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N.B. Answer without proper justification will attract zero mark.

1. (a) Does the space of polynomials P [0, 1] complete in any norm on it? 1

(b) Is it possible that R2 can be written as countable union of connected paths? 1

(c) What is the cardinality of set of all the polynomials on R such that complement
of their zero set are connected? 1

(d) Does there exist a sequence (xn) such that xn → 0 but not in any of the sequence
space lp for 1 ≤ p <∞? 1

(e) For f ∈ C([0, 1] × [0, 1]), define fn(x) = f(x, 1
n
). Does the sequence (fn) equicon-

tinuous in C[0, 1]? 1

2. Let f : (X, d)→ [0, 1] be continuous map. Show that f−1(0) is a closed Gδ set. 2

3. Show that (l1, ‖.‖1) is a proper open subspace of (l2, ‖.‖2). Does (l1, ‖.‖1) closed sub-
space of (l2, ‖.‖2)? 3+1

4. Let A be a bounded open convex and symmetric (A = (−1)A) set in R2 containing the
origin. Show that ‖x‖ = inf{α > 0 : x ∈ αA} defines a norm on R2. Does any norm
on R2 can be defined in this way? 3+1

5. Let W ⊂ (C[0, 1], ‖.‖u) be such that every f ∈ W satisfies |f(x)− f(y)| ≤ |x− y| and
1∫
0

f(x)dx = 1. Show that W is compact in C[0, 1]. 3

6. Let f : R2 → R be defined by f(x, y) =

{
x
√
x2+y2

y
if y 6= 0,

0 if y = 0.
Show that f has all directional derivative at (0, 0) but not continuous at (0, 0). Further,
show that the map ϕ : S1 → R defined by ϕ(v) = Dvf(0, 0) is onto. 2+1

7. Let f : Rn → [0, 1]n be a differetiable map whose all the partial derivatives are bounded
by 1. Show that ‖f(x)− f(y)‖ ≤

√
n‖x− y‖. 3

8. Let A ∈ GLn(R) and α ≥ 2. If ϕ : Rn → Rn satisfies ‖ϕ(x) ≤ |‖x‖α. Show that the
map g = ϕ+ A is a C1- map at 0 and g is invertible in a neighborhood of 0. 3+1

9. Let f : Rn → R be continuous such that f(x) > ‖x‖ for all x ∈ Rn. Show that f−1(K)
is compact, whenever K is compact in R. 3



10. Define a function ϕ : R → R by ϕ(x) = d(x,Z). Show that fn(x) = ϕ(2nx) → 0,
however ‖fn‖∞ = 1

2
. 1+2

11. Let T :
(
C
[
0, π

2

]
, ‖.‖u

)
→
(
C
[
0, π

2

]
, ‖.‖u

)
be defined by (Tf)(x) =

∫ x
s=0

f(s) sin sds.

Show that T is not a contraction but T 2 is a contraction. 1+2

12. Use the method of Lagrange’s multiplier to find the extremum values of the function
f(x, y) = xy on the ellipse x2

2
+ y2

8
= 1. 3

13. Let
−→
N the unit outward normal vector on the ellipse x2 + 2y2 = 1. Evaluate the line

integral
∫
C

−→
N .
−→
dg along the circle C = {(x, y) : x2 + y2 = 1}. 2

14. Show that the system of equations xy − 1 = 0 and y2 + z2 − 1 = 0 can be solved for x
and y in terms of z near (2, 1

2
,
√
3
2

) as x = ϕ(z) and y = ψ(z). Further, find the values

of ϕ′(
√
3
2

) and ψ′(
√
3
2

). 2+1

END


