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N.B. Answer without proper justification will attract zero mark.

1. Let α > 1 and xn =
(α + 1

n
)

1
n − sinn2

n
. Determine all possible p with 1 ≤ p ≤ ∞

for which (xn) ∈ lp. 3

2. Let C2([−1, 1]) be the space of all twice continuously differential function f on
[−1, 1] such that f(0) = f ′(0) = 0. Given f ∈ C2[−1, 1], define a function ‖ · ‖

C2([−1, 1]) by ‖f‖ =
2∑

i=0

‖f (i)‖∞. Show that ‖f‖ ≤ 7
2
‖f (2)‖∞. 3

3. Let (an) be sequence of non-negative real numbers. For each x = (x1, x2, · · · ) ∈ lp

with 1 ≤ p <∞, define a function ‖ · ‖ on lp by ‖x‖ =

(
∞∑
n=1

an|xn|p
) 1

p

. Determine

all possible sequence (an) for which ‖ · ‖ becomes a norm on lp. 3

4. Let X = L1(R) ∩ L2(R). Given f ∈ X, define a function ‖ · ‖ on X by ‖f‖ =
min{2‖f‖1, ‖f‖2}. Prove/disporve that ‖ · ‖ is norm on X. 3

5. Let Y be the space of all continuous function f on R such that for each ε > 0 there
exists a bounded open set O in R satisfying |f(x)| < ε, whenever x ∈ RrO. Show
that each f ∈ Y is bounded. Prove/disprove that (Y, ‖ · ‖∞) is a Banach space. 3
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