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N.B. Answer without proper justification will attract zero mark.

1. (a) Give an example of almost everywhere vanishing Lebesgue measurable function
which is not continuous. 1

(b) Whether the Lebesgue measure of {x ∈ R : inf
x−1≤y≤x

|y| = 1} is zero? 1

2. Let {En} be a sequence of Lebesgue measurable subsets of R such that
∞∑
n=1

m(En) <∞.

Show that m

(
∞⋂
n=1

En

)
= 0. 3

3. Let A ⊂ R be a closed set with m(A) = 0. Show that A is nowhere dense in R. But
does this conclusion hold true when A is not closed? 2+1

4. Let [−1, 1]∩Q = {r1, r2, . . .}. For a Lebesgue measurable set E ⊂ [0, 1] with m(E) > 0,
define En = E + rn; n ∈ N. Show that all of En’s can not be pairwise disjoint. 3

5. Let E be a Lebesgue measurable subset of R with m(E) < ∞. Define f : R → R by
f(x) = m{E ∩ (−∞, x2)}. Show that f is differentiable at 0 and f ′(0) = 0. 3

6. Let E be a Lebesgue measurable subsets of R with m(E) =∞. Show that there exists
a sequence {En} of pairwise disjoint measurable subsets of E such that m(En) < ∞,
for all n and E =

∞⋃
n=1

En. 3

7. Let O ⊂ R be an open set with m(O) < ∞. Show that for each ε > 0 there exists a
pair of disjoint open sets O1 and O2 such that O = O1 ∪O2 and m(O2) < ε. 3

8. Let Q denotes set of rationals. Let f : R2 → R be given by f(x, y) =

{
1 if x+ y ∈ Q,
0 otherwise.

Show that f is Lebesgue measurable. 3

9. Let f : R→ R be Lebesgue measurable. Show that {x ∈ R : f is continuous at x } is
Lebesgue measurable. 3

10. Let C be the Cantor’s ternary set. Define f : [0, 1]→ R by f(x) =

{
1
x

if x ∈ C \ {0},
0 otherwise.

Show that f is Lebesgue measurable. By letting C has a non-Borel measurable subset,
construct a Lebesgue measurable function which is not Borel measurable. 2+2
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