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N.B. Answer without proper justification will attract zero mark.

10.

. Let (X, S, ) be a finite measure space. If for each n € N, the function

(a) Let (X,S,u) be a o- finite measure space with pu({z}) = 0 for all z € X. Is it

possible that (4 x p)({(z,y) € X x X :x =y}) > 07

(b) Does there exist a Lebesgue measurable function f on (R, M,m) such that [ f is
B

finite for every £ € M but f & LY (R, M, m)?

(c) Does there exist f € L>*(X, S, u) such that p({z € X : |f(z)| = || flls}) = 07

Let A be the monotone class generated by all closed sets in R. If £ and F are closed
subsets R, then show that F + F belongs to A.

n

is S-
’ o 17]
measurable, then show that [ |f] =lim [ #{ﬂ Does f belong to L'(X, S, 1)?
X X

Let f: (X,S, 1) — (0,00) be a measurable function. If [ fdu = 0 for some E € S,
E

then prove that u(E) = 0.

Let (X,S,pu) be a finite measure space. For a fix F € S, define a sequence f, of

. - xg ifnisodd,
functions on X by f, = { 1 2 xp if nis even.
If W(E)u(E®) > 0, then show that [limf,du < lim [ f,dp.
X X

Let 1 <p < oo and f, f, € LP(X, S, u) be such that || f, — f||, — 0. For each ¢ > 0,
show that u{x € X : |f.(z) — f(z)| > €} — 0.

Let 1 <p<ooand f € LP(X,S, ). Show that the series > pu{z € X : |f(z)| > n} is
n=1

convergent.

Let (X, S, ) be a o- finite measure space. Suppose for each € > 0 there exists some

p > 1 such that ||f||, < e for every f € LP(X, S, ). Show that u = 0.

Let (X, S, p) be a finite measure space. Show that L>(X, S, ) is a dense subspace of

LP(X, S, ) for any p > 1.
1 .

Find the lim [~ dy.

n—ooy 1+ (nx)d



11.

12.

13.

14.

Define a linear functional on L'(R, M, m) by T(f

=

and ||T|| = 1. 1+3

For f € LY(R,M,m,) define F(z) = [ f(t)dt. Show that F' € L([0,1], M, m) and it
0

satisfies || F||x < || f]]1- 1+3

Il m

Let D = {(z,y) : € R?: 0 <2 <y <1} and f(x,y) = y*sinzy. Show that fxp
LYR*, M ® M, m x m) Further, deduce that [ fd(m x m)= [ gdm, where g(y
D [0,1]

y(1 — cosy?). 342
Let f: (X, S, u) — [0,1] be a measurable function on the finite measure space (X, S, u).
Show that Ay = {(z,y) € X X [0 1] : f( ) < y} is S ® B(R)- measurable. Further
derive that (p x m)(Af ff
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