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N.B. Answer without proper justification will attract zero mark.

1. (a) Let E be a Lebesgue measurable subset of R and F ⊂ R be a countable set.
Whether E + F is a Lebesgue measurable set? 1

(b) If A ⊂ R with m∗(A) > 0. Does it imply A ∩ (R \Q) 6= ∅? 1

2. Let SX be a σ-algebra on a non-empty set X. For x1, x2 ∈ X, define δxi
: SX → [0,∞]

by δxi
(A) =

{
0 if xi 6∈ A,
1 if xi ∈ A.

Show that µ = δx1 + δx2 is a measure on X. Is ν = δx1 − δx2 a measure on X? 2

3. For E ⊂ (0, 1) write E2 = {x2 : x ∈ E}. Show that m∗(E2) ≤ 2m∗(E). 2

4. Let C be the Cantor ternary set. Show that for each pair of points x, y ∈ C there
exists z 6∈ C such that x < z < y. 2

5. Let E ⊂ R be Lebesgue measurable and m(E) < ∞. Show that for each ε > 0, there
exist compact set K and open set O with K ⊆ E ⊆ O such that m(O \K) < ε. 2
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