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N.B. Answer without proper justification will attract zero mark.

1. (a) Is
{(
n, sin 1

n

)
: n ∈ N

}
a closed set w.r.t. usual metric on R2? 1

(b) Can the function f(x) = x
|x| , x 6= 0 be extended continuously on R? 1

(c) Let (X, d) be a metric space. Then d(x, y) = 0 ∀ x, y ∈ X if and only if . . . . 1

(d) Does there exist an unbounded set A ⊂ R such that λ(A) = 0, but λ(Ā) = 1? 1

(e) Does it possible that any metric d on an infinite set X satisfying that every closed
and bounded set is compact? 1

2. For x, y ∈ (l∞, ‖ · ‖∞) define d(x, y) = ]{n ∈ N : xn 6= yn}. Prove or disprove that d is
a metric on l∞. 2

3. Let (X, ‖ · ‖) be a normed linear space. Show that ‖x‖ = sup {|α| : |α| < ‖x‖} . 2

4. Let f be a non-negative function on a linear space X such that f(αx) = |α|f(x) for all
α ∈ C. Show that f is norm on X if and only if f is a convex map which can vanish
at most at one point. 2+2

5. For x ∈ (co, ‖ · ‖∞), define fn(x) = 1
n+1

n∑
j=1

xj. Show that lim
n→∞

fn(x) = 0. Further, prove

that sup
‖x‖∞=1

|fn(x)| = 1. 2+3

6. Show that {f ∈ C[0, 1] : ‖f‖2 < 1} is an unbounded subset of the normed linear space
(C[0, 1], ‖ · ‖∞). 3

7. Let X = {f ∈ C[−1, 1] : f(0) = 0} and M =

{
f ∈ X :

1∫
−1
f(t)dt = 0

}
. Show that

M is an infinite dimensional closed subspace of the normed linear space (X, ‖ · ‖∞).
Does there exist a unit vector f ∈ (X, ‖ · ‖∞) such that ‖f +M‖ > 1? 3+1

8. Let M be a closed subspace of normed linear space X. Define π : X → X/M by
π(x) = x+M. Show that π−1(π(E)) = E +M. Further, deduce that π is open. 3+2
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