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N.B. Answer without proper justification will attract zero mark.

1. (a) Does there exist am unbounded open set A ⊂ R such that m(A) <∞? 1

(b) Let E be a non-measurable set in R. Is
⋃
x∈R

(E + x) Lebesgue measurable? 1

(c) Let F be a closed set in R with m(F ) = 0. Does it imply that Int(F ) = ∅? 1

(d) Does there exist two non-empty disjoint sets A and B in R such that inf{|x− y| :
x ∈ A and y ∈ B} = 0? 1

2. Let f : R → [0,∞] be such that m∗{x ∈ R : f(x) ≥ 2n} < 1
2n
, whenever n ∈ N. Show

that {x ∈ R : f(x) =∞} is Lebesgue measurable. 3

3. (a) Let D be a dense subset of R. For each x ∈ R, show that there exists an increasing
sequence xn ∈ D such that xn → x. 3

(b) Further, deduce that f : R → R̄ is a Lebesgue measurable function if and only if
{x ∈ R : f(x) > r} is a Lebesgue measurable set for each r ∈ D. 3

4. (a) Let Fn be a sequence of closed sets in R such that Fn ⊂ (n, n+1] and Fn∩Fm = ∅,
whenever m 6= n. Show that F =

∞⋃
n=1

Fn is a closed set in R. 3

(b) Let E =
∞⋃
n=1

En, where En ∈M and En∩Em = ∅, whenever m 6= n. If m∗(E) <∞,

then prove that for each ε > 0, there exist open set O and closed set F in R such that
F ⊂ E ⊂ O and m(O r F ) < ε. 4

5. Let E ⊂ (0, 1) be such that E =
∞⋃
n=2

{(
1

n−1 ,
1
n

)
∩ E

}
. If E is Lebesgue measurable,

then show that lim
n→∞

m
{(

1
n
, 1
n−1

)
∩ E

}
= 0. 3

6. Let f : (X, d) → R be a continuous function. Show that {x ∈ X : f(x) 6= 0} is an
open set in the metric space (X, d). 3

7. Let coo denote the space of all real sequences having only finitely many non-zero terms.
Show that (coo, ‖ · ‖∞) is not an open subset of (l1, ‖ · ‖1). 3

8. For n ∈ N, define fn(t) = te−nt
2
. Show that fn is a convergent sequence in the space

(C[0, 1], ‖ · ‖∞). 3



9. For n ∈ N, write E =
∞⋃
n=1

[
n, n+ 1

n3/2

]
. Show that m(E) <∞ and m(E2) =∞, where

E2 = {x2 : x ∈ E}. 3

10. Let C be the Cantor’s ternary set. Define f : [0, 1]→ R by f(x) =

{
1
x

if x ∈ C r {0},
x otherwise.

Evaluate the Lebesgue integral
∫

[0,1]

fdm. 3

11. Let f : [0, 1]→ R be defined by f(x) =

{
sinx
x

if x 6= 0,
0 otherwise.

Show that
∫

[0,1]

fdm <∞. 1+3

12. Let ϕ : (R,M,m) → [0,∞] be a Lebesgue measurable simple function. Define a

set function ν : M → [0,∞] by ν(E) =
∫
E

ϕdm. Show that ν(
∞⋃
n=1

En) =
∞∑
n=1

ν(En),

whenever En is a sequence of pairwise disjoint sets in M. 3

END


