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1. Let f(x, y) =
xmyn

(x2 + y2)p
; if x2 +y2 6= 0 and f(0, 0) = 0. Find condition on (m,n, p)

for which f is continuous at (0, 0). Further, find condition for the function f to be
bounded on R2. 2

2. Let f : R2 → R be map f(x, y) =


√
x2 + y2 sin

(
y2

x− y

)
if x 6= y,

0 if x = y.

Show that f is continuous at (0, 0). Does f differentiable at (0, 0)? 2

3. Let u = (1, 0, 0), v = 1√
2
(1, 1, 0) and w = 1√

3
(1, 1, 1). Suppose f : R3 → R be

differentiable at 0. If Du(0) = 1, Dv(0) = 2 and Dw(0) = −1. Then find f ′(0). 3

4. Let Ω be an open subset of Rn. Let ϕ : Ω→ Rn be continuous at x0 ∈ Ω. Suppose
ψ : Ω → R is map satisfying ψ(x + h) − ψ(x) = ϕ(x + h) · h, for all x ∈ Ω. Then
show that ψ is continuously differentiable at x0. 3

5. Let ϕ, ψ : R→ R be twice differentiable. Suppose f(x, y) = ϕ(x2+y2)+ψ(x2−y2).
Show that fxy(x, y) = fyx(x, y). 2

6. Let f : R → R and F : R2 → R be differentiable maps. Suppose Fy 6= 0 and

F (x, f(x)) = 0. Show that f ′(x) = −Fx(x, y)

Fy(x, y)
, where y = f(x). 2

7. Let f : R → R be a map given by f(x) = x3 + x + cos x. Show that f is one-one
and onto. Find the points where f−1 is differentiable. 4

8. Let A ∈ GL(Rn) and α ≥ 2. If f : Rn → Rn satisfies ‖f(x)‖ ≤ k‖x‖α, for some
k > 0. Show that the map g = f + A is continuously differentiable at 0 and g is
invertible in the neighborhood of 0. 4

9. Show that the system of equations xy− 1 = 0 and y2 + z2− 1 = 0 can be solved for
x and y in terms of z near (2, 1

2
,
√
3
2

) as x = ϕ(z) and y = ψ(z). Further, find the

values of ϕ′(
√
3
2

) and ψ′(
√
3
2

). 4

10. Let z = y+x sin z. Show that there exists unique function ϕ such that z = ϕ(x, y) on
an open set U containing (0, 0). Further, prove that ϕ has Taylor’s series expansion
in a neighborhood of (0, 0) as ϕ(x, y) = y + 2xy + · · · . 4
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