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N.B. Answer without proper justification will attract zero mark.

1. (a) It is possible that Blaschke product can be an outer function? 1

(b) Does generalized Jensen’s inequality hold for Hp for 0 < p < 1? 1

(c) Is it possible that an inner function can be uniform limit of Blaschke products
having distinct zero? 1

(d) If f ∈ Nev(D) and f is outer on D, does it imply that f is outer on 1
2
D? 1

(e) If u ∈ L∞(T) is real-valued, does it imply that its Hilbert transform ũ ∈
L∞(T)? 1

2. Let f ∈ Hol(D). If there exist a non-negative harmonic function g on D such that
|f(z)| ≤ g(z) for all z ∈ D, then show that f ∈ H1(T). 2

3. Show that
{
g ∈ L∞(T) :

∫
T gfdm = 0 for all f ∈ H1

0

}
= H∞. 3

4. Show that
1

λ− z
is an outer function on D for |λ| > 1. 3

5. Let p, q, r ≥ 1. Let f ∈ Hp(D). For any g ∈ Hq, suppose that g/f ∈ Hr whenever
g/f ∈ Lr(T). Show that f is outer. 4

6. Let σ be a subset of positive Lebesgue measure in T. Define fn =
[
nχσ + 1

n
χTrσ

]
for n ≥ 2. Show that 1

n
< |fn(z)| < n for z ∈ D. and |fn|(T) ⊂ { 1

n
, n}. 4

7. Let E = span{zmfk : fk ∈ L2(T), m ≥ 0, 1 ≤ k ≤ n}. Show that if zE 6= E, then

θ
fj
fk
∈ Nev(D) for all j , k, where θ is an inner function. 4

8. If f ∈ H1(C+) and f 6≡ 0, then show that
∫
R

| log |f(x)||
1+x2

dx <∞. 3

9. Let f ∈ Hol(D) and f 6≡ 0 and f = f1/f2, where f, f2 ∈ H1. Show that there exist
g1, g2 ∈ H∞ such that f = g1/g2. 4

10. Show that H2(T) = spanL2(T)

{
1

1−λ̄z : |λ| < 1
}
. 3

END


