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N.B. Answer without proper justification will attract zero mark.

1. Suppose M be a nowhere dense closed subset of a Hilbert space H. Does it imply
(H rM)⊥ = {0}? 1

2. If any pair of points x and y in an inner product space X satisfies ‖x+αy‖ = ‖x−αy‖
for each α in the unit circle of C, then x must be orthogonal to y. 2

3. Consider the sequence fn ∈ L2[0, 1] defined by

fn(t) =

{ √
n

1+t
if 0 ≤ t < 1/n,

0 if 1/n ≤ t ≤ 1.

Show that lim
n→∞

‖fn‖2 = 1 and fn converges to 0 in the weak topology of L2[0, 1]. 3

4. Let M = {(x1, x2, . . .) ∈ `2) : x1 + 2x2 = 0}. Define a linear functional f on M by
f(x1, x2, . . .) = 3

2
x1. Find a norm preserving extension of f to `2. 3

5. Let Y = span{(1, 0, 0), (0, 1, 0)}, yo = (1, 2, 1) and Y1 = {y + αy0 : y ∈ Y, α ∈ C}.
Define a function on Y1 by f(y + αyo) = α. Show that f is a continuous linear
functional on Y1 and ‖f‖ = 1. 3

6. For f ∈ C1[0, 1], define a norm on C1[0, 1] by ‖f‖ = ‖f‖∞ + ‖f ′‖∞. Define a
linear functional ϕ on C1[0, 1] by ϕ(f) = f ′(0). Show that ϕ ∈ (C1[0, 1], ‖ · ‖)∗ but
ϕ 6∈ (C1[0, 1], ‖ · ‖1)∗ 3

END


