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. Let K be a compact subset of an infinite dimensional normed linear space X. Prove

or disprove that interior of K is empty.

Let M be a closed subspace of a normed linear space X such that M and X/M
both are complete. Show that X is also complete.

. Suppose {x1,zs,...} is a sequence in a Banach space X such that each z € X has

a unique representation x = »_ a,x,, where a,, € C. Show that X is separable.
n=1

For f € C'0,1], define its norm by [|f|| = max {||f|lc; ||/ ]lcc} - Show that the

linear map 7' : (C*[0,1], ||.||) = (C[0,1], ||.]l0) given by T(f) = f” is continuous and

17 = 1.

Let X = C[0,1] and M = {f € X : f(0) = 0}. Give an example of a linear
functional T" on (X, ||.||) such that T'(M) = {0} and ||T|| = 1.

Let M = {(z1,73,...) € I' : 1 + 29 = 0} and define f, : M — C by
fo(x1,29,...) = 2x1. Find a norm preserving extension of f, to ['.

Let T}, : I' — I' be a sequence of linear transformations such that for eachlinebreak [4]
= (T1, .  Tp, Tny1,...) € 1Y, T(x) = (Tpy1, Tnya, .. .). Show that ||T,,(z)| — 0
but [|T,]] = 1.

Let X* be the dual space of a normed linear space X. Let z,x,, € X such that
weakly

x, — x. If f, f, € X* satisty || f, — f|| = 0, then prove that f,(x,) — f(z).
Let f, be a sequence of linear functionals on (c,, ||.||«) such that for each = =

(21, 22...,) € Co, fulx) = =5 > x;. Prove that lim f,(z) = 0, but lim || f, || = 1.
j=1

Let T : 1> — [? be a linear map such that T(z1,xs,...) = (z2,73,...). Find the
adjoint 7™ of T'.

Let M = {(y1,92,...) €1*:2y1 — 9o = 0} and z, = (1,%,%,...) . Find y, € M such
that inf [lzo — ylls = I, el

Let {e,} be an orthonormal basis for a Hilbert space H and (ay, ag, . ..) € [°°. Define

alinear map T': H — H by T'(z) = >_ (x, e,)a,e,. Prove that T is continuous and

n=1

|T|| = sup || 242
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