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N.B. Answer without proper justification will attract zero mark.

1. (a) Let f : (X,S, µ) → [0,∞] be such that µ{x ∈ X : f(x) > n} < sin 1
n

for all

n ≥ 1. Does it imply that {x ∈ X : f(x) =∞} is a measurable set? 1

(b) Does there exist a sequence of Lebesgue measurable functions fn on [0, π] to R
such that

∫
[0,π]

fndm→ 0, but lim
∫

[0,π]

|fn|dm > 0? 1

2. Let f : R→ [0,∞] be such that for each ε > 0, there exists a closed set F such that
m(F ) < ε and f is continuous on Rr F. Show that f is Lebesgue measurable. 2

3. Let µn be sequence of measures on (X,S), and write µ(E) =
∞∑
n=1

µn(E) for each

E ∈ S. If f : X → [0,∞] is such that
∫
X

fdµn ≤ 1
n2 for each n∈ N, then show that

f ∈ L1(µ). 2

4. Let f, fn : R→ R̄ be such that fn → f point wise and inf
n≥1

∫
R
|fn|dm ≤ L <∞. Show

that f ∈ L1(m). 2

5. Evaluate the Lebesgue integral lim
n→∞

∫
[0,∞)

ne−x

n+x
dm. 2

END


