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N.B. Answer without proper justification will attract zero mark.

1. (a) Does there exist an unbounded closed set having finite Lebesgue measure ? 1

(b) Give an example of a set A ⊂ R such that m{Interior(A)} = 0 but m(Ā) = 1. 1

(c) Let S(R) denotes the space of all continuous functions on R such that |x|αf(x) is
bounded, for any α ∈ N. Whether S(R) is a dense subspace of L2(R) ? 1

(d) Give an example of non-zero function in S(R). 1

(e) Let Cc(R) denotes the space of all compactly supported continuous functions on
R. Give an example of non-zero function in Cc(R). 1

2. Let m∗(A) > 0. Then show that there exists at least one closed set F ⊂ R with
m(F ) <∞ such that A ∩ F 6= ∅. 2

3. Let µ be a finite measure on M(R). Suppose for each closed set F ⊂ R with m(F ) <∞,
implies µ(F ) = 0. Then show that µ = 0. 2

4. Let E be a measurable subset of R with m(E) <∞ and m{E∩(n, n+1)} < 1
2|n|+2m(E),

for all n ∈ Z. Show that m(E) = 0. 2

5. Let K be a compact subset of R. Show that {x ∈ R : d(x,K) < 1} is Lebesgue mea-
surable and m {x ∈ R : d(x,K) < 1} ≥ 2. 4

6. Let (X,S, µ) be a measurable space and f : X → [0, 1]. Then show that f is measurable
if and only if

{
x ∈ X : f(x) > k

2n

}
is measurable ∀k = 0, 1, 2, 3, . . . , 2n and ∀n ∈ N. 3

7. Let f : R2 → R be such that f(x, .) is measurable and f(., y) is continous. Show that
f is Lebesgue measurable. 4

8. Let fn = χ[ 1
n
, 1
n+1 ]. Construct an increasing sequence gn of measurable functions in

terms of fn such that lim
n→∞

∫
R
gn(x)dm(x) <∞. 4

9. Let f(x) = 1
3√xχ(0,1](x) and fn(x) = f(|x − n|). Write g(x) =

∞∑
n=1

1
2n
fn(x). Show that

g ∈ L2(R,M,m) but g 6∈ Lp(R,M,m), for any p ≥ 3. 3

10. Let 1 ≤ p <∞. If L∞(X,S, µ) ⊂ Lp(X,S, µ). Show that µ is a finite measure. 2

11. Let T be a bounded linear functional on Cc(R). Construct a bounded linear functional

on L1(R) such that T̃ restricted to Cc(R) is T and ‖T̃‖ = ‖T‖. 4
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12. Let D = {(x, y) ∈ R2 : y ≥ x2 and y ≤ 1} . Show that D is M(R)⊗M(R) - measurable.
Compute m×m(D), using product measure technique. 4

13. Let P (x, y) be a polynomial on R2. Show that the set GP = {(x, y) ∈ R2 : P (x, y) = 1}
is M(R)⊗M(R) - measurable. Compute m×m (GP ) . 3

14. Let f : R2 → R be defined by f(x, y) = x2

1+(x−y)2χ[−1,1](x). Then show that f is

M(R)⊗M(R) - measurable. Compute
∫
R2

f(x, y)d(m×m)(x, y). 4
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