z0)) = .
However, if the space is complete, we only need to verify ¢ (z) to be a Cauchy sequence.
Nicely shrinking function, we mean here with contraction mapping.

Definition 8.1. A function ¢ : (X,d) — (X, d) is called contraction if there exists
0 < o < 1 such that

d(o(z), o(y)) < ad(z,y), Vo,yc X.

Theorem 8.2. Let (X,d) be a complete metric space. If ¢ : (X,d) — (X,d) is a con-
traction, then ¢ has a unique fixed point.

Proof. Let 0 < a < 1 be such that

d(p(z),¢(y)) < ad(z,y), Vr,yeX.
For a point g € X, let

900(950) = Zo, wl(xo) = p(zg) etc.

d(0" (o), ¢" (0)) < avd(¢"(0), " (w0)) < a"d(p(0), z0)-

We show that ¢"(z) is a Cauchy sequence.
Let m > n:

Then

n n+l--- n—1m
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Then
A" (0), 9™ (20)) < (0" + -+ 0™ ) d(p(0), o)
Cd(p(xe),m0)  (O0<a<l)

—0 asn— o0
Since (X, d) is complete, " (xg) — = € X (say).

— ¢l2) = ¢ (lim ¢"(20)) = Tim " ()
— p(x)=1
If Jy € X such that ¢(y) = y, then

d(z,y) = d(e(z), ¢(y)) < ad(z,y)
— =y (0<a<l)
This establishes that ¢ has unique fixed point. 0

Notice that completeness property of the space is a sufficient condition for existence of
fixed point.
For example,

satisfies p(v/a) = /a.

Also, contraction is a sufficient condition for existence of fixed point. Notice that ¢
above is not a contraction mapping, since

1 a
— — 1= =I|r—
lp(x) — o(y)| 5 | gjyl |z —y

because the function |1 — %| is not bounded near zero.

Exercise 8.3. If (X, d) is a complete metric space and f : X — X is such that f* is a
contraction, then show that f has a unique fixed point.
(Hint: do for k = 2, use the fact that f* cannot have two fixed points.

If f2(zo) = wo and yo = f(x0)(say), implies that f(yo) = yo = yo = o)
Exercise 8.4. Let T : C[0,1] — C]0, 1] be deﬁrxled by
(i) = [ st
Show that 77 is a contraction but 7' is not a coontraction.

Notice that the above fact in these example is also clear from the fact that in the
convergence of ¢™(z), we can ignore finitely many steps.

Now, we shall try to understand the existence and uniqueness of the initial value prob-
lem:

(*)

with the help of fixed point theorem.

y/ - f(l‘, y)
y(0) = yo
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Suppose [ is a continuous function in some rectangle containing the interval (0,7) in

its interior, and f is Lipschitz in the second variable, i.e.,

|f(x,y1) - f(x7y2)‘ S K|y1 - y2|7
where K is a fixed constant.

Yot---t-

L

Then the equation (*) has a unique solution in some neighborhood of = = 0.
Notice that solving () is equivalent to solve

| | viwde= [ v

(+%) mw=%+/7mmmw

0
That is, we want y(t) such that (*) holds.
In other words, we want to get fixed point for the map ¢ — F(y), where

ﬂ@@=m+éf@ﬂm%

with ¢ € C[—0, ] for some § > 0, which we get very soon.
Now,

F(p)() - \</Lf A (),

<K/ o(t) — (8 dt

S K26 |l = oo
Thus, F : C[—0,0] — C[-6,0] is a contraction as long as 2K6 < 1, i.e. if 0 < 5
Hence F' has a unique fixed point in C[—5; K, 2}(]
That is, (*) has a unique solution in |z| < 5

Example 8.5. Consider

y'=22(l+y),  y(0)=0.
Then

o) = / 2#(1+ o (1))dt.
0
With the initial guess ¢ = 0, we get

901(1:):/0 2t(1 4 0) dt = 22,

T 4
©*(r) = / 2t(1 + 1) dt = 2° + %
0
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Thus, by induction,
* n _ r 22
) P =3 e o,

and p(x) = e*” — 1 is a solution, which is same as method of separation of variables.
Notice that the series (%) converges uniformly on every interval [—a,al, or on any

interval [a, b].
On the other hand, ¢'(z) = 22(1 + ¢(x)) has unique solution in neighborhood of any

point xg, i.e., [xg — d,z9 + ] with § < }l.

(Hint: Lipschitz constant = 2.)
8.2. Totally Bounded Set. Suppose A be a bounded set in R and, without loss of
generality, A C (0,1). Then for e =1 > 0:

Q

- |~
= o
- |
e

-1 k
Ac U < }
That is, A can be covered by ﬁmtely many intervals of arbitrarily small length.
A similar argument can be produced for a bounded set A C R™ (or in finite dimensional

spaces).
Notice that if A is bounded in R, then A C [a,b] (a =inf A;b =sup A,b — a < 0).
a a + b=a a+ (b a)

-

Hence,

Ac LnJ {a—i— (k:—lzl(b—a)j a_i_k:(bn—a)
k=1

Notice that, with small perturbation of the intervals, A can be covered by open intervals

of arbitrarily small length € > 0.
However, if the dimension of the space X is infinite, then the above property need not

be inherited for an arbitrary bounded set.
For example, let X = ¢! e, = (0,0,...,1,0,...) (with 1 in the nth position):

len —emlli =2, ifn#m

= A ={e,:n €N} C Bi[0] C By0]
This means A is bounded.
Notice that for any €, 0 < € < 1, if
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AC D Be(en)

n=1
But A cannot be covered by finitely many balls of arbitrarily small radius, i.e. if

AcC UBe(fi) Vfiel
i=1
Then, for € < 1, each ball B(f;) can contain exactly one point of A (. |le, —em|1 = 2).
Also, notice that A has no convergent subsequence. Since ¢! is complete, it is equivalent
to say that A has no Cauchy subsequence.

Definition 8.6. A C (X,d) is said to be totally bounded if for every ¢ > 0, there exist
x1,To,...,Ty, € X such that

AC LnJ B(z;)

=1

We can show that centers of these balls can be taken from some points of A, since

AC U Bejo(x;)

=1
Also, we can assume that A N Bes(x;) # (0, for all 7+ = 1,2,...,n. Then there exists
And it is easy to see that

i=1
(Hint: v € A = d(x,x;) < ¢/2 for some i and y; € AN Bjo(r;) = d(z,y;) <
d(z, x;) + d(z;, y;) <e.
Moreover, if A is totally bounded, then we can replace balls with sets in A with arbi-
trarily small diameter.
Result: A in (X,d) is totally bounded if and only if for every e > 0, there exist sets
Ay, -+ A, C A with 6(A;) < 6 such that

AC OAz‘
i=1

Proof. Let A be totally bounded. Then for every ¢ > 0, there exist points zy,...,z, € A
such that

i=1
Set A; = AN Be(z;) € A and §(A4;) < 2e.
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1.e.

A=A, 6(4) < 2e
=1

Conversely, suppose for all € > 0, there exist A; C A such that A C [J;_, A;, with
Let x; € A, then A; C By (z).
Since € > 0 is arbitrary, we get

AC O Boe(x;)

i=1

IE
D<)

Notice that if A C |, Bi, B; C X, with §(B;) < ¢, then for 4; = AN B; C A,
(*) A=JA;  o(A) <5
=1

It is easy to see that if A is totally:bounded in (X,d), then A is bounded.
Also, every finite set A = {x1, 29, ..., 2,} is totally bounded because A C |J;_; Be(z;).
U

Notice that total boundedness of a set solely depends upon the metric.

In fact, in discrete metric space, (X, dp), A C X is totally bounded if and only if A is
finite.

(Hint: If A C Ul Be(w;), ; € A, then for 0 < € < 3, each B(z;) = {;})

However, if X = (1 |le, — en||1 = 2 for n # m, A = {e, : n € N} cannot be covered by
finitely many balls of radius < 2.

In fact, A = {e, : n € N} with

densen) = 2 n#Em

0 otherwise
(in its own discrete metric) is not totally bounded.

Exercise 8.7. Every subset of a totally bounded set is totally bounded.

Exercise 8.8. A C R is totally bounded if and only if A is bounded.
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Exercise 8.9. A is totally bounded iff A is covered by finitely many closed sets of arbi-

trarily small diameters. o o
(Hint: AC U, Ai; 0(A;) <e  but 6(4;) =0(A;) <eand A C U, 4)

Exercise 8.10. A is totally bounded iff A is totally bounded.

If A is totally bounded, then A C (J, 4, 6(A;) <e. So ACUL, A, 6(A;) <e 50 A
is totally bounded.

On the other hand, if A is totally bounded, then for € > 0, 3z1, ..., z, € X such that

ACAC|B, (B <e
=1

Exercise 8.11. If A C R" is bounded, then A is totally bounded.

Result: Let (x,) be a sequence in (X, d) and let A = {z, : n € N} (range of (z,)).
(i) If (z,,) is Cauchy sequence, then A is totally bounded.

(ii) If A is totally bounded, then (z,) has a Cauchy subsequence.

Proof. (i) Since (z,,) is a Cauchy sequence, for € > 0, N € N such that
d(x,,xy) <€ Vn > N
= 0z, :n>N}<e
Let
A={z;:i=1,...,N—-1}U{x,:n> N}
N-1
AC U Be(z;) U B(zn)
i=1
which shows A is totally bounded.

(ii) If A is finite, then trivial.

Suppose A is an infinite set and totally bounded.
Then A can be covered by finitely many sets of diameter < 1. And one of them, say
Ay, will contain infinitely many points of A. But A; is also totally bounded, and hence
covered by finitely many sets of diameter < % Let Ay be one of them having infinitely
many points from A. Thus,

AL D Ay DAkDAk_H DR

where each Ay is an infinite set with §(A;) < 7.

Choose z,, € A;. Then

Hap, n >k} <0(4;) <

| =

(" Ag are decreasing).
Thus, z,, is a Cauchy sequence. 0

Example 8.12. Let z,, = (—1)" has Cauchy subsequences, as it is totally bounded.

Example 8.13. Let ¢, € /%, ¢, = (0,0,...,1,0,...). Then (e,) has no Cauchy subse-
quence.

Theorem 8.14. A set A C (X, d) is totally bounded if and only if every sequence in A
has a Cauchy subsequence.



REAL ANALYSIS 55

Proof. Let A be a totally bounded set in X, and (z,) be a sequence in A. Then (z,) is
totally bounded and by the previous result (z,) has a Cauchy subsequence.

For the other implication, suppose A is not totally bounded. Then, there exists € > 0
such that

A# | B
i=1

for every choice of finite set {x1, -, z,}.

Thus, for each n > 1, there exists y,, € A such that

d(Yp, ;) > € Vi=1,2,...,n.

Notice that the y,’s must be distinct (or an infinite set), else A will be covered by
finitely many balls of radius e.

Also, notice that (y,) cannot be a Cauchy sequence, else A would be covered by finitely
many e-balls and therefore A is covered by e-balls.

This implies that (y,,) has no Cauchy subsequence (as y,,’s are distinct).

Therefore, A must be totally bounded. O

Corollary 8.15. (The Bolzano-Weierstrass Theorem) Every bounded infinite sub-
set of R has a limit point in R.

Proof. Let A be an infinite bounded set in R. Then there exist distinct sequence z,, € A.
Since A is totally bounded, (z,) has a Cauchy subsequence, say (z,,). But R is complete,
so T,, — x € R. Thus, z is a limit point of A. O

We know that a metric space X is complete iff every Cauchy sequence in X has limit
in X, and every closed set in X is complete. In fact, if X is complete, then A C X is
complete if and only if A is closed.

We can see that complete metric spaces have some common properties like R:

Theorem 8.16. Let (X, d) be a metric space. Then the following are equivalent:
(1) (X,d) is complete.
(2) (Nested Set Theorem:) Let F, be a decreasing sequence of closed sets in X with
§(F,) — 0, then (,—, F,, # ¢ (exactly one point).
(8) (Bolzano-Weierstrass Theorem:) Every infinite totally bounded subset of X has a
limat point in X.
Proof. (1) = (2):
Let F,, D F,,41 D -+ and 6(F,) — 0. Choose z,, € F,,, then 0{xy : k > n} < §(F,) — 0.

Hence, (z,) is a Cauchy sequence in X, and by (1), z, — = € X.
Since F},’s are closed, x € F,, for each n,

= x € ﬁFn = ﬁFn;&@.
n=1 n=1

(In fact, (., F,, = {z}, exactly one point.)
2) = (3):
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Let A be an infinite, totally bounded set in X. Notice that A contains a distinct Cauchy
sequence , (r, # T, for n # m), because A is totally bounded. Set
A, ={xy : k>n}
Then Ay D Ay D -2 A, D+, and §(A4,) = 0 (" =, is a Cauchy sequence).
But then A4,, D m -- and
By (ii), there exists x € (0, A, # .

Now, z,, € A, and d(z,,z) < §(4,) — 0.
Hence, =, — z. So x is a limit point of A.

3) = (1):

Let x, be a Cauchy sequence in X. We only need to show that (z,) has a convergent
subsequence.

Note that A = {z,, : n € N} is totally bounded, because (z,) is a Cauchy sequence. If
A is finite, the result is trivial. Otherwise (iii) implies A has a limit point. That is, there
exists a subsequence z,, — x € X.

Hence, z,, —» z € X. ]

Exercise 8.17. Suppose that every countable, closed subset in X is complete. Show that
X is complete.

Exercise 8.18. Show that X is complete if and only if every closed ball in X is complete.

Remark 8.19. The total boundedness of a set is all about; an infinite set cannot be too
scattered. That is, the substantial portion of the set can be put into (or lies in) a set of
arbitrarily ”small” size by a continuous dissection process by leaving finitely many.
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9. COMPACT METRIC SPACES

Definition 9.1. A metric space (X, d) is said to be compact if X is complete and totally
bounded.

Theorem 9.2. (X,d) is compact if and only if every sequence in X has a convergent
subsequence.

Proof. Suppose X is compact (complete and totally bounded). Let z, € X. Then A =
{z,, : n € N} is totally bounded and hence has Cauchy subsequence, say x,,. But X is
complete, which implies z,,, — z € X.

On the other hand, if every sequence (z,) in X has a convergent subsequence (x,, ),
which is then Cauchy, and this implies that X is totally bounded.

Also, let z,, be a Cauchy sequence in X. Then again A = {z, : n € N} is totally
bounded and has convergent subsequence, say x,, — x € X. Thus, z,, — x.

Totally Bounded every sequence has a Cauchy subsequence
+ Complete + Cauchy sequence is convergent

Corollary 9.3.

(1) Let A C X. If A is compact, then A is closed.
(2) If X is compact and A is closed, then A is compact.

i.e. compact subsets of a compact metric space are closed sets.

(Hint:(i) If A is compact, then for x, € A and v, > v = 1z, —y € A —
Ty =T =1.

(i1) If A is closed and z,, € A, then z, € X — x, w2 € X = x € A, since A
is closed.)

Exercise 9.4. If K is a compact subset of (R, ), then inf K and sup K € K.
By definition of infimum, there exists x,, € K such that z,, — inf K. But, since K is
compact, there exists z,, — = € K, which implies inf K = z etc.

Exercise 9.5. Let F = {x € Q : 2 < 22 < 3}. Show that E is closed and bounded in
(Q, u), but not compact.
(Hint: Q is not complete.)

Exercise 9.6. Suppose [ : (X,d) — (Y, p) is continuous, then for K C X to be compact,
f(K) is compact in Y.

Let y, € f(K), then y,, = f(z,) for some z, € K. Therefore, there exists a subsequence
T, — x € K such that f(z,, ) — f(z) € f(K).

Exercise 9.7. If A C X is compact, then show that §(A4) < co. If A # (), then there
exist z,y € A such that §(A) = d(z,y).
Note that
d(A) =sup{d(x,y) : (z,y) € Ax A} (say S5)
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And d: A x A — R is (jointly) continuous.
As A x A is compact, the set S is compact in R.
Hence, there exist (z9,y0) € A x A such that 6(A) = d(zo, yo)-

Exercise 9.8. Show that S;[0] = {z € ¢?: ||z|]2 < 1} is not compact.
(Hint: The set {e, : n € N} is not totally bounded.)

Exercise 9.9. Show that A = {z € *: |z,| < 1, n=1,2,...} is compact.
(Hint: A is closed, hence complete. A is totally bounded, since for ¢ = 1, okay. For

e < 1, only finitely many coordinates are left unpatched (uncovered), hence for each e < 1,
A=A.UB,, A, € R" for some n.

Corollary 9.10. Let (X,d) be compact. Suppose f : X — R is continuous, then f is
bounded. Moreover, f attains its maximum and minimum.

Proof. f(X) is compact in R, which implies f(X) is closed and bounded. Hence,
sup f(z) € R, in)f( f(z) e R.
Tre

zeX
i.e. there exist zg,yo € X such that f(yo) = sup,cx f(x), f(zo) = infrex f(z). Hence,

f(zo) < f(x) < f(yo) Vre X. .

Corollary 9.11. If f : [a,b] — R is continuous, then f([a,b]) is compact and f([a,b]) =
le,d] for some c¢,d € R.

Corollary 9.12. If (X,d) is a compact metric space and
CX)={f: X =R or C| fiscontinuous}.

Define
[flloo = sup |f(z)| < oo.
Te
Then (C(X), || - |loo) is complete normed linear space.

Lemma 9.13. Let (X,d) be a metric space. Then the following are equivalent:

(a) If G is a arbitrary collection of open sets in X with | Joeg G 2 X, then there exist
Gi, ..., G, (finitely many) such that J;_, G; 2 X.
(In other words, every open cover has a finite subcover.)

(b) If F is a collection of closed sets in X with (;_, F; # 0 for every choice of finitely

many F;’s in F, then
() F#0.

FeF
(This is called the finite intersection property.)

Notice that (a) = X is totally bounded, since
X |JB(z) = X C|JB(x)

zeX =1
(b) = X is complete, since every decreasing sequence of closed sets has non-empty
intersection.

Proof.
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(a) = (b): Let F be a collection of closed sets in X such that ()., F; # 0 for every choice of
finitely many F;’s in F. On contrary, suppose (|pcr F = 0.
Then X = Jper F€ is an open cover of X. Hence X = J;_,{Ff: F; € F}.
This implies (;_, F; = 0, a contradiction.

(b) = (a): Suppose X = [Jgeg G but X # |J;_, G; for any choice of finitely many G;’s in G.
Then X \ J_, G; # 0 for every choice of finitely many G,’s in G, which implies
N, G¢ # 0 for every choice of finitely many sets G;’s from G.

G #0 = (JG:Gegl#X.
Geg
O

Theorem 9.14. X is compact iff either (a) or (b) (hence both) of the previous lemma is
satisfied.

Proof. Notice that (a) and (b) imply that X is totally bounded and complete. Hence X
is compact.

Now suppose X is compact, and G is an open cover that admits no finite subcover.

Since X is totally bounded, it can be covered by finitely many closed sets of diameter
< 1. But then it implies that one of these, say A;, will not be covered by finitely many
open sets in G.

It follows that A; # (), and it must be an infinite set (else covered by finitely many
G’s).

Next, A; is totally bounded, so A; is covered by finitely many closed sets of diameter
<1
= 9"

Choose one of them, say As, such that A; cannot be covered by finitely many G’s from

g.
Thus,
A13A2D...An3...

where A, is closed, infinite, diam(A4,) < %, and A, cannot be covered by finitely many
G’s from G.

Notice that (2, A, # 0 (.- X is complete).

Let x € ().~ Ay, then z € A,,. Then z € G for some G € G. But G is open, hence
x € Be(x) C G for some € > 0.

For + < ¢, we get # € A, C Be(z) C G.

Hence, A, is covered by a single G € G, which is a contradiction. OJ
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Corollary 9.15. X is compact if and only if every decreasing sequence of non-empty
closed sets has non-empty intersection.

ie. FiIDFRD-DFDF - = [|F,#0

n=1

Proof. The forward implication is followed by the previous theorem.

Conversely, suppose every nested ( decreasing) sequence of closed sets in X has non-
empty intersection.

We prove compactness of X in the sense of the Bolzano—Weierstrass theorem. Let
T, € X. Define
Then ()2, A, # 0.

Let © € (.2, A, = A (say). Then A is closed.

Hence, there exists a subsequence z,, such that z,, — z.

(Notice that the sequence x, has been taken distinct, i.e., an infinite set.) 0

Remark 9.16. Note that, as long as compactness is concerned, we do not require the
diameter of F), tends to zero. Hence () _, F}, can contain more than one point. This is
in sharp contrast with the condition for completeness.

Corollary 9.17. X is compact if and only if every countable open cover admits a finite
subcover.

Proof. (= :) Compact —> lemma (a) holds = countable cover has finite subcover.
( <= :) Suppose every countable open cover has a finite subcover. This is equivalent
to every countable family of closed sets having the finite intersection property (can be
proved similar to the previous lemma).
Let (x,) C X be a sequence of distinct terms. Write

Then z € ()~ A, # 0, so there exists x,, € X such that z,, — .
Hence, X is compact. 0
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10. SEPARABLE METRIC SPACES

If a space admits a countable dense set, we say that the space is separable. Eventually,
it helps determine the size of the space, certainly not in terms of cardinality only, rather
dimensions, or in a more general sense of size. Evidently, every totally bounded space is
separable.

Definition 10.1. A metric space (X, d) is said to be separable if there exists a countable
set A C X such that A = X.

For example, Q (the set of rationals) is a countable dense subset of R.
Likewise, Q™ and Q™ + iQ™ are countable dense subsets of R™ and C", respectively.

It is easy to see that (R™, || - ||,) is separable for 1 < p < co. However, (7, | - |,) is
separable for 1 < p < oo and not separable for p = oc.

We know that ¢yg C (P, where cgg is the space of finite sequences. Let x € (P,

T = (21,T2, ..., Tpy Tytt,---)
Define x,, = (x1,...,2,,0,0,...). Then
(1) |z — 2], >0 asn— oo

Since x; € C, there exists z¥ € Q + iQ such that |zF — 2P - 0; i=1,2,...,n. Thus,

n 1/p
<Z|xf—xi|p> —0

=1

(2) 5, = Zull, — 0
where zF = (..., 2%) € Q" + Q™.

[ = apll, <z = zallp + [l2n — |, =0
That is, coo(N,Q 4+ iQ) = #(N,C) .

Next, we shall show ¢>(N, C) is not separable, by proving that ¢> cannot be the union
of countably many balls of arbitrarily small radius.

Let A = {2, 25,...} be any countable set in £*°. Consider

S ={r=(v1,29,...) €L 2, € {0,1} }

Then S is an uncountable set. For this, v € S = y =%+ % +---,2; € {0,1}. Then
the map from S to [0, 1] is surjective, and hence S is uncountable.

Let z,y € S be such that  # y. Then ||z — y|l = 1.

Hence, {B 1 (x) : x € S} is an uncountable, disjoint collection of open balls in £>°.

Since A is countable, A can intersect only countably many balls B 1 ’s. Hence A cannot
be dense.
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o

Exercise 10.2. Show that ¢yy = ¢y and hence deduce ¢, is separable.

Exercise 10.3. Let B([0,1]) be the space of all bounded functions on [0, 1]. Show that
(B([0,1]),]| - |ls) is not separable. For t € (0,1), define f; = xpy. Then for s # ¢,
s,t € (0,1), we get || fs — fillo = 1.

Then S = {Bis2(f:) : t € (0,1)} is an uncountable collection of disjoint open balls
in B([0,1]). If A is any countable set, say A = {g1,92,...} € B([0,1]),then there exists
to € (0,t) such that By s(f;,) VA = @.

That is, except countably many, all the balls in S are left un-intersected by A

Exercise 10.4. The space (C([0,1]), || - [|) is separable.
(Hint: proof of this will be done by Weierstrass approximation theorem, which we do
later.)

Exercise 10.5. Every totally bounded metric space is separable.
Let (X, d) be totally bounded. For e = %, there exist z,,,..., 2,

X = OBi(x"j)'

Jj=1

D=|JDn,

Next, we consider the compact subsets of the space of continuous functions C'(X), then
X is a compact metric space.

Notice that dim C'(X) < oo if and only if X is a finite set. Hence, closed and bounded
subset of C'(X) are compact if X is finite.

But the question of compact subsets of C'(X), X is compact, is same as when a subset
of C(X) is totally bounded?

In terms of the Bolzano-Weierstrass theorem, we can rephrase, when (uniformly)
bounded sequence in C'(X) have a uniformly convergent subsequence?

We will see later that this question is related to the earlier question of asking, When
does a pointwise convergent sequence imply uniform convergence?

That is, pointwise convergence + [something] = uniform convergence.

such that

k

Let D, = {zpn,,...,xpn,}. Then

is a countable dense set in X.

Example 10.6. If f, € C(X), X compact, f, 25 f, then {f}U{f.:n € N} is
compact. (i.e., every Cauchy sequence is totally bounded).
Definition 10.7. A collection F C C(X) is said to be uniformly bounded if

supsup |f(x)| = sup || f|oo < 0.
fEF 2eX feF
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Example 10.8. Any uniformly convergent sequence f, in B(X) (or C(X)) is uniformly
bounded. (Hint: || fulloo < [[flloc + 1 (for e = 1) for alln > N, n € N.)

Definition 10.9. A collection F C C(X) is said to be pointwise bounded if for each
r e X,

sup [ ()] < oo.

fer

Example 10.10. If f,, — f pointwise, then f,, is pointwise bounded.

Theorem 10.11. Let (X,d) be a compact metric space and f : X — R (or C) be
continuous. Then f is uniformly continuous.

Proof. Let x € X (compact), and € > 0. Then there exists 0, > 0 such that d(z,y) <
0o = |f(z) = f(y)l <e ile y€Bs(z) = [f(x) - fly)l <e

Notice that
X = Bs(2).

rzeX
Since X is compact,

Let ]
0 = = min {d,, }.

2 1<i<r
Then § > 0.
Let 7,y € X and they close enough.There exist x; such that z € Bj, (z;).Choose 0" > 0

such that ¢’ < d and d(z,y) < ¢ with y € Bs, (7;).

@.y

Then d(z,y) <& = |f(x) — [(3)] < 2
Thus, for € > 0, there exists ¢’ > 0 such that whenever d(z,y) < ¢ = |f(z)—f(y)| <
2e. U

Next, we shall discuss the missing ingredient of pointwise convergence to the uniform
convergence.
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11. THE SPACE OF CONTINUOUS FUNCTIONS

11.1. Equicontinuity. A collection F C C(X) is said to be (uniformly) equicontinuous
if for every ¢ > 0, there exists 9 > 0 such that
d(z,y) <6 = |f(z) = fY)l <e, VfeF

Example 11.1.

(i) Finite subset of C'(X) is (uniformly) equicontinuous and every sub-collection of a
(uniformly) equicontinuous collection is equicontinuous.
(ii) Let 0 < @ <1 and k > 0. Define
Lipg = {f € C([0,1]) : [f(z) = f(y)| < klz —y["}
This collection is equicontinuous, but not totally bounded, since all constant func-
tions are satisfying this condition.

Lemma 11.2. If F C C(X) is totally bounded, then F is uniformly bounded and (uni-
formly) equicontinuous.

Proof. Since a totally bounded set is (uniformly) bounded, we only need to show that F
is equicontinuous.

Since F is totally bounded, for € > 0, there exists fi,..., f, € F such that for f € F,
there exists f; with

If = fillo <e.
But {f1, -, fu} is equicontinuous, so for € > 0, there exists ¢ > 0 such that
dz,y) <6 = |[filz) = fily)| <e, Vi=1,...n
Now, for any f € F,
[f(@) = fW)l < |f(@) = fil@)| + | filz) = i) + [ fily) = fy)| Se+e+e=3e .

Corollary 11.3. If f, LN fin C(X), then {f,} is uniformly bounded and (uniformly)
equicontinuous.

Proof. Notice that {f} U {f, : n € N} is compact, hence {f,} is totally bounded, so
(uniformly) equicontinuous. O

11.2. Arzela-Ascoli Theorem. Let X be a compact metric space, and F C C(X).
Then F is compact if and only if F is closed, uniformly bounded, and uniformly equicon-
tinuous.

Proof. The forward implication follows from the previous lemma.
Conversely, let (f,,) C F be a sequence.
Claim: (f,) has a (uniformly) convergent subsequence.
Note that (f,) is equicontinuous. For ¢ > 0, there exists 0 > 0 such that
d(z,y) <6 = [fulz) = fuly)| <&, VYn=1.
Since X is totally bounded, there exists a finite set z1,...,x; € X such that

X = Bs(x:).

i=1
Let x € X, then there exist z; such that d(z,z;) < .
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Also, (f,) is uniformly bounded, so for each i,
{fu(x:)}o2 is bounded in R.
So WLOG, we may assume that {f,(z;)}>°, is convergent for each i = 1,... k.
In particular, for every € > 0, there exists N € N such that

| fn (i) — fu(zi)| < e
for all m,n > N, for each i =1,2,... k.
Now, for x € X, there exists x; such that d(x,z;) < §. Hence,
[fm () = fu(@)] < |fin(2) = fn(@i)| + | fn(23) = fu(i)| + | fn (i) = fu(2)]
<etete=3e
So || fin — fulloo < 3e for all m,n > N. Therefore, (f,) is a (uniformly) Cauchy sequence,
hence convergent (because C'(X) is complete). O

Corollary 11.4. Let X be compact. If (f,,) is uniformly bounded and (uniformly) equicon-
tinuous in C(X), then (f,) has convergent subsequence.

(Hint: A={f,:n €N} is closed.)

Example 11.5. Let X = (0,1) and define
1—nt ift<
n(t) =
Ja(®) {O ift >
Show that (f,,)>2, is pointwise equicontinuous but not uniformly equicontinuous on (0, 1).

I|=3I~

Notice that for any point ¢ € (0, 1), there exists ny € N such that for each n > n — 0,
fn(t) =0 in a small neighborhood of ¢.
Hence, (f,)n>1 is pointwise equicontinuous on (0,1). However,

i) (5] =g, o

— 1 — - —_ O —
Lm0 =
where |5 — 4| = & — 0. Hence, (f,)n>1 is not uniformly equicontinuous on (0, 1).

2n

Example 11.6. For X = [0, 1], define
1
fn(t) :max{l—Q(n+1)2 t——|, O}.
n

Then (f,)n>1 is equicontinuous at each point ¢ > 0, but not at ¢ = 0.
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For ty > 0, it follows from the fact that
1 1
And hence, f,(t) = 0 for n > ng in a small neighborhood of ¢, > 0. Notice that the above
means that (f,)p2,, is pointwise equicontinuous at to > 0. Since {f1,---, fno—1} (finitely
many) is always equicontinuous. Thus (f,,),>1 is pointwise equicontinuous for ¢ > 0.
However, for t = 0, f,(0) =0, f, () =1, but [0 — 1| = 0 and |f,(0) — fu(3)| = 1.
Thus, (fn)n>1 is not pointwise equicontinuous at t = 0.

Remark 11.7. We end this section with a remark on structural property of sets in real
line. Any set can be inscribed into countably many disjoint open intervals, however, a

bounded (totally bounded) set can be covered by finitely many almost disjoint intervals
of arbitrarily small length.

Remark 11.8. A closed observation of totally bounded sets reveals that most of the
properties which are true for finitely many points (centers) in a totally bounded metric
space, can easily be percolated to the full space, since any point of the space is in a small
(arbitrarily small) ball.

11.3. Dini’s Theorem.

Theorem 11.9. Let X be a compact metric space, and f, f, € C(X) such that f, | f
pointwise on X. Then f, | f uniformly on X.

Proof. Let g, = f, — f. Then g, | 0 pointwise on X. Notice that for each ¢ > 0,
|gn(z)| < € for large n (depending upon z).

Let

E,={r € X :g,(x) <€}

Then E, = g, (-0, ¢), hence open. Also, E, C E,,; C ---. Since g, J 0 at each point,
it follows that X = |J ~, E,.

(If z € X and « ¢ E, for all n € N, then g,(x) > € for all n € N, which is a
contradiction.)

But X is compact, hence there exist N € N such that X = ngl E, = Ey. Thus, for
reXandn >N, g,(z) < fan(x) <e ie., |go(x)] < eforalln > N, forall z € X.

Hence g, | 0 uniformly on X. U

Corollary 11.10. Suppose fn, f € C(X) and f, T f pointwise, then f, T f uniformly.
(Hint: g, = [ — fn 1 0 pointwise, so use the above arqgument.)

1. Notice that the limit function f must be continuous, else f,(x) = 2™ will contradict
the above theorem.
2. If X is not compact, then the conclusion of the theorem might not be true.
For X =R,
0 if —co<t<n
falt) =Lt -1 ifn<t<2n
1 if t >2n
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fn 1 0 pointwise,

but
| falloo = 1.
1‘ A E——
0 n on t

Remark 11.11. However, a pointwise convergent sequence can differ with uniform con-
vergence on an arbitrarily small set (Egoroff’s Theorem).

11.4. Upper Semi-Continuity. Let f : (X,d) — R. Then f is said to be upper
semi-continuous on X if for each a € R, the set {z € X : f(x) < a} is open.

Result: f : X — R is upper semi-continuous iff for any x € X, and each sequence
Tn — T implies

limsup f(z) < £(2).
n—oo

Proof. Let g € X and € > 0. Then zg € {z : f(z) < f(xo) + €} is open.
— There exists a neighbourhood Bjs(x) such that f(z) < f(zg) + € for all z € Bs(xo).
Let 1 < ¢ and z, — 2 then z,, € Bi(xo) such that f(z,) < f(zo) + €.

Hence, !

T, — x9 = limsup f(x,) < f(zo) +€¢ forall e€>0

n—oo
So limsup,, . f(2n) < f(x0).
Conversely, suppose (on contrary) that f is not upper semi-continuous on X.
Then there exists a € R such that
A, ={z € X : f(z) < a} is not open. That is there exists zy € A, such that for
any neighbourhood Bs(xg), there exist x5 € Bs(zg) with x5 € A, = f(xs5) > .
For § = %, choose z,, € B%(xg) = x, = T, but f(z,) > a > f(xg). Thus,

limsup f(zn) = o> f(x0)

n—oo
which is a contradiction. O

Example 11.12. If X is compact and f : X — R is upper semi-continuous, then f
attains its maximum.

Note that X = |J,cg{z € X : f(z) < a}, but X is compact, hence X = U {zeX:
f(z) < o} Forany z € X, f(z) < oy < max{o;} = a < co. Hence f is bounded above.
Next, f attains its supremum on X.

If not, then f(z) < sup f for all x € X. For n € N, there exists x,, € X such that

w12 gy
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Now, z,, € X, X is compact, hence 3 subsequence z,, — x € X. But, then
sup f < limsup f(zy,) < f(z)

k—o00
Thus sup f < f(x), which is not possible, as it contradicts our assumption.

Note that, in similar way, we can define lower semi-continuity, ie., f : X — R,
{z € X : f(x) > a} is open for each € R. Also, it follows that f is lower semi-
continuous if and only if for all z,, — x,

f(z) < liminf f(z,)
n—oo
Thus, f is continuous if and only if f is both lower and upper semi-continuous.

(Hint: limy, o supf(z,) < f(z) <lim, . inf f(x,) whenever x,, — 00.)

Remark 11.13. Note that if f : X — R is upper semi-continuous (USC), then
f~H(—o00,a)} is open, and hence f~{[3,a)} is open if 8 < a, but it does not imply that
f~H(B,a)} is open for each o, B € R, else f is continuous.
(However, f is Lebesgue measurable!)
But if f is both lower semi-continuous (LSC) and upper semi-continuous (USC), then
FH(0 8)} = (=00, ) N (a,00)}

is open, hence f is continuous.

Remark 11.14. There is no relation between lower semi-continuity and upper semi-
continuity with left limit and right limit.

Example 11.15.
1
sin- x #0
T) = r
fl@) =19, 0
is upper semi-continuous, but none of left limit and right limit exists at x = 0.

Exercise 11.16. Check for lower semi-continuity and upper semi-continuity for f(z) =
| ], the greatest integer function.

11.5. Weierstrass Approximation Theorem. We shall see that polynomials are dense
in (Cla,b],| - ||oo) if b —a < 0o. As a consequence, C|[a,b] is a separable space.

The question of density of polynomials in Cla, b] can be transferred to C[0, 1] with the
help of the map:

For f € C[0,1] and n = 0,1,2,..., define (Bernstein polynomial):

B,(f)(@) = Zf (S) (Z)xk(l gyt

Then B,(f,) is a polynomial of degre_e at most n. Here, B,(f,) is known as Bernstein
polynomial.
In fact, we have
Bu(f)(0) = f(0),  Bu(f)(1) = f(1)
Let us denote f,(x) =2" forn=0,1,2,....
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The following lemma, which is involved with combinatorics, is crucial in proving the
density of B, (f) in C[0,1].

Lemma 11.17.
(1) By(fo) = fo and B, (fl) S
(2) Bu(f2) = (1= 1) fo+ L f1, hence B, (f2) — fo uniformly.
(3) S (5 —2)? ()t - ok = o) <

(4) Given d >0,0<x <1, let F denote the set of
F = {kE{O,l,.. n}:|E—z| >6}. Then

2 (Z) (1 —a)"h < 471152

keF

Proof. (i) is trivial, as it follows from simple binomial expansions.

Hint:
~k (n k n—k _ ~ (n—1 k—1 n—k
Zn(k>x (1—2x) xZ(k_l)x (1—2)
k=0 k=1
n—1 n—1 .
:xz< _ )xj(l a:)(" I)J—x[x—l—(l—x)]”_l:x
, J
7=0

SO Bn<f1) = fl-

(ii) To compute B, (f2), we break the sum into two parts:
k\? (n\  k(n—1 1. /mn—2\ 1(n-1
X S =(1=-Z= — for k> 2
<n) (k> n(k—l) ( n>(k‘—2>+n<k—1> o=
Thus,
1\ (n—2 n—1
= (=3B (o ()P0

1 1
= (1 — —) ? + =2 — f, uniformly
n n

k A%
(— — x) = (—) — 2.7:@ + 2
n n n

(iii) Note that

hence )
~ (k Y\ k n—k Lo 1 2, 2 t(l—x) 1 -
;(g—x) (k)x (1—x) :(l—g)x +Em—2x +x :TSR ( by (ii))
(iv) For ke F, 1< &2®
Hence,

keFr keF

Theorem 11.18. Bernstein: Let f € C[0,1], then B,(f) — f uniformly.

Z (Z) Fl—az)"F < 5%2 (% - x)2 (Z)xk(l—a:)”_k < 5—12 :0 <§ — x>2 <Z)xk(1_x>n—k <
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Proof. Since f is uniformly continuous, for € > 0 there exists § > 0 such that |z — y| <

0 = |f(z) = fly) <3

Now,
7(0) = Bul)(@)] = Z (s -1 (£)) (1) -
S (-

Let us fix a n (to be specified soon). Let F' denote the set of k € {0,1,...,n} such that
}% —a:’ > ¢. Then

A

k=0

<

|f(x)—f<§) | <§ for k ¢ F,
and .
-7 (E) 12l orker
Thus,
1) - Bl <53 ()t - a2l X (7)o
k¢F keF
€ 1
<5142l (o
<e€
if n > %.
Therefoie,

1B~ fle<e it > 1l

Exercise 11.19. If f € C0,1] and fol 2" f(z)dx =0 for all n > 0, then f = 0.
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12. CONNECTED SETS

The structure of the real line has been invaded in several ways to know the peculiar
hidden properties. We have already seen that any open set O C R can be expressed as
the disjoint union of countably many open intervals. That is,

oo

O = |_| I,,, where I, = (a,,by).
n=1

Hence, for any set A C R, we get an open set O D A, and thus
Acocl|L.
Hence, any set can be embedded into countably many open intervals. The “connected
set” has its natural meaning, and we can extract its definition from the intervals.
We know that an interval cannot be broken into two relatively open parts.
On the contrary, suppose that
la,b] = AU B,
where A and B are non-empty, disjoint, and relatively open sets in [a,b]. This implies
that A and B are disjoint closed sets too, as
A =[a,b]\ B, B =la,b]\ A.
Thus A and B are disjoint, non-empty open and closed sets (called clopen sets).
To start with, let b € B. Since B is open, (b —&,b] C B for some ¢ > 0.

a c—¢ ¢ b—e b

Now, let ¢ = sup A. Then a < ¢ < b.
(if @ = ¢, then A = {a} (not open), and if ¢ = b, then AN B # (.)

By definition of supremum, (¢ —¢,¢) N A # () and (¢,c+e) N B # ) (since c¢ is the dead
end of A).

That is, c€ A = A and ¢ € B = B, which is a contradiction that AN B = 0.

Hence, based on the above observation, we can define connected /disconnected sets.

Definition 12.1. A metric space X is said to be disconnected (not connected) if there
exist two non-empty open sets A and B such that X = AU B. The sets A and B are
called a disconnection of X.

We say that X is connected if X cannot be expressed as a disjoint union of two non-
empty open sets in X.

Thus, the interval [a, b] is connected.

Note that, when X = ALB where A and B are disjoint, non-empty open sets, it follows
that A and B are closed sets too (as A = B¢, B = A°). Thus, A and B are disjoint,
non-empty clopen sets.

Thus, X is connected if and only if X has no nontrivial clopen sets.

(Hint: if A is clopen, then X = A A¢, and A€ is also open.)

Definition 12.2. A subset E of a metric space X is called disconnected in E if there
exist non-empty disjoint open sets U and V in E such that E=UUYV.
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Note that there exist open sets A and B in X such that
U=ANE, V=BNE
—
E=(ANE)U(BNE)=(AUB)NE — ECAUB.
It is clear that A and B need not be disjoint. However, we can filter them further to
make them disjoint and still cover F.

Lemma 12.3. Let E C X. IfU and V are disjoint open sets in F, then there exist
disjoint open sets A and B in X such that
U=ANE and V =BNE.

Proof. For x € U, there exists €, > 0 such that
ENB. (zr)CcU (.U is open in FE).
Similarly, for y € V, there exists €, > 0 such that
ENB.,(y)CV.
Now, UNV =0 = EN(B., ()N B, (y)) =0.
Claim: Bey(x) N Bey (y) = 0.
Note: If d(z, ) < % and d(z,y) < %, then
€x €
d(z,y) < = + 2.

2 2
Choose ¢, and ¢, so that

Then the claim will be satisfied.

Write:

A=JBz@), B=JB2x
zeU yev
= ANB=0and A, B are open in X, and £ C AU B.
Thus, we say I C X is disconnected if there exist disjoint open sets A, B in X with
ANE#0),BNE#0,and E C AUB. O

Next, we see that connected subsets of R are precisely singletons or intervals.

Theorem 12.4. A subset E of R (containing more than one point) is connected iff for
every x,y € E with x <y it follows that [z,y] C E.
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Proof. 1f for some x,y € E, with z < 2 <y = z ¢ E, then
E C (—o00,z) U (z,00)
is a disconnection of E. This proves the assertion.

On the other hand, suppose for each pair z,y € E we have [z,y] C E, but E is
disconnected. Then there exist non-empty open sets A, B C R such that AN E # (),
BNE+#Qand EC AUB.

Let a€ ANE,be BNE and assume a < b. Then [a,b) C E C AU B.
So, [a, b] is disconnected (. [a,b] = (AN [a,b]) U (B N|a,b])), which is a contradiction.
Finally, suppose for each x,y € E, [z,y] C E. We claim E is an interval.

1 1 1 1
T T T

a = infd+ b Pe=sup B

Note that (inf E,sup E) C E,where we include the possibilities that inf E = —o0,
sup F/ = 4o0.

(Hint: For any € > 0, there exist z,y € F with inf £+ ¢ > x and sup £ — € < y so that
[z,y| CE Ve>0).

Thus, £ must be an interval, and it depends upon disposition of inf F, sup E as finite
or infinite as element or not of F. O

Exercise 12.5. Show that the connected subsets of Cantor’s set are only singletons (i.e.,
Cantor set is totally disconnected).

Now, we simplify our study of connected sets with the help of continuous functions.

Notice that a discrete metric space (containing more that one point) is always discon-
nected. We use this fact to identify disconnected sets through comparison via continuous
maps.

Theorem 12.6. A space X is disconnected if and only if there exists a continuous sur-
jective map f: X — {0,1} (two-point discrete space).

Proof. 1t f : X — {0,1} is continuous and surjective, then
A= F({0}), B=f({1)).
are non-empty, disjoint open sets and AU B = X. Since f is continuous, A, B are closed.
Thus, X has a disconnection.
Conversely, if X = AU B where A and B are non-empty, disjoint open sets in X. Define

0 z€A
xTr) =
/(@) {1 reB
which is a continuous and surjective map. 0

This result gives a perfect replacement of definition of connected sets.
Thus, we conclude that X is connected if and only if every continuous map from X
into a discrete space is constant.

Theorem 12.7. Let f: (X,d) — (Y, p) be continuous, and let E C X. If E is connected,
then f(E) is connected.
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Proof. Suppose f(E) is not connected. Then there exists a continuous surjective map
g : f(E) — {0,1}. Thus, go f : E — {0,1} is continuous and surjective, so E is
disconnected, a contradiction. O

Remark 12.8. A non-constant continuous image of an interval is again an interval. This
is nothing but the intermediate value theorem.

Corollary 12.9. Let I be an interval in R, and f : I — R be a non-constant continuous
function, then f(I) is an interval.
In particular, if a,b € I and f(a) # f(b), then f assumes all values between f(a) and

f(b).
Example 12.10. If A, B are connected subsets of a metric space X, then A x B is
connected in (X x X, d x d), where

(d>x d){(z1, 1), (22,42))} = d(x1, %) + d(y1, 42).

Suppose f : A x B — {0,1} is continuous. We claim f is constant. For a € A and
be B, f(a,-) and f(-,b) are continuous function on A and B respectively . Since A and
B are connected implies f(a,-) and f(-,b) both are constant. That is, f is constant on
every vertical and horizontal lines. Hence, f is constant.

B

Co Co (6))

Exercise 12.11. Show that (0,1) x (0, 1) cannot be written as disjoint union of countably
many open balls.
(Hint: (0,1) x (0,1) is connected)

Exercise 12.12. Let D C R and f : D — R continuous. Show that D is connected if
and only if the graph of f, Gy = {(z, f(z)) : x € D} is connected in R?.

(Hint: g: X - X x X, g(x) = (z, f(z)) is continuous = G is connected ("." X is
connected)
On the other hand, projection p; : Gy = X = pi(z, f(z)) = =, is continuous = X
is connected)

Exercise 12.13. If A C_X is connected, then for A C B C Z, it implies that B is
connected. In particular, A is connected.

Suppose f : B — {0, 1} is continuous and surjective, then f|4 : A — {0, 1} is continuous
= f is constant on B.

Exercise 12.14. Let A ¢ B C X. If A and X are connected, does it imply B is
connected?
((0,1) C (0,1)U(1,2) CR)
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Exercise 12.15. Let f : [0, 1] — R be defined by
B sin(%) ifz#0
flo) = {0 itz =0
(Topologist’s sine curve)
Show that f is not continuous, but Gy is connected.
(Hint: Consider g : (0,1] — [—1,1] by g(z) = sin (Z). Then g is continuous, and hence
g{(0,1]} is connected = ¢ is onto.
Also, G is connected. Since
G, C Gy C G, = Gy is connected.

Exercise 12.16. If f : X — Y is continuous and onto, Y not connected, then X is not
connected.

(Hint: Y =CUD = X = f"YC)u f~YD))

Exercise 12.17. Ln(R) = {space of all n x n real matrices}
and GL,(R) = {A = (z;;) € Ln(R) : det A # 0}.
Then, GL,,(R) is disconnected in the usual metric on Ln(R).
(Hint: det(A) = >, x; = det is continuous
= GL,(R) = (det) (R \ {0}) is open.
Now,
det : GLH(R) continuous, onto R\ {0}
— GL,(R) = GL}(R) U GL,, (R)
is disconnected, where
(det)"H{(—00,0))} = GL, (R), (det)"'{(0,00))} = GL; (R).
(Hint: An easiest metric on Ln(R) is d(A, B) = max;; |a;; — b;j|)

12.1. Path Connectedness. A set £ C X is said to be path connected if for every
x,y € E, there exists a continuous function v : [0,1] — FE such that v(0) = z and
(1) =y.

Example 12.18. Show that the continuous image of a path connected set is path con-
nected.

Let E C X be path connected and f : E — C be continuous. Then, for f(x), f(y) €
f(E), there exists a path v : [0,1] = E (.- ,y € F) such that y(0) = z and (1) = v.
Therefore, f ov(0) = f(z) and fo~(1) = f(y). So f o~ is the required path connecting
f(z) and f(y).

Example 12.19. Let P be a polynomial in C". Then C"\ P~!(0) is path connected.
Let z,w € C"\ P7(0). Define v: C — C" by y(t) = (1 —t)z + tw, t € C.
Then {t € C: y(t) € P7*0)} = (P o~)~'(0). Since (P o+) is a polynomial on C, it
implies that (P o~)7!(0) is a finite set. Hence, C\ (P o~v)~*(0) is path connected in C.
Hence, f(C\ (P ov)71(0)) is path connected in C"\ P~*(0) (since v(C\ P~1(0)) is
contained in C" \ P~(0)) containing 2 and w. Hence, C" \ P~!(0) is path connected.
(Note that 7 is not onto unless n = 1, hence y(C\ (P ov)~1(0)) £ C*\ P71(0).)

Once again Topologist’s Sine Curve:
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Let f:[0,1] — [-1,1] by
sin?, x#0
Then -
Gy = {(wsin ) 1w € 0,1} U{(0,0)}
is not open. G is not path connected.
(The hope comes from the fact that f is not continuous at 0.)

Diagram: Sine Curve

On contrary, suppose there is a continuous path

1
31 [0,1] = Gy = {(,sin L) - 2 £0} U {(0,0)}
T
where v(0) = (0,0) and v(1) = (1,0); write v = (71, 72). Since 7 is continuous, v becomes
uniformly continuous. For € =1 > 0, there exists ¢ > 0 such that

s —t]| < = |n(s) —n@)] <1

Since 0 € v71{(0,0)}, let
t*=sup 77 H{(0,0)} <1 (. ~(1)=(1,0))
Choose 6; > 0 such that 0 < t* < t*+6; < 1 and 6; < 9.
Note that
£ = sup{ £ 1(8) = (1 (), 7
So, there exists t,, — t*, with v1(¢,) =0 = (") =0, but v, (t* + ;) > 0.
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L I N N —
[ T T T 1

0 t ta i+ 6, 1
For large N, there exists s,t € (t*,t* 4 d1) such that
2
71(t) = Nr1 Ti(s) = N
Therefore,
N+1 N
~Yo(t) = sin R T, 72(s) = 01sin a7
2 2
So,

|2(t) — 72(s)| =1
This is a contradiction.

Example 12.20. R™\ {0}, ( n > 2) is connected.

Suppose not, let U be an open and closed set in R"\{0}. For x € U and y € R"\{0}\U,
we get a line segment path connecting x and y, say L.

Then LNU is the finite union of open and closed sets in R, but R is connected. Hence,
our assumption is wrong, and R™ \ {0} is connected. In fact, path connected.

N

Example 12.21. Let S" ' = {z € R": ||z|| = 1}. Then S"! is connected.
Define ¢ : R"\ {0} — S"! by

p(z) = m

Then ¢ is continuous and onto, hence S™ ! is connected. In fact, S"~! is continuous
image of a path connected set R™ \ {0}, hence path connected.

Example 12.22. Alternative: If I C R is connected, then [ is an interval.
Suppose there exist z,y € I, x < z < y, but z ¢ I. Define

f(s):{1 if s <2

—1 ifs>z
So,
f:I\{z}=1—{1,-1}
is continuous and onto, so I is not connected!
Example 12.23. Let f : R — R be such that
Gy ={(z, f(z)) 1z € R}

is closed and connected in R?. Then f is continuous.
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Let x, — z. Assume f(z,) — y. Then (z,, f(z,)) is a Cauchy sequence in R* and
hence
(@0, f(z0)) = (2,9)
But Gy is closed, so (x,y) € Gy, which implies y = f(z). Hence, f is continuous.
Note that: f(z,) — y can be achieved by considering the boundedness of f where
Ty — .
If f is bounded, then f(xz,) is bounded in R, and by Bolzano-Weierstrass Theorem,
there exists a subsequence f(z,,) — y € R. Thus,
(g ()
is a Cauchy sequence in R? and hence convergent, say
(s F () = (1)
But Gy is closed, implies y = f(x).
Notice that there is no other limit point for (z,, f(x,)) than (x, f(z)), else f will not

be well-defined. Thus,
(2, £ () = (@, £ ()
Hence, f is continuous.
Notice that so far we have not used the fact that Gy is connected.
Next case is when |f(x,)| — oo, where z,, — x. In this case, we reach to a contradiction
that G is disconnected in a neighborhood of z.
We claim that there exists 0 > 0 such that for |z —y| < = either |f(z)— f(y)| < 1

or |f(z) = f(y)| > 2

(Bounded below and above in a neighbourhood of x)
If it is false, then there is a sequence u, with |u, —z| < L such that 1 < |f(z)— f(u,)| <
2.

= There is a subsequence f(u,,) of f(u,) such that f(u,,) — w.
Then
(g F (i) > (,10),
and the graph G is closed (by hypothesis), which implies f(z) = w.
But 1 <|f(z) —w| <2
Thus, our claim is true.

Let [a,b] = [x — 0,2 + ¢].
We claim that G N {[a, b] x R} is connected.

%
x—6 T x+d
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On the other hand,
Gf N ([a,b] X R)
= (Gyn{[a, ] xR} N{(t,5) - |f(2) —s| < 1U(GyN([a, 0] xR))O{(L, 5) : [f(x) —s| > 1
ie. GyN([a,b] x R) = AU B. (*)
Thus, Gy N ([a, b] x R) is disconnected as (z, f(z)) € A and (z,, f(x,)) € B for large n.
This implies x,, - * = f(z,) is bounded.
Hence, from the previous case, it follows that f(x,) — f(z).

To show G is connected, let
g:GrN ([a,b] xR) = {0,1}
be continuous. Then g can be extended continuously outside G¢N([a, b] x R) by constant.
Hence g : G — {0, 1} is continuous. But G is connected, hence g is constant.
Thus, G¢ N ([a,b] x R) is connected.

Example 12.24. Let K = {1 :n>1} and E = ([0,1] x {0}) U (K x [0,1]).
Then E is path connected (Why?)

(07D 170)

Let C = E x ({0} x [0, 1]), known as the comb space, which is path connected.
The deleted comb space
Co=EU{(0,1)}
is connected, since E C Cy C E and E is connected.
But Cj is not path-connected,

(0,1 (1,1)

(070) ~ (170)
because there is no path connecting (0,1) and (1,0).

On the contrary, suppose
v [O, 1] — Cy

be a continuous path such that v(0) = (0,1) and v(1) = (1,0).

Then v~ *((0,1)) is a closed set, and

let to = supy~1((0,1)) = sup{t € [0,1] : y(¢t) = (0,1)}.

We claim that there exists ¢; € (g, 1] such that

(Proy){(to, 1)} € K,

where P; : R? — R is the projection onto the z-axis.

Suppose the claim is false. Then 3t, € (¢, 1] with ¢, — to. By assumption, 3s, €
(to,tn) such that v(s,) = (z,,0) for some z,, € [0,1] \ K.
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Note that s, — to. By continuity, (x,,0) = v(s,) = v(to) = (0, 1), which is absurd.

6 tl J tl J
0o °n 11
Thus, there exists t; € (g, 1] such that (P, o v){(to,t1)} C K.
= 1 € (P o7)(to,t1) is a connected subset of K.
Hence (P o 7)(to,t1) = {1} (by contunuity),
but (P o y)(tg) = 0, an absurd.

Example 12.25. Let U be an open set in R (or C™). Then U is path connected if and
only if U is connected.

Let A be the collection of all path connecting a point p € U. Then A is open.

Let g € A, then ¢ € U = B,.(q) C U for some r > 0.

Let S € B,(z), then S is connected by a path to ¢ by straight line, and ¢ is connected
to p. Hence, B,(q) C U.

Let B = A\ U. Then B is also open. Since for ¢t € B, there does not exist a path
connecting p, then we can draw a path for both surrounding ¢, which is not connected to
p. Thus,

U=AUB.
Since U is connected, this implies B = (), thus U is path connected.



	1. The Real Numbers
	1.1. Preliminary
	1.2. Bounds
	1.3. Completeness Property of R
	1.4. Archimedean Property
	1.5. Sequence
	1.6. Nested Interval Theorem

	2. Open Sets and Closed Sets
	2.1. Open Sets
	2.2. Closed Sets
	2.3. Interior of a set
	2.4. Closure of a set
	2.5. Dense Set

	3. Cantor Set
	3.1. Properties of the Cantor Set
	3.2.  Representation of Cantor's set
	3.3. Representation is Unique

	4. Limit and Continuity
	4.1. Monotone Function
	4.2. Construction of Monotone Function

	5. Metrics and Norms
	5.1. Normed Linear Space
	5.2. Convergence of Sequence in Metric Space
	5.3. Cauchy Sequences
	5.4. Young's Inequality
	5.5. Space of Sequences
	5.6. Hölder's Inequality
	5.7. Minkowski's Inequality
	5.8. Geometry of Spheres in (Rn, p)
	5.9. Closed sets in (X,d)
	5.10. Interior in (X, d)
	5.11. Closure in (X, d)
	5.12. Space of Finite Sequences
	5.13. Complete Metric Spaces

	6. Sequences of Functions
	6.1. Term-by-term differentiation

	7. Uniform Continuity
	7.1. Pointwise continuity of f

	8. Completeness
	8.1. Fixed Points
	8.2. Totally Bounded Set

	9. Compact Metric Spaces
	10. Separable Metric Spaces
	11.  The Space of Continuous Functions
	11.1. Equicontinuity
	11.2. Arzelà-Ascoli Theorem
	11.3. Dini's Theorem
	11.4. Upper Semi-Continuity
	11.5. Weierstrass Approximation Theorem

	12. Connected Sets
	12.1. Path Connectedness


