Assignment 2

1. State TRUE or FALSE giving proper justification for each of the following statements.
(a) If H is a Hilbert space and T" € B(H) is self-adjoint, then it is necessary that 7" > 0 or
T <0.
(b) If H is a Hilbert space and T' € B(H) is self-adjoint such that range(7’) is dense in H, then
T must be one-one.
(c) If H is a Hilbert space and if T' € B(H) is self-adjoint, then there must exist & € R with
« > 0 such that o1 < 1.
(d) If X is an infinite dimensional normed linear space, p(t) is a polynomial in ¢ with coefficients
in K and T € By(X), then p(T) € By(X) iff p(0) = 0.
(e) If H is a Hilbert space and T, S € B(H) such that T'S is compact, then at least one of T’
and S must be compact.
(f) Every T € By(¢?) \ Boo(£?) is normal.
(g) Every bounded linear operator from (cg, || - |oo) to (€2, || - ||2) is compact.
(h) If H is a Hilbert space and T € By(H), then T'(By) must be a compact subset of H.
(i) If T € By(H) such that Tx = « for some z € H with ||z|| = 1, then there must exist y € H
such that [|y|| =1 and T*y = y.
(j) If H is a Hilbert space, T' € B(H) and (7,) is a sequence in By(H) such that 7,2 — Tz for
each x € H, then T must be compact.
(k) If H is a Hilbert space and T, S € B(H) such that TT*+ SS* = 0, then it is necessary that
T=5=0.
(1) If H is a Hilbert space and if T' € B(H) is bounded below, then 7" cannot be compact.
(m) If H is a Hilbert space and T € B(H) is normal such that 7" is bounded below, then T
must be invertible in B(H).

2. Let X, Y be normed linear spaces and let T € B(X,Y’). Show that 7% : Y* — X* is one-one
iff T'(X) is dense in Y.

3. Let H be a Hilbert space and let y € H. If f(x) = (x,y) for all x € H, then determine the
adjoint operator f*.

4. Let H be a Hilbert space and let T' € B(H) be such that dim(range(7")) = 1. Show that there
exist y,z € H such that Tz = (x,y)z for all z € H. Also, find T*.

5. Consider T' € B(¢?), defined by T'((z,,)) = (0, 3z1, 2, 323, x4, ...) for all (z,,) € ¢2. Determine T*.

6. Let (a,) be a sequence in K and let T((z,)) = (anx,) for all (x,) € (2. Prove that T € B((?)
iff (a,) € £*° and in such case determine ||7|| and 7*. Also, prove that
(a) T is self-adjoint iff «,, € R for each n € N.
(b) T'> 0 iff a,, > 0 for each n € N.
(c) T is unitary iff |a,| =1 for all n € N,

7. Let {u, : n € N} be an (countably infinite) orthonormal basis of a Hilbert space H. Consider
the bounded linear operator T : (> — H, defined by T((av,)) = > anu, for all (a,) € £2.
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Determine the adjoint operator 7.

Let H be a Hilbert space and let T' € B(H). Prove that
(a) ker(T) = (range(T™))* = ker(T*T).

(b) ker(T*) = (range(T))* = ker(TT™).

(c§ (ker(T'))* = range(T™*) = range(T*T).

Let H be a Hilbert space and let TS € B(H). Show that
(range(T) + range(S))* = ker(T*) N ker(S*).

Let H be a Hilbert space. Show that 7' € B(H) is invertible in B(H) iff both T" and T™ are
bounded below.

Let H be a Hilbert space and let T' € B(H) with |T|| = 1. If € H such that Tx = z, then
show that 7"z = =.

Let H be a Hilbert space and let x € H, T € B(H). Show that T*Tz = ||T||*z iff |Tx| =
1T Hl1]-

Let H be a Hilbert space and let T' € B(H) such that 7' > 0. If x € H such that (T'z,z) = 0,
then show that x € ker(T).

Let M, N be closed subspaces of a Hilbert space H and let T' € B(H). Show that T'(M) C N
iff T*(NY) € M.

Let {u, : n € N} be an orthonormal basis of a Hilbert space H and let 7" € B(H). Show that
2

S{Tx,un)Tuy|| = > (T, T*u,)|?.
n=1 n=1

Let H be a Hilbert space and let 7', S € B(H) such that T is self-adjoint. Show that 7S = 0
iff range(7T") L range(5).

Let H be a Hilbert space. If T' € B(H) is self-adjoint and if 7" # 0, then show that 7™ # 0 for
each n € N.

Let (T,) be a sequence of (bounded) self-adjoint operators on a Hilbert space H and let
T € B(H). If T,,x = T for each x € H, then show that T is self-adjoint.

Let H be a Hilbert space and let T' € B(H) be self-adjoint. If ||z|| = d(x,range(T)) for all
x € ker(T'), then show that || - || is a norm on ker(7T").

If H is a Hilbert space and if T' € B(H) is positive, then show that
(a) (Tz,y)|* < (T, z)(Ty,y) for all z,y € H.
(b) |Tx|]? < |T|{Tx,z) for all x € H.
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If H is a Hilbert space and if T € B(H) is positive, then show that I +7T : H — H is invertible.

If H is a Hilbert space and if T € B(H), then show that both I + 7T*T : H — H and
1 +7TT*: H— H are invertible.

Let H be a Hilbert space. If TS € B(H) are self-adjoint and satisfy 7' > S, is it necessary
that T°% > S*?

If H is a Hilbert space and if T' € B(H) such that | T|| < 1, then show that [ — T*T > 0.
Let H be a Hilbert space. If T € B(H) is positive and invertible, then show that 7! > 0.
Let H be a Hilbert space. If T € B(H) such that 0 < T < I, then show that T? < T.

Let H be a Hilbert space and let (7},) be a sequence in B(H) such that 7,, > 0 for all n € N.

It T, wor, 0, then show that T,, 50T,

Let H be a Hilbert space. If T' € B(H) and if «, 5 € K such that || = |f], then show that
o1 + BT is normal.

Let H be a Hilbert space. Show that T" € B(H) is normal iff (T'z,Ty) = (IT"z,T*y) for all
x,y € H.

If H is a Hilbert space and T' € B(H) is normal, then show that ker(7T?) = ker(T).
If H is a Hilbert space and if ' € B(H) is normal, then show that ||7"|| = ||7'||" for each n € N.

Let H be a Hilbert space and let T' € B(H). If TT* < T*T, then show that
|72 < || T || T™1| for all n € N.

Let H be a Hilbert space and let T € B(H) be normal. If 7% = T, then show that T is an
orthogonal projection.

Let H be a Hilbert space and let T' € B(H) be self-adjoint such that 7% = T?. Show that T is
an orthogonal projection.

If H is a Hilbert space, then show that every orthogonal projection P € B(H) must satisfy
0<P<LI.

Let H be a Hilbert space and let P € B(H) such that P # 0 and P? = P. Show that P is an
orthogonal projection iff || P|| = 1.

Let H be a Hilbert space and let T' € B(H). If T? =T, M = range(T) and N = ker(T'), then
show that Py; — Py is invertible in B(H) and that (Pyy — Py)™' =T +T* —I.
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If M, N are closed subspaces of a Hilbert space H, then show that | Py, — Pyl|| < 1, where Py
and Py are the orthogonal projection operators on M and N respectively.

If H is a Hilbert space and if P,Q) € B(H) are orthogonal projections, then prove that the
following statements are equivalent.

a) P <@

If H is a Hilbert space and if P,Q € B(H) are orthogonal projections, then show that PQ is
an orthogonal projection iff PQ) = QP and in such case range(P(Q)) = range(P) Nrange(Q).

If H is a Hilbert space and if P, € B(H) are orthogonal projections such that PQ = QP,
then show that P + () — P(Q is an orthogonal projection with
range(P + @ — PQ) = range(P) + range(Q).

Let H be a Hilbert space. Show that 7" € B(H) is self-adjoint and unitary iff 7= 2P — [ for
some orthogonal projection P € B(H).

Let H be a Hilbert space and let T' € B(H) such that 7*(7 — I) = 0. Show that 7" is an
orthogonal projection.

Let H be a Hilbert space and let A(# 0) ¢ H. If T € B(H) is unitary, then show that
T(AY) =T(A)*.

Let T((z,)) = (z1, ¥1+T9, T1+To+13, ...) for all (x,,) € £*. Prove that T : (1, ||-]l1) = (€°°, ||]lo0)
is linear and bounded but not compact.

If Tz = x for all x € ¢!, then examine whether T : (¢}, - ||1) — (¢%,]| - ||2) is a compact linear
operator.
Let T((2,)) = (2, %1, 324, 323, ..., 229y, 29,1, ...) for all (z,,) € £%. Show that

T e Bo((€% ]| [I2).
Show that every bounded linear operator from (€2, || - ||2) to (¢, - ||1) is compact.

Let (Tx)(t) = x(¢?) for all z € C[0, 1] and for all ¢ € [0,1]. Show that
T:(C[0,1], - |loc) = (C[0,1],]| - ||oo) is linear and bounded but not compact.
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Let X, Y be normed linear spaces and let y € Y, f € X*. If Tx = f(x)y for all z € X, then
show that T' € By(X,Y).

Let X, Y be a normed linear spaces and let x(# 0) € X, y € Y. Show that there exists
T € By(X,Y) such that Tx = y.

Let X, Y be normed linear spaces and let T' € By(X,Y). If S(z + ker(T')) = Tz for all z € X,
then show that S € By(X/ker(T),Y).

Let H be a Hilbert space and let T" € By(H ). Show that there exists o € H such that ||zg]| <1
and || Tzol| = [IT-

Let X be a Banach space and let T' € By(X) \ Boo(X). If S = {x € X : ||z|| = 1}, then show
that 0 € T(S).

Let H be a Hilbert space and let T' € B(H). If T*T is compact, then show that 7" is compact.

Let H be a Hilbert space and let T' € B(H) be normal. If 72 is compact, then show that T is
compact.

Let X be a normed linear space and let T' € By(X) such that 72 = T. Show that T is a finite
rank operator.

Let X, Y be Banach spaces and let T € By(X,Y). If Y is infinite dimensional, then show that
T is not onto.

Let X, Y be Banach spaces and let T € By(X,Y'). If range(7) is infinite dimensional, then
show that range(7") cannot be closed in Y.

Let X be a Banach space and let (7)) be a sequence in B(X) such that for each z € X,
Tox — 0. If S € By(X), then show that ||7,,S] — 0.

Let X and Y be Banach spaces. Show that the class of all completely continuous linear maps
from X to Y is closed in B(X,Y).

Let X # {0}, Y be normed linear spaces such that By(X,Y’) is a Banach spaces. Prove that Y
is a Banach space.

Let H be a Hilbert space and let (T5,), (S,) be sequences in B(H) such that T, SO0 T and

S, 295 S, where T, S € B(H). Show that TS, 225 TS.

Let H be a Hilbert space and let T € B(H) be normal. If A € K, then show that ker(T — \I)
is a reducing subspace in H for T.
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Let H be a Hilbert space and let T € B(H) be normal. Show that {z € H : | Tz| = ||T||||z||}
is a reducing subspace in H for T

Let H be an infinite dimensional Hilbert space and let T, S € B(H) such that S # 0, and
STS =TS. Show that there exists a nonzero proper invariant subspace in H under 7.

Let H be a Hilbert space and T" € By(H). If M is a closed subspace of H which is invariant
under 7" and if S(x + M) = Tx + M for all x € H, then show that S € By(H/M).

If H is a non-separable Hilbert space and if T' € B(H), then show that H contains a nonzero
proper invariant subspace for 7.

Show that there is no nonzero proper reducing subspace of the right shift operator on ¢2.

Let H be a Hilbert space. Let (7,,) and (S,) be sequences in B(H) and let T, S € B(H). If

T, — T (in norm) and S, wor, S, then show that T,,S, WOT, 7g.

Let H be a Hilbert space. Let (7T},) be a sequence in B(H) and let T' € B(H). If for each x € H,

| Tx|| — || Tx|| and (T, z,x) — (T'z,x) as n — oo, then show that T, ST

Let H be a Hilbert space. Let T,, € B(H) be normal for each n € N and let T" € B(H) be

normal. If 7, 225 T', then show that T} ST, .



