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ABSTRACT

This project explores the connection between differentiation and inte-
gration, focusing on when one can recover a function from its integral or
derivative. We begin by studying conditions under which integrals can be
differentiated and when derivatives can be integrated back.

Key topics include the Vitali Covering Lemma, monotone functions, func-
tions of bounded variation, and absolute continuity. We also discuss the dif-
ferentiation of integrals in R™, the Hardy—Littlewood maximal function, and

the Lebesgue Differentiation Theorem.
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Chapter 1
1.1 Introduction

In this project , we consider two problems related to the reciprocity of dif-
ferentiation and integration.

(1) Let f be integrable on [a, b], and define

F(%)Z/xf(y)dy-

Does this imply that f is differentiable (at least almost everywhere) and
that F' = f almost everywhere? We shall see that the answer to this ques-
tion is connected to a broader idea, not limited to dimension one.

(2) What conditions on a function F' on [a, b] guarantee that F'(z) exists

for almost every x, F’ is integrable, and

/ " Fe)de = F(b) — Fla)?

The second problem is more difficult than the first one.
As an example, we shall see that if ' : [a,b] — R is monotone increasing,

then F' is differentiable almost everywhere in [a, b], and

/bF’(as) dr < F(b) — F(a).

However, there exist continuous monotone increasing functions that fail to



satisfy this inequality. For example, the Cantor-Lebesgue function F' on
0, 1], with F(0) = 0 and F'(1) = 1, satisfies F'(z) = 0 almost everywhere.

To prove this result, we need the Vitali covering lemma.



Chapter 2
2.1 Vitali Covering Lemma

Definition 2.1.1 : A collection § of intervals in R is said to be a Vitali
cover of a set £ C R if for each x € E and for all € > 0, there exists [ € S
such that z € I and ((]) < e.

Lemma 2.1.2 : Let m*(E) < oo and let S be a Vitali cover of E. Then
for all € > 0, there exists a finite subcollection {Iy, I5,..., Iy} C S such

that
N
m* (E—Ufn> < e.
n=1
proof :
It is sufficient to prove the lemma assuming that the intervals in S are
closed. Since m*(E) < oo, we can always find an open set O D E such

that
m*(F) <m(0) < oc.

Thus, without loss of generality, we assume that each I € S is contained in
0.
We construct a sequence {I,} of disjoint intervals in S by induction. Choose

I, € §. Suppose I, I, ..., I, have already been chosen. Define

k., =sup{{(I)| I €S,IN (O]Z) =0}

Since I C O, we have k, < m(0) < co.
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If E C U, I;, we stop. Otherwise, we choose I,,41 € S such that
1 n
U(Ln41) > §kna Iy N gli = 0.

This process constructs a sequence of disjoint intervals {/,,} in S such that

Jnco
n=1

Since m(0O) < oo, we conclude

> U(I;) <m(0) < o

=1

For € > 0, there exists NV € N such that

Define
N
R=E\|J 1.
n=1

For every x € R, since § is a Vitali cover, there exists an interval J, € S
such that z € J, and ¢(J,) < #@. The set R is covered by these inter-
vals, forming an open cover. Extracting a finite subcover {Ji, Jo, ..., Jas},

we obtain

[S2 8 e

m*(R) <Y ((J;) <

Now consider x € R. Since vazl I; is closed, we can find a small interval



I€Ssuchthat v € Tand INUY, I =0. If I NI =0 for all i < n, then
UI) <k, < 20(1,41). Since £(I,+1) — 0, I must intersect some I,,, with

ng > N. The smallest such nq satisfies
0T < kpy—1 < 20(1,).

Since x € I and I N I, # 0, the distance from z to the midpoint of I, is

at most

o1+ %ﬁ(lno) < gé([no).

Thus, x belongs to an interval J,,, centered at the midpoint of I,,, with

length 5¢(1,,). Hence,
RC | Ju

no=N+1
This implies
o oo

m (R) < > UJy) =5 Y Ul,) <e

no=N+1 no=N+1

This completes the proof.

Consider f : [a,b] — R and write

f'(z) = lim f@) = flz=h) = lim

h—0 h h—0

flx+h) - f(x)
h

whereh # 0.

Note that these limits exist if for all h, tends to zero,
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f'(z) = lim o f@the) = f(z)

hz—0 hy he—0 hy

In case f is not differentiable, the following four limits could be different:

D* f(x) = limsup flaths) = [ (@)

hay—0 ha:

D™ f(x) = li]gl_i)%f )= iix — )
Then
D*f(z) > D*f(z) and D f(x) > D f(x).
If

D f(z) = D" f(z) = D" f(x) = D™ f(z) # oo,

we say f is differentiable, and the common value is called the derivative of



f at z.
We denote it by f'(x). If DT f(z) = D~ f(x), f is right differentiable at x
and denote the right derivative by f'(z+), similarly f'(z—).

2.2 Monotone Function

If f: [a,b] — R is monotone, then f is continuous a.e. z. Suppose f is

monotone, then

fla™) = lim fy) =sup f(y) < [(x) < inf f(2) < Tim_f(2) = f(z").

Y=z y<z z—xt

Thus, both f(xz7) and f(z™) exist and
fla™) < flz) < fa™).

2.2.1 Monotone Functions and Continuity

Let f : [a,b] — R be a monotone increasing function. Then f is continuous
almost everywhere (a.e.) on [a, b].

If f is monotone increasing, then for any = € [a, b], the left and right limits
exist:

fl@™) = lim f(y) =sup f(y), f(z¥)= lim f(z) =inf f(2).

y—x y<z z—xt z>x

Hence,

fl@™) < fz) < fa7).



If f(z7) < f(z) < f(zT), then such points x are countable since the in-
tervals (f(z7), f(x1)) corresponding to different such x’s are disjoint, and
each such interval contains a unique rational number. Therefore, the set of

discontinuities is countable, and f is continuous a.e.

Theorem 2.2.2

Let f : [a,b] — R be a monotone increasing function. Then:

e [’ exists a.e. x € [a,b],

e f’is measurable, and

o ["f(z)dz < f(b) - fla).
Proof:
To show that f is differentiable a.e., it suffices to show that the set
E={z:D"f(z)> D" f(z)}

has measure zero, where DT f(z) and D~ f(x) denote the right and left

Dini derivatives, respectively.

Let

Euo={z:D"f(z) >u>v>D f(x)}, uveQ.
Then E = U, ,eq Euv, 50 it is enough to show that m*(E,,) = 0 for each
u>veQ.



Let s = m*(E,,), and fix ¢ > 0. By outer regularity, there exists an open
set O D E,, such that m(O) < s + €. For each « € E,,, there exists h > 0

such that:
f(x) = f(z —h)
h

<v= f(z)— f(z —h) < hv.

Thus, the collection {[z — h,z] : © € E,,,h > 0} is a Vitali cover of
E, .. By Vitali’s Covering Lemma, there exists a finite disjoint subcollec-

tion {I,, = [x, — hy, 2, }_, such that:

N N
U(xn - hnyxn) D A = Eu,v N U(xn - hnaxn)v
n=1 n=1
and
m*(A) > s —e.
Since f is monotone increasing,
N N N
Z(f(xn) — f(xn —hy)) < UZhn =um <U ]n> <v(s+e).
n=1 n=1 n=1

Similarly, for y € A C E,,,, there exists k > 0 such that:

fly+k)— fly)
k

>u= fly+k)— f(y) > uk.

Again, {[y,y + k|} forms a Vitali cover of A, and a disjoint subcollection
{J; = [yi, vi + ki]}M, exists such that:

M
m*(B) > s — 2e, B:AHUJZ-,

i=1



and
M

ST+ ki) — f(y) > u(s — 2¢).

i=1
However, since J; C I,, for some n, and the intervals are disjoint:
M N
> (flyi k) = F(y:) < D (flan) = f(an = ha)) < ols + ).
=1 n=1
So,
u(s —2¢) < v(s+e),

and since u > v, this implies s = 0. Thus, m*(E,,) = 0, and f is differen-

tiable a.e.
Let

o fle+h) = f(z)
and define

gn(x) = n(f(z +1/n) = f(z)), f(z)=f(b)forz =b.

Then g,(z) — g(x) a.e., so g is measurable. By Fatou’s Lemma:

b b
/ g(z)dx < lim inf/ gn(7) d.

n—oo

Now,

bgn(x)dx:n b(f(x—l—l/n)—f(x))dx:n bH/nf(ac)dx— bf(x)dx.
J J / [ 1]

+1/n
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So,

b b+1/n a+l/n
d lim inf dx — d
| ata)dz < timin [ | @i [

n—oo

< f(b) = fla).

Therefore, g € L'([a,b]) and f'(x) = g(z) a.e. on [a,b)].

2.3 Functions of Bounded Variation

Let f: [a,b] — R, and consider a partition
Q:{CL:I0<J}1<"'<Q3i71<$¢<"‘<$k:b}.

Define:

0 otherwise , g™ (z) =g"(2) —g(x), |9(x)]=g"(x)+g (2).
Let

11



Define
P =supp, N =supn, T =supt,

where the suprema are taken over all partitions @ of [a, b].
If T°(f) < oo, then we say that f is of bounded variation on [a, b], ab-
breviated as BV [a, b].

Lemma 2.3.1
If f € BV]a,b], then
TU(f) = PY+ N?, and  f(b) — f(a) = P! — N!.

a a

Proof:

For any partition @ of [a, b], we have:

p=n+fb)=fla)=P=N+[) - [(a)

Also,

t =ptn=p+p—{f(b)=fla)}) =2p—{f()=f(a)} = T =2P-{f(b)—f(a)} = P+N.

Theorem 2.3.2

A function f : [a,b] — R is of bounded variation if and only if f can be

written as the difference of two monotone real-valued functions.

Proof:

12
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Suppose f € BV]a,b]. Define:
g(x) =P, h(z) =Ny

Then both g and h are increasing real-valued functions since

By the lemma above,

f(x) = g(x) = h(z) + f(a).

Conversely, suppose f = g — h, where g and h are monotone increasing.

Then, for any partition (), we have:

Z |f(z:) = f(zim)] < Z (9(z:) — g(zi-1)) + Z (h(x:) = h(zi-1)) -

Hence,

T.(f) < g(b) = g(a) + h(b) — h(a) < 0.

Corollary 2.3.3

If f € BV][a,b], then the derivative f'(z) exists almost everywhere on |a, b].

13



2.4 Differentiation of Integrals

Let f be an integrable function on [a,b]. Define

F(z) = / " fy) dy.

Does this imply that F’'(z) = f(x) almost everywhere?

Lemma 2.4.1

If f is an integrable function on [a, b], then the function

Fla) = / i) dy

is continuous and of bounded variation.
Proof:
For h € R,

z+h b
F(z+h) - F(z) = / fy)dy = / Xloa+n) (Y) f(v) dy,

where X[z z+n is the indicator function on [z,z + h).
Since f € L'([a,b]) and X[z 4+ — 0 pointwise as h — 0, we have X z4nf —
0 almost everywhere. By the Dominated Convergence Theorem (DCT), it
follows that

lim(F(z+h) — F(x)) =0,

h—0

i.e., F'is continuous.

14



Now, for any partition {xg,z1,...,z;} of |a,b], we have

f;w(xi) ~ Flai )] :Z / jilf(y) dy' < / 1)l dy.

Hence,

T(F) < / F)ldy < oo.

Therefore, F' € BV|a, b].

Lemma 2.4.2

Let f € L'([a,b]), and suppose

/x f(t)dt =0, forallx € [a,b].

Then f = 0 almost everywhere on [a, b].
Proof:
Define the set
E={x € a,b]: f(z) > 0}.

Assume m(E) > 0. Then there exists a closed set F' C E with m(F) > 0.
Let
O = (a,b)\ F.

Then O is open, and can be written as a countable disjoint union:

0= G L, I = (an,by).
n=1

15



: b .
Now, since [ f =0, we write:

Oz/abf:/Fer/Of.

But since f > 0 on F, we have [, f > 0, implying [, f < 0, which is a
contradiction. So [, f # 0 for some n. Then

l%f—a%fia

implying one of them is non-zero, again contradicting the assumption that
[Ff=0forall z € [a,b].
Hence, m(E) = 0. Similarly, the set {z : f(x) < 0} also has measure zero.

Thus, f = 0 almost everywhere. n

Lemma 2.4.3

Let f be a bounded measurable function on [a, b]. Define

F@) = [ o) dy+ Fo)

Then F'(z) = f(z) almost everywhere on [a, b].

Proof:
By Lemma 2.4.1, F' is of bounded variation, which implies that F’(x) exists
almost everywhere.

Assume |f(z)| < M for all x € [a,b], so |F'(x)| < M almost everywhere.

16



Define
Then

Since |fn(z)| < M, and f,(z) — F'(x) pointwise almost everywhere, we

may apply the Bounded Convergence Theorem (BCT). Therefore,

/ac F(a)de = lim | fu(x)dz = Tim n [/GC(F(:C +1n) — F(x))dg;} _

n—oo a n—oo

Changing variables:

/:(F<:c +1n) — F(x)) dz = /+ F(z)da /f F(x) dz.

Since F' is continuous, we have:

/ac F'(2)de = F(c) — F(a) = / f(z)da.

Thus,
/ (F'(z) — f(x))dz =0 forallc € [a,].

By Lemma 2.4.2, it follows that F’(z) = f(x) almost everywhere on [a, b].
[

17



Theorem 2.4.4

Let f be an integrable function on [a, b], and define

F(x) :F(a)—l-/zf(t)dt.

Then F'(z) = f(z) almost everywhere on [a, b].

Proof:
Without loss of generality, assume f > 0.

For each n € N, define

f(x), if f(z)<n,
n, if f(z)>n.
Then f — f, > 0, and define

fn(x) =

Gola) = / ) — fult)) de.

By Lemma 2.4.3, G, is differentiable almost everywhere and G/ (z) =
f(z) = fu(z) > 0.

We write:

F(x)_F(a)+/m(f(t)—fn(t))dtJr/zfn(t)dt_Gn(x)Jr/xfn(t)dt.

Differentiating both sides, we get:

F'(z) =G () + % (/: In(t) dt) > fu(z) ae.

18



Since f,(z) — f(x) as n — oo, we obtain:

F'(z) > f(z) ae.

Now integrate both sides over [a, b]:

b b
/F’(x)d:zz/ f(z)dr = F(b) — F(a).

Since f > 0, F' is monotone increasing, and hence:

/bF’(:v)dx < F(b) — F(a).

Combining (1) and (2), we get:

/abF'(:E) dr = /abf(:v) dx,

| @@ - s as=o.

which implies

Since F'(x) — f(z) > 0, it must be that F'(x) = f(z) almost everywhere on

la,b].

19
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2.5 Absolute Continuity

A function f : [a,b] — R is said to be absolutely continuous if for every

e > 0, there exists § > 0 such that

Z|f flz)| <e,

whenever {(z;,2;)}", is a finite collection of disjoint intervals in [a, b] satis-
fying

Z |z, — x;| < 6.

i=1
Lemma 2.5.1

Every absolutely continuous function on [a, b] is of bounded variation on

la, b].

Proof:
Given that f is absolutely continuous. Take £ = 1, then there exists § > 0
such that

Z\fyz fla)] <1,

whenever {(z;,y;)}1, is a disjoint family of intervals with

=1

20



Let N be the smallest positive integer such that

b—a

N
-7

Define points a; = a + J(bT_“) for 7 = 0,1,..., N, so that each subinterval
laj_1,a;] has length < 0.

Then for each subinterval [a;_1, a;], any partition @ of it satisfies ||Q| < J,

SO
T3 (f) < 1.
Therefore,
N
THf) <D T (f) <N < oo.
j=1
Hence, f € BV]|a,b). O

Corollary 2.5.2

If f is absolutely continuous on [a, b], then f is differentiable almost every-
where on [a, b].

Lemma 2.5.3

If f is absolutely continuous on [a,b] and f/'(x) = 0 almost everywhere,

then f is constant.

Proof:
We prove that f(a) = f(c) for any ¢ € [a,b]. Let E = {z € (a,¢) : f'(z) =

0}. Since f' =0 a.e., we have m(F) = ¢ — a.

21



Let ¢ > 0 and n > 0 be arbitrary. For each x € FE, there exists a small

interval [z, z + h] such that

|f(z 4+ h) = f(z)] <nh.

By the Vitali Covering Lemma, there exists a disjoint finite subcollection
{[xk, yx] }7_; that covers all of E except for a set A of measure less than
some 0 > 0, where ¢ corresponds to ¢ in the definition of absolute continu-
ity.

Assume x;, < x4 1, and define:
Y=a<1 <Yy <x2 < <Yy, < C=2Tpyq,

so that

n

Z |Tp1 — Y| < 6.

k=0

Now,
n

D) = fan)l <0 Y (e — xx) < nlc—a).

k=1 k=1

Also, by absolute continuity of f,

S 1 f(ze) = flue)| <e

22



Since € and n are arbitrary, it follows that f(c) = f(a). O

Theorem 2.5.4

A function F' is an indefinite integral if and only if it is absolutely continu-

ous.

Proof:

(=) Suppose F(z) = [7 f(t)dt. Then F is absolutely continuous.

(<) Suppose F is absolutely continuous. Then F' € BVa,b], so F(z) =
Fy(z) — Fy(x), where Fy, F, are increasing functions. Therefore, F'(x) exists

almost everywhere and
[F'(z)] < Fi(z) + Fy(x).
This implies
b
/ F'(2)| dx < Fy(b) + Fy(b) — Fi(a) — Fy(a) < oo,

so F' € L'[a,b)].
Define G(z) = [ F'(t)dt. Then G is absolutely continuous, and so is f =
F — G. Thus,

f'(z)=F(z) -G (x)=0 a.e.

By Lemma 2.5.3, f is constant. Hence,

F(z) = / F'(t)dt + F(a).

a

23



Corollary 2.5.5

Every absolutely continuous function is the indefinite integral of its deriva-

tive.

Remark

/b F'(t)dt = F(b) — F(a).

2.6 Differentiation of Integrals in R”

Let f : [a,b] — R be an integrable function. Define

F(:U):/xf(y)dy for x € a,b].

Then

Flath=Fe)_1 [ ),

Let I = (x,x + h) and |I| be the length of the interval I. Letting |I| — 0,

the question is whether

i, (ﬁ 1w dy) — f@) ae w

We can reformulate this problem by considering intervals containing x.

24



That is, does

. 1
IIIE(%GI (m /If(y) dy) = f(z) a.e?

In an analogous way, a similar question can be posed in higher dimensions.

For instance, in R™ (n > 1): Let
r(z) ={y e R" : |z —yll <r},

where ||z —y|| is the Euclidean distance. Then the Lebesgue measure of the

ball B,(x) is given by
m(B,(x)) =" - m(By(0)),

since the Lebesgue outer measure m* is translation and dilation invariant.
If we denote

un = m(B1(0)),

then
m(By(x)) = vpr™.

Suppose f is integrable on R™, and B denotes a ball containing x. The

question is whether

. (ﬁ /B f(y) dy) = f(z).

As an example, if f is continuous at x € R”, then the above limit converges

25



to f(z). We have:

i L1 = sl < o 1) - sy

For € > 0, there exists 0 > 0 such that

[z =yl < dlf(z) = fy)] <e.

If B is a ball of radius less than g and containing x, then

‘—/|f |dy‘<s

which is the desired result.
From the above, we can make the observation that the limit is the result of
taking the supremum of a sequence of shrinking balls. This leads to a way

to define the maximum function for |f|.

26



Chapter 3

3.1 Hardy-Littlewood Maximum Func-
tion

For f € L'(R"), define the Hardy-Littlewood maximal function f*(z) by

P =sup (g [ ria).

where the supremum is taken over all balls B C R". The function f* is

known as the Hardy-Littlewood maximal function of | f|.

Theorem 3.1.1

Let f € L'(R™). Then the following hold:
1. f* is measurable,
2. f*(x) < oo for almost every z € R",
3. m({z € R": f*(z) > a}) < 2| f|l, where A = 3.

Before proving this result, the focus will be on conclusion (iii). It can be
shown later that f*(x) > |f(x)| for almost every z. However, conclusion
(iii) suggests that f* is not much larger than |f|. This observation leads
to the expectation that if f is integrable, then f* should be integrable as

27



well. But this is not necessarily the case, as f* of a non-zero function f €
L'(R™) may decay too slowly at infinity.
For this, let a > 0 and r = || > a. Then B,.(0) C Bs,(z), and we have

1 C C
(p)> dy = —— dy > —— d
f@) 2 m( By (7)) /Bzr(x) )l dy || /Bzr(x) )l dy || /Ba(U) Ty,

where C' is some constant.

However, # is not integrable on R" \ B,(0). Hence, if f* € L'(R"), then

/ |f(y)|dy =0 forall o >0.
a(o)

This implies that |f| = 0 almost everywhere.

Exercise

Let f(z) = z(lo—éz)gx(o,%)(aﬁ), where X(o,%)(x) is the characteristic function of
the interval (0, 3). Then f € L'(R) but f* ¢ L}, .(R).

loc

For 0 <z < %, we have:

I 11
(z) > — dy > — ——dy.
ez g [l g [ e

We then estimate this as follows:

11 1
(z) > — d .
fe) 2 296/0 yllogy)? Y~ 2ulloga]

The term m is not integrable near x = 0, which implies that f* ¢
L (R).

loc

28



Considering F(z) = f(|x]), it is possible to construct F' € L'(R™) with the
above properties via polar decomposition.
The inequality in (iii) is called a weak inequality because it is weaker than

the corresponding inequality in L'-norm (due to the Chebyshev inequal-
ity):

mfe:1f@) > ab < = [ 1ft)ldo = 2

Proof ( of theorem 3.1.1 ) :

(i) f* is a measurable function

To show this, it is enough to show that the set E, = {z € R": f*(z) > «}

is open. For any x € E,, there exists an open ball B such that x € B and

1
W/Bm)mw o

If 2/ is any point close enough to z, then 2’ € B, and we have:

1@y > s /|f dy > a,

Ssu
ool m(BY J;

where B’ is a ball containing x’. Since B is part of the family over which
the supremum is taken, it means that ' € E,. Hence, there exists a small

ball around x that is contained within F,. This shows that E, is open.

29



(ii) Proof of {z: f*(x) = o0} C{z: f*(x) > o}

If we assume (iii) for the time being, then
{z:f(x) =00} C{x: f(z)>a}, ¥V a>0.
Hence, by the result in (iii),
N 1
m{z: ff(x) =00} < —||f]1 =0 as a— occ.
a
Finally, the proof of (iii) will be followed by the following lemma.

Covering Lemma

Let B = {By, Bs, ..., By} be a finite collection of balls in R™. Then there

exists a disjoint subcollection {B;,, B,, ..., B;, } of B such that

125 -

m <CJ Bl> < S"Zm(Bij).

j=1
Proof of Covering Lemma:

If all balls in B are disjoint, then the result holds trivially. If not, let B
and B’ be two balls in B that intersect, with radius(B) > radius(B').
Then, B C 3B = B, where B is the ball with the same center as B and
radius 3 times that of B.

First, pick a ball B;, in B with the largest radius. Then, delete B;, from B
and any other ball that intersects B;,. All the deleted balls are contained

in BZ-I. The remaining balls yield a new collection, say B’, for which the
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procedure is repeated. Pick a ball B;, in B’ with the largest radius, and
delete B;, and any other ball intersecting B;, .

Continuing this way, after at most IV steps, we obtain a collection of dis-
joint balls By, Bs, ..., Bg. Let éj = 3B;. Since any ball B € B must inter-
sect some of the B;’s, and hence B has equal or smaller radius than B;, we

must have B C éj. That is,

Therefore,

Proof of (iii):
Let x € E,. Then there exists a ball B, containing x such that

1
T / 1)y >

This implies

Since m is inner regular, we have

m(E,) :ngg m(K).
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Let K C E,. Then K C |J
B

+c, Bz- Hence, by the covering lemma, there

exist disjoint balls B;,, B;,, ..., B;, such that

N k
m(K) <m (U Bl> < S”Zm(Bij).
=1 Jj=1

Now, using the inequality for each ball B;;, we obtain

3 & 3"
K —E dy = — dy.
m(K) < 5 jﬂ/Bij |f(y)| dy o Js |f(y)| dy

i

Thus, we have

m(K) < 21l

3.2 Lebesgue Differentiation Theorem

Theorem 3.2.1 : (Lebesgue Differentiation )

If f € L'(R"), then

lim —/Bf(y)dy:f(x) a.e. .

m(B)—0,2eB m(B)
Proof:

It is enough to show that for each o > 0, the set

N, = {a: ] (lim inf

B)—0,2€B

>al

1
el / f(y) dy — f(z)
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has measure zero. Since f € L*(R™), for each € > 0, there exists g € C,(R")
such that

1f =gl <e

Since ¢ is continuous, for each z € R", we have

;/Bg(y) dy = g(x).

lim
m(B)—0.ee B m(B)
Now, we can decompose the difference:

57 1010 = — [ (=00 dit s [ a0 dy=glo)+a(a)—1 @)

Hence,

lim inf
m(B)—0,2€B

57 | Ty = @) < (7= 9@ + 7@~ sl ()

Let Go = {2 : |f(z) — g(z)] > a} and Fy = { : (f — g)*(z) > a}. Then,
NoC FoUG. [from(x)].

By Chebyshev’s inequality, we have

m(Ga) < ~I1f ~ gl

And by the weak inequality, we have

A
m(Fa) < ZIF = gl

33



Thus,

This implies that

Applying the above result to |f|, we get

ra s [ r@lay> _tin 2 [y = 1)

Hence, f*(z) > |f(x)| for almost every z.

Since differentiation is a local notion, and the behavior of the function is
considered on balls which shrink to a point x, it is enough for the function
to be locally integrable.

f € L,.(R") if fis integrable over each compact subset of R". That is,

[ fxx € L*(R™)  for any compact set K C R™

Corollary 3.2.2 : If f € L} (R"), then
fim s [ f0)dy = @
im  —— = f(z) ae. =x.
m(B)—02eB m(B) Jp vy

Let F be a measurable set. By the corollary, for xg € L}, (R"),

lim m(BNE)

=1 ae =z
m(B)—0zeB  m(DB) et

This means that small balls around = are almost entirely covered by FE.
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Moreover, if 0 < € < 1, then there exists a ball B containing x such that

m(BNE) > (1—¢e)m(B).

This implies that E covers at least (1 — €) part of B.
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