MA 101 (Mathematics I)
Practice Problem Set - 2

1. State TRUE or FALSE giving proper justification for each of the following statements.

(a) If (x,) is a sequence in R which converges to 0, then the sequence (z]!) must converge to 0.

(b) There exists a non-convergent sequence (z,,) in R such that the sequence (z, + 1x,) is
convergent.

(¢) There exists a non-convergent sequence (z,,) in R such that the sequence (z2 + 1z,) is
convergent.

(d) If (z,) is a sequence of positive real numbers such that the sequence ((—1)"z,) converges
to £ € R, then ¢ must be equal to 0.

(e) If an increasing sequence (x,) in R has a convergent subsequence, then (x,) must be
convergent.

(£) If () is a sequence of positive real numbers such that lim (n2z,) = 3, then the series
n—oo

[e.9]
> x, must be convergent.
n=1

oo
If (z,) is a sequence of positive real numbers such that the series n?z? converges, then
g n g
n=1

o0
the series > x, must converge.
n=1

o o
(h) If (z,) is a sequence in R such that the series Y 3 is convergent, then the series Y z#
n=1 n=1
must be convergent.

[e.e]
(i) If (x,) is a sequence of positive real numbers such that the series Y 3 is convergent, then

n=1
oo

the series > x! must be convergent.
n=1

[e.e]
(j) If (x,) is a sequence of positive real numbers such that the series Y z} is convergent, then
n=1

the series > 23 must be convergent.
n=1

(k) If f: R — R is continuous at both 2 and 4, then f must be continuous at some ¢ € (2,4).

(1) There exists a continuous function f : R — R such that f(z) € Q for all z € R\ Q and
f(z) e R\ Q for all z € Q.

(m) If f:[1,2] - R is a differentiable function, then the derivative f’ must be bounded on
1,2].

(n) If f:[0,00) — R is differentiable such that f(0) = 0 = lim f(x), then there must exist

T—00

¢ € (0,00) such that f'(c) = 0.

(o) If f: R — R is differentiable, then for each ¢ € R, there must exist a,b € R with a < ¢ <b
such that f(b) — f(a) = (b—a)f'(c).

(p) The function f: R — R, defined by f(z) = = +sinx for all x € R, is strictly increasing on

R.

(q) There exists an infinitely differentiable function f : R — R such that f™(0) =n3 —5n + 2
for all n > 0.

(r) If f:[0,1] — R is a bounded function such that lim 1 37 f(£) exists (in R), then f must

be Riemann integrable on [0, 1].

2. Examine whether the sequences (x,,) defined as below are convergent. Also, find their limits if
they are convergent.
(a) &, = 5(ay + -+ +ay), where a, =n+ % for all n € N.
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. If (z,) is a sequence in R such that lim (2,11 — ) = 5, then determine lim Z=.

(b) x, = (n?2 +1)s — (n+ 1)1 for all n € N.

(¢) & = (n® +n)w for all n € N.

(d) z, =5" (55 — &) for all n € N.

(@ Tn=1;+3mgtasmgy + tagforallneN

(f) z, = 5 —[3] for all n € N.

(g)z1=1a dan:(nLH) 22 for all n € N.

(h) z1 = a, xg = b and 45 = (xn+xn+1) for all n € N, where a,b € R.
(i) 0<a, < 1 and x,(1 — an) > 1 for all n € N.

Let (x,) be any non-constant sequence in R such that =, = %(xn + Zpyo) for all n € N. Show
that (x,) cannot converge.

Let (z,) be a sequence in R and let y,, = £(x1 + -+ - + x,) for all n € N. If (z,,) is convergent,
then show that (y,) is also convergent.
If (y,,) is convergent, is it necessary that (x,) is (i) convergent? (ii) bounded?

Tn
n—oo n—oo

If 2y = % and T, = T, — xﬁ“ for all n € N, then examine whether the sequence (z,,) is

convergent.

Let a > 0 and let z; = 0, 7,,,1 = 2 +a for all n € N. Show that the sequence (z,,) is convergent
iff a <

=

For a € R, let z; = a and =, = ;11(95721 + 3) for all n € N. Examine the convergence of the

sequence (z,,) for different values of a. Also, find lim z,, whenever it exists.
n—oo

If 2, = (1++)" and y, = (1 4+ 2)"*! for all n € N, then show that the sequence () is
increasing, the sequence (y,) is decreasing and both (z,,) and (y,) are bounded.

Let (z,,) be a sequence in R. If for every ¢ > 0, there exists a convergent sequence (y,) in R
such that |z, — y,| < € for all n € N, then show that (z,) is convergent.

Let (z,,) be a sequence in R. Which of the following conditions ensure(s) that (x,) is a Cauchy
sequence (and hence convergent)?
(a) lim |z,41 — 2, = 0.
n—00
(b) |Tni1 — x| < L for all n € N.
(€) |Tnt1 — xn| < 5 for all n € N.

Let (x,) be a sequence in R such that each of the subsequences (z2,), (€2,-1) and (x3,) con-
verges. Show that (z,,) is convergent.

Examine whether the following series are convergent.

& 1

<a> Z (log n)log n
n=2
0
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(e) 142z + 2 + 223 + 2 + 22° + 2% + 22" + - - -, where z € R

o
If (z,,) is a sequence in R such that lim z,, = 0, then show that the series | " is absolutely
n—00 nel 'n

convergent.

o
Let the series > x,, be convergent, where x,, > 0 for all n € N. Examine whether the following
n=1
series are convergent.
[e.9]
(a) 3
n=1
> +27L
(b) 3 2t

Tp+3"

If > x, is a convergent series, where x,, > 0 for all n € N, then show that it is possible for the
n=1

[eS)
series Z A/ % to converge as well as not to converge.
n=1

Let (z,,) be a sequence in R with lim z, = 0. Show that there exists a subsequence (z,,) of
n—o0

o0
(x,,) such that the series ) x,, is absolutely convergent.
k=1

If f: R — R is continuous, then show that there exist non-negative continuous functions
g,h : R — R such that f =g — h.

Give an example (with justification) of a function from R onto R which is not continuous at
any point of R.

Let f: R — R satisfy f(x +y) = f(z) + f(y) for all x,y € R. If f is continuous at 0, then
show that f(z) = f(1)z for all z € R.

Let f : R — R be continuous such that f(3(z +y)) = 3(f(z) + f(y)) for all z,y € R. Show
that there exist a,b € R such that f(z) = ax + b for all z € R.

Let f : R — R be continuous such that for each z € Q, f(z) is an integer. If f(3) = 2, then
find f(3).

Let f: R — R be continuous such that f(z) = f(z?) for all x € R. Show that f is a constant
function.

If f:[0,1] — R is continuous, then show that

(a) there exist a,b € [0,1] such that a —b = and f(a) — f(b) = 3 :

(b) there exist a,b € [0,1] such that a —b = 5 and f(a) — f(b) = 5(f(1) — £(0)).

Let f :[a,b] — R be continuous. For n € N let z1,...,x, € [a,b] and let oy, ..., @, be nonzero
real numbers having same sign. Show that there exists ¢ € [a, b] such that

ﬂ@émzémﬂ@-

(In particular, this shows that if f : [a,b] — R is continuous and if for n € N, 24, ..., x, € [a,b],
then there exists & € [a,b] such that f(&) = =(f(z1) 4+ -+ f(xa)).)
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Let f:[0,1] = R and ¢ : [0,1] — R be continuous such that sup{f(z): z € [0,1]} =
sup{g(x) : z € [0,1]}. Show that there exists ¢ € [0, 1] such that f(c) = g(c).

Let f: (0,00) — R be continuous such that lim f(z) =0 and lim f(z)= 1. Show that there

z—0+ T—00

exists ¢ € (0,00) such that f(c) = */75

Let f: (a,b) — R be continuous. If both lim f(z) and lirgl f(z) exist (in R), then show that
T—b—

r—a+
f is bounded.

Consider the continuous function f : (0,1] — R, where f(z) = 1—(1—x)sin £ for all z € (0, 1].
Does there exist zg € (0,1] such that f(xg) = sup{f(z): = € (0,1]}? Justify.

Let f : [a,b] — R be continuous such that f(a) = f(b). Show that for each € > 0, there exist
distinct z,y € [a, b] such that |[x —y| < e and f(z) = f(y).

Give an example (with justification) of a function f : R — R which is differentiable only at 2.

Let f:R — R be such that f(z) — f(y) < (z — y)? for all z,y € R. Show that f is a constant
function.

If m,k € N, then evaluate lim (("H)mﬂntﬁﬁf"ﬂmmm - k:n>
n—oo

Let f: (
fl)<g

Let f:[0,1] — R be differentiable such that f(0) = f(1) = 0. Show that there exists ¢ € (0,1)
such that f'(¢) = f(c).

a,b) - R and g : (a,b) — R be differentiable at ¢ € (a,b) such that f(c) = g(c) and
x) for all € (a,b). Show that f'(c) = ¢'(c).

Let f : R — R be differentiable such that f(0) = 0 and f'(z) > f(z) for all z € R. Show that
f(z) >0 for all z > 0.

Let f: [a,b] — R be a differentiable function such that f(z) # 0 for all € [a,b]. Show that

there exists ¢ € (a,b) such that £ C)) L+ L.

Let f :]0,1] — R be differentiable such that f(0) = 0 and f(1) = 1. Show that there exist
c1,¢o € [0, 1] with ¢ # ¢o such that f'(c;) + f'(c2) = 2.

Show that for each a € (0, 1) and for each b € R, the equation asinz 4 b = = has a unique root
in R.

Find the number of (distinct) real roots of the following equations.
(a) 3% +4% = 5"
(b) 2B + 723 —-5=0

Show that for each n € N, the equation 2™ + x — 1 = 0 has a unique root in [0, 1].
If for each n € N, z,, denotes this root, then show that the sequence (x,) converges to 1.

Let f: (0,1) — R be differentiable and let | f'(x)| < 3 for all z € (0,1). Show that the sequence
(f(n%l)) converges.
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Let f: R — R be differentiable and lim f’(z) = 1. Show that f is unbounded.

T—00

Let f : [a,b] — R be twice differentiable and let f(a)
Show that there exists £ € (a,b) such that f”(£) < 0.

f(b) =0and f(c) > 0, where ¢ € (a,b).

If f:[0,4] — R is differentiable, then show that there exists ¢ € [0, 4] such that

fie)=5(f/(1)+2f(2) +3f(3)).

J oz ifxe|0,1]NQ,
Let f(w)—{ 0 ifzel0,1]NnR\Q).

1

Examine whether f is Riemann integrable on [0,1]. Also, find [ f, if it exists (in R).
0

1
If f:]0,1] — R is Riemann integrable, then find lim [ z"f(z)dx.

n—oo 0

If f:[0,27] — R is continuous such that [ f(z)dz = 0, then show that there exists ¢ € (0, 5)
0

such that f(c) = 2cos2c.

Prove that for each a > 0, there exists a unique b > 0 such that a = f
0

b

™
Show that there exists a positive real number « such that f x¥sinx dr = 3.
0

Determine all real values of p for which the integral [
0

e -1
xP

dx is convergent.

1
(1+$3)1/5

dz.



