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1. Suppose f : Rn → R is a convex function which vanishes at most at one point in
Rn and satisfies f(αx) = |α|f(x), for each (α, x) ∈ R× Rn. Show that f is a norm
on Rn. 3

2. Let B[0, 1] be the space of all bounded functions on [0, 1]. Show that the closed unit
ball D = {f ∈ B[0, 1] : ‖f‖∞ ≤ 1} is not compact in (B[0, 1], ‖ · ‖∞) . 3

3. Prove that (coo(N), ‖ · ‖∞) is a dense subspace of (co(N), ‖ · ‖∞) . Deduce that the
space (co(N), ‖ · ‖∞) is separable. 2+2

4. Let 1 < p < q <∞. Prove that lp(N) is a proper dense subspace of lq(N). 3

5. Let X = {f ∈ C1[0, 1] : f(0) = 0} . For f ∈ X, define ‖f‖1 = ‖f‖∞+ ‖f ′‖∞. Prove
that ‖f‖1 ≤ 2‖f ′‖∞. 3

6. Let D = {z ∈ C : |z| < 1}. Let X be the space of all analytic function on D
which are continuous on the closure D̄. Define ‖f‖∞ = sup

{
|f(eiθ)| : 0 ≤ θ ≤ 2π

}
.

Suppose f, fn ∈ X and lim
n→∞

‖fn − f‖∞ = 0. Prove that lim
n→∞

‖f ′n − f ′‖∞ = 0. 3

7. Show that the norms ‖ · ‖∞ and ‖.‖2 are not equivalent on C[0, 1]. 3

8. Denote X =

{
f : f ∈ BV [0, 1] and lim

x→0+
f(x) = 0 = f(0)

}
. For f ∈ X, define

‖f‖ = V 1
0 (f). Prove that ‖f‖ = 0 if and only if f ≡ 0. Further, prove that every

Cauchy sequence in (X, ‖ · ‖) converges to a point in X.

(Hint: Use fn
p.w.−−→ f ⇒ V (fn, P )→ V (f, P ).) 2+3

9. Let 1 < p < q <∞ and Ω ⊂ R is a measurable set with m(Ω) <∞. For f ∈ Lq(Ω),
prove that

‖f‖p ≤ (m(Ω))(
1
p
− 1

q ) ‖f‖q.
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