
1. Let f(x) = ‖x‖ 5
2 for all x ∈ Rm. Using chain rule, show that f : Rm → R is differentiable and

determine f ′(x) for all x ∈ Rm.

Solution: Let g(x) = ‖x‖2 for all x ∈ Rm and let ϕ(x) = x
5
4 for all x ∈ [0,∞). Then we

know that g : Rm → R and ϕ : [0,∞) → R are differentiable with ∇g(x) = 2x for all x ∈ Rm

and ϕ′(x) = 5
4
x

1
4 for all x ∈ [0,∞). Since f(x) = ϕ(g(x)) for all x ∈ Rm, by chain rule,

f = ϕ◦g is differentiable and for each x ∈ Rm, ∇f(x) = ϕ′(g(x))∇g(x) = 5
2

√
‖x‖x. Therefore

f ′(x) = 5
2

√
‖x‖

[
x1 · · · xm

]
for all x = (x1, . . . , xm) ∈ Rm.

2. Let f : R3 → R be differentiable and let u(x, y, z) = f(x− y, y − z, z − x) for all (x, y, z) ∈ R2.

Show that ∂u
∂x

+ ∂u
∂y

+ ∂u
∂z

= 0 at each point of R3.

Solution: Let r(x, y, z) = x− y, s(x, y, z) = y − z and t(x, y, z) = z − x for all (x, y, z) ∈ R3.

Since all the partial derivatives of r, s, t are continuous on R3, r, s, t : R3 → R are differen-

tiable. Hence by chain rule, we get ∂u
∂x

= ∂f
∂r

∂r
∂x

+ ∂f
∂s

∂s
∂x

+ ∂f
∂t

∂t
∂x

= ∂f
∂r
− ∂f

∂t
,

∂u
∂y

= ∂f
∂r

∂r
∂y

+ ∂f
∂s

∂s
∂y

+ ∂f
∂t

∂t
∂y

= ∂f
∂s
− ∂f

∂r
, and ∂u

∂z
= ∂f

∂r
∂r
∂z

+ ∂f
∂s

∂s
∂z

+ ∂f
∂t

∂t
∂z

= ∂f
∂t
− ∂f

∂s
, where each of

the partial derivatives has been considered at the respective point. Therefore ∂u
∂x

+ ∂u
∂y

+ ∂u
∂z

= 0

at each point of R3.

3. Let f : R2 → R be twice continuously differentiable and let u(r, θ) = f(r cos θ, r sin θ) for all

r > 0, θ ∈ R. Show that ∂2f
∂x2

+ ∂2f
∂y2

= ∂2u
∂r2

+ 1
r
∂u
∂r

+ 1
r2
∂2u
∂θ2

at each point (x, y) = (r cos θ, r sin θ)

of R2 \ {(0, 0)}.

Solution: Since all the second order partial derivatives of f are continuous on R2,
∂2f
∂x∂y

(x, y) = ∂2f
∂y∂x

(x, y) for all (x, y) ∈ R2.

Let x(r, θ) = r cos θ and y(r, θ) = r sin θ for all (r, θ) ∈ R2. Then x, y : R2 → R are twice

continuously differentiable. Hence by chain rule, for all (x, y) = (r cos θ, r sin θ) ∈ R2, we get
∂u
∂r

= ∂f
∂x

∂x
∂r

+ ∂f
∂y

∂y
∂r

= cos θ ∂f
∂x

+ sin θ ∂f
∂y

,
∂2u
∂r2

= cos θ
(
∂2f
∂x2

∂x
∂r

+ ∂2f
∂y∂x

∂y
∂r

)
+ sin θ

(
∂2f
∂x∂y

∂x
∂r

+ ∂2f
∂y2

∂y
∂r

)
= cos2 θ ∂

2f
∂x2

+ sin 2θ ∂2f
∂x∂y

+ sin2 θ ∂
2f
∂y2

,
∂u
∂θ

= ∂f
∂x

∂x
∂θ

+ ∂f
∂y

∂y
∂θ

= −r sin θ ∂f
∂x

+ r cos θ ∂f
∂y

,

and ∂2u
∂θ2

= −r cos θ ∂f
∂x
− r sin θ ∂f

∂y
− r sin θ

(
∂2f
∂x2

∂x
∂θ

+ ∂2f
∂y∂x

∂y
∂θ

)
+ r cos θ

(
∂2f
∂x∂y

∂x
∂θ

+ ∂2f
∂y2

∂y
∂θ

)
= r2 sin2 θ ∂

2f
∂x2
− r2 sin 2θ ∂2f

∂x∂y
+ r2 cos2 θ ∂

2f
∂y2

,

where the partial derivatives have been considered at the respective points.

Therefore ∂2u
∂r2

+ 1
r
∂u
∂r

+ 1
r2
∂2u
∂θ2

= (cos2 θ + sin2 θ)∂
2f
∂x2

+ (cos2 θ + sin2 θ)∂
2f
∂y2

= ∂2f
∂x2

+ ∂2f
∂y2

at each

point (x, y) = (r cos θ, r sin θ) of R2 \ {(0, 0)}.

4. Show that a differentiable function f : Rm \ {0} → R is homogeneous of degree α ∈ R (i.e.

f(tx) = tαf(x) for all x ∈ Rm\{0} and for all t > 0) iff ∇f(x) ·x = αf(x) for all x ∈ Rm\{0}.
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(The only if part of this result is known as Euler’s theorem on homogeneous functions.)

Solution: We first assume that f is homogeneous of degree α. Let x ∈ Rm \ {0} and let

ϕ(t) = f(tx)− tαf(x) for all t > 0. Then ϕ(t) = 0 for all t > 0 and since f is differentiable, by

chain rule, we get ϕ′(t) = ∇f(tx) ·x − αtα−1f(x) = 0 for all t > 0. Putting t = 1, we obtain

∇f(x) ·x = αf(x).

Conversely, let∇f(x) ·x = αf(x) for all x ∈ Rm\{0}. Let x ∈ Rm\{0} and let g(t) = t−αf(tx)

for all t > 0. Since f is differentiable, by chain rule, g : (0,∞)→ R is differentiable and

g′(t) = t−α∇f(tx) ·x−αt−α−1f(tx) = αt−α−1∇f(tx) ·x−αt−α−1f(tx) = 0 for all t > 0. Hence

g is a constant function and so g(t) = g(1) = f(x) for all t > 0. Consequently f(tx) = tαf(x)

for all t > 0 and therefore f is a homogeneous function of degree α.

5. If f(x, y) = tan−1
(
x3+y3

x−y

)
for all (x, y) ∈ R2 \ S, where S = {(x, x) : x ∈ R}, then using

Euler’s theorem on homogeneous functions, show that xfx(x, y) + yfy(x, y) = sin(2f(x, y)) for

all (x, y) ∈ R2 \ S.

Solution: If g(x, y) = tan(f(x, y)) = x3+y3

x−y for all (x, y) ∈ R2 \ S, then g(tx, ty) = t2g(x, y) for

all (x, y) ∈ R2 \ S and for all t > 0. Hence g : R2 \ S → R is a homogeneous function of degree

2 and therefore by Euler’s theorem on homogeneous functions, xg(x, y) + yg(x, y) = 2g(x, y)

for all (x, y) ∈ R2 \ S. Again, by chain rule, gx(x, y) = sec2(f(x, y))fx(x, y) and

gy(x, y) = sec2(f(x, y))fy(x, y) for all (x, y) ∈ R2 \ S. Hence we get

xfx(x, y) + yfy(x, y) = 2 tan(f(x, y)) cos2(f(x, y)) = sin(2f(x, y)) for all (x, y) ∈ R2 \ S.

6. If f : R2 \ {(0, 0)} → R is a twice continuously differentiable homogeneous function of degree

n ∈ N, then show that
(
x2 ∂2f

∂x2
+ 2xy ∂2f

∂x∂y
+ y2 ∂2f

∂y2

)
(x, y) = n(n− 1)f(x, y) for all

(x, y) ∈ R2 \ {(0, 0)}.

Solution: By Euler’s theorem on homogeneous functions, we get

x∂f
∂x

(x, y) + y ∂f
∂y

(x, y) = nf(x, y) for all (x, y) ∈ R2 \ {(0, 0)}. Differentiating this partially

with respect to x and y respectively, we get x∂
2f
∂x2

(x, y) + ∂f
∂x

(x, y) + y ∂2f
∂x∂y

(x, y) = nfx(x, y)

and x ∂2f
∂y∂x

(x, y) + y ∂
2f
∂y2

(x, y) + ∂f
∂y

(x, y) = nfy(x, y) for all (x, y) ∈ R2 \ {(0, 0)}. Since the

second order partial derivatives of f are continuous, we have ∂2f
∂x∂y

(x, y) = ∂2f
∂y∂x

(x, y) for all

(x, y) ∈ R2 \ {(0, 0)} and hence by multiplying the above two relations by x and y respectively

and then adding, we get
(
x2 ∂2f

∂x2
+2xy ∂2f

∂x∂y
+y2 ∂2f

∂y2

)
(x, y)+

(
x∂f
∂x

+y ∂f
∂y

)
(x, y) = n

(
x∂f
∂x

+y ∂f
∂y

)
(x, y)

for all (x, y) ∈ R2 \ {(0, 0)}. Therefore
(
x2 ∂2f

∂x2
+ 2xy ∂2f

∂x∂y
+ y2 ∂2f

∂y2

)
(x, y) = n(n − 1)f(x, y) for

all (x, y) ∈ R2 \ {(0, 0)}.

7. Let f : R2 → R be continuously differentiable such that fx(a, b) = fy(a, b) for all (a, b) ∈ R2

and f(a, 0) > 0 for all a ∈ R. Show that f(a, b) > 0 for all (a, b) ∈ R2.

Solution: Let (a, b) ∈ R2 and let g(t) = f(a + bt, b− bt) for all t ∈ [0, 1]. Then g : [0, 1] → R
is continuously differentiable. By the mean value theorem of single variable calculus, there

exists t0 ∈ (0, 1) such that g(1) − g(0) = g′(t0) = ∇f(a + bt0, b − bt0) · (b,−b) (by chain rule)

and hence f(a + b, 0) − f(a, b) = bfx(a + bt0, b − bt0) − bfy(a + bt0, b − bt0) = 0. Therefore



f(a, b) = f(a+ b, 0) > 0.

8. Let α > 0 and let f : Rm → R satisfy |f(x)− f(y)| ≤ α‖x− y‖2 for all x, y ∈ Rm. Show that

f is a constant function.

Solution: Let x0, h ∈ Rm. By the given condition |f(x0 + h) − f(x0) − 0 ·h| ≤ α‖h‖2

and so lim
h→0

|f(x0+h)−f(x0)−0 ·h|
‖h‖ = 0. Hence f is differentiable at x0 and ∇f(x0) = 0. Since

x0 ∈ Rm is arbitrary, f is differentiable and ∇f(x) = 0 for all x ∈ Rm. If x1, x2 ∈ Rm, then

L = {(1 − t)x1 + tx2 : t ∈ [0, 1]} ⊆ Rm and hence by the mean value theorem, there exists

c ∈ L such that f(x2)− f(x1) = ∇f(c) · (x2 − x1) = 0. Thus f(x1) = f(x2) and therefore f is

a constant function.

9. Let S be a nonempty open and convex set in R2 and let f : S → R be such that

fx(x, y) = 0 = fy(x, y) for all (x, y) ∈ S. Show that f is a constant function.

(A set S ⊆ Rm is called convex if (1− t)x + ty ∈ S for all x, y ∈ S and for all t ∈ [0, 1].)

Solution: Since fx(x, y) = 0 = fy(x, y) for all (x, y) ∈ S, fx, fy : S → R are continuous and

hence f is differentiable. If x1, x2 ∈ S, then L = {(1 − t)x1 + tx2 : t ∈ [0, 1]} ⊆ S (since S is

convex) and hence by the mean value theorem, there exists c ∈ L such that

f(x2)−f(x1) = ∇f(c) · (x2−x1) = 0, since∇f(c) = (fx(c), fy(c)) = (0, 0). Thus f(x1) = f(x2)

and therefore f is a constant function.

10. Find the equations of the tangent plane and the normal line to the surface given by

z = x2 + y2 − 2xy + 3y − x+ 4 at the point (2,−3, 18).

Solution: Let f(x, y, z) = x2 + y2 − 2xy − x + 3y − z + 4 for all (x, y, z) ∈ R3. Then

f : R3 → R is differentiable and fx(x, y, z) = 2x − 2y − 1, fy(x, y, z) = 2y − 2x + 3 and

fz(x, y, z) = −1 for all (x, y, z) ∈ R3. Hence the equation of the tangent plane to the given

surface f(x, y, z) = 0 at x0 = (2,−3, 18) is fx(x0)(x− 2) + fy(x0)(y + 3) + fz(x0)(z − 18) = 0,

i.e. 10(x− 2)− 7(y + 3)− (z − 18) = 0, which simplifies to 10x− 7y − z = 23.

Again, the equation of the normal line to the given surface f(x, y, z) = 0 at x0 is
x−2
fx(x0)

= x−2
fy(x0)

= x−2
fz(x0)

, i.e. x−2
10

= y+3
−7

= z−18
−1

.

11. Find all points on the paraboloid z = x2 + y2 at which the tangent plane to the paraboloid is

parallel to the plane x+ y+ z = 1. Also, determine the equations of the corresponding tangent

planes.

Solution: Let (x0, y0, z0) ∈ R3 be a point on the paraboloid z = x2 + y2 at which the tan-

gent plane to the paraboloid is parallel to the plane x + y + z = 1. If g(x, y) = x2 + y2

for all (x, y) ∈ R2, then g : R2 → R is differentiable and gx(x, y) = 2x, gy(x, y) = 2y for all

(x, y) ∈ R2. Hence the equation of the tangent plane to the paraboloid z = g(x, y) at (x0, y0, z0)

is z = g(x0, y0) +gx(x0, y0)(x−x0) +gy(x0, y0)(y−y0), z = z0 + 2x0(x−x0) + 2y0(y−y0). Since

this plane is parallel to the plane z = 1 − x − y, we must have that 2x0 = −1 and 2y0 = −1

and hence the required point is (−1
2
,−1

2
, 1

2
).



Also, the equation of the tangent plane to the paraboloid at the point (−1
2
,−1

2
, 1

2
) is

z = 1
2
− (x+ 1

2
)− (y + 1

2
), i.e. 2x+ 2y + 2z + 1 = 0.

12. If f(x, y) = x3 + y3− 63x− 63y+ 12xy for all (x, y) ∈ R2, then determine all the points of local

maximum, local minimum and all the saddle points of f : R2 → R.

Solution: We have fx(x, y) = 3x2 − 63 + 12y, fy(x, y) = 3y2 − 63 + 12x, fxx(x, y) = 6x,

fyy(x, y) = 6y and fxy(x, y) = 12 for all (x, y) ∈ R2. We solve the system of equations

fx(x, y) = 0, fy(x, y) = 0. Considering fx(x, y)− fy(x, y) = 0, we obtain (x− y)(x+ y− 4) = 0

and hence x = y or x + y = 4. If x = y, then from fx(x, y) = 0, we get x2 + 4x − 21 = 0 and

so x = 3, −7. Hence in this case we get total two critical points (3, 3) and (−7,−7). Again, if

x + y = 4, then fx(x, y) = 0 gives x2 − 4x − 5 = 0 and so x = 5, −1. Hence in this case we

again get total two critical points (5,−1) and (−1, 5).

Since fxx(3, 3)fyy(3, 3) − fxy(3, 3)2 = 180 > 0 and fxx(3, 3) = 18 > 0, f has a local minimum

at (3, 3).

Since fxx(−7,−7)fyy(−7,−7)− fxy(−7,−7)2 = 1620 > 0 and fxx(−7,−7) = −42 < 0, f has a

local maximum at (−7,−7).

Again, since fxxfyy − f 2
xy = −324 < 0 for each of (5,−1) and (−1, 5), both (5,−1) and (−1, 5)

are saddle points of f .

13. If f(x, y) = 2x4 + 2x2y+ y2 for all (x, y) ∈ R2, then determine all the points of local maximum,

local minimum and all the saddle points of f : R2 → R.

Solution: Solving fx(x, y) = 8x3 + 4xy = 0 and fy(x, y) = 2x2 + 2y = 0, we get (x, y) = (0, 0)

and hence (0, 0) is the only critical point of f . Now, fxx(x, y) = 24x2 + 4y, fyy(x, y) = 2 and

fxy(x, y) = 4x for all (x, y) ∈ R2 and hence fxx(0, 0)fyy(0, 0) − fxy(0, 0)2 = 0. Therefore no

definite conclusion (regarding local extremum and saddle point) of f at (0, 0) can be obtained

from the second order partial derivatives of f .

However, since f(x, y) = (x2 + y)2 + x4 ≥ 0 = f(0, 0) for all (x, y) ∈ R2, f has a local (in fact,

absolute) minimum at (0, 0).

14. If f(x, y) = 4x2 − xy + 4y2 + x3y + xy3 − 4 for all (x, y) ∈ R2, then determine all the points of

local maximum, local minimum and all the saddle points of f : R2 → R.

Solution: We have fx(x, y) = 8x− y + 3x2y + y3, fy(x, y) = −x+ 8y + x3 + 3xy2,

fxx(x, y) = 8 + 6xy, fyy(x, y) = 8 + 6xy and fxy(x, y) = −1 + 3x2 + 3y2 for all (x, y) ∈ R2. We

solve the system of equations fx(x, y) = 0, fy(x, y) = 0. Considering fx(x, y) + fy(x, y) = 0, we

obtain (x + y)[(x + y)2 + 7] = 0 and hence x + y = 0. Now, fx(x, y) = 0 gives x(9 − 4x2) = 0

and so x = 0, 3
2
, −3

2
. Hence we get total three critical points (0, 0), (3

2
,−3

2
) and (−3

2
, 3

2
).

Since fxx(0, 0)fyy(0, 0) − fxy(0, 0)2 = 63 > 0 and fxx(0, 0) = 8 > 0, f has a local minimum at

(0, 0).

Again, since fxxfyy− f 2
xy = −324 < 0 for each of (3

2
,−3

2
) and (−3

2
, 3

2
), both (3

2
,−3

2
) and (−3

2
, 3

2
)

are saddle points of f .



15. If f(x, y, z) = x2 + y2 + z2 + 2xyz − 4zx − 2yz − 2x − 4y + 4z for all (x, y, z) ∈ R3, then find

all the points of local maximum, local minimum and all the saddle points of f : R3 → R.

Solution: We have fx(x, y, z) = 2yz − 4z + 2x − 2, fy(x, y, z) = 2zx − 2z + 2y − 4 and

fz(x, y, z) = 2xy − 4x− 2y + 2z + 4 for all (x, y, z) ∈ R3. In order to solve the system of equa-

tions fx(x, y, z) = 0, fy(x, y, z) = 0, fz(x, y, z) = 0, we add the last two equations to obtain

x(y + z − 2) = 0, and so x = 0 or y + z = 2.

Case 1: x = 0

In this case y − z = 2 and yz − 2z = 1, from which we get z = 1, −1. Hence in this case we

obtain total two critical points of f , which are (0, 3, 1) and (0, 1,−1).

Case 2: y + z = 2

In this case −z2 + x− 1 = 0 and so (z2 + 1)z− 2z = 0, which gives z = 0, 1, −1. Hence in this

case we obtain total three critical points of f , which are (1, 2, 0), (2, 1, 1) and (2, 3,−1).

Now, fxx(x, y, z) = 2, fyy(x, y, z) = 2, fzz(x, y, z) = 2, fxy(x, y, z) = 2z, fyz(x, y, z) = 2x − 2

and fzx(x, y, z) = 2y− 4 for all (x, y, z) ∈ R3. Hence Hf (x, y, z) =

 2 2z 2y − 4
2z 2 2x− 2

2y − 4 2x− 2 2


for all (x, y, z) ∈ R3.

The leading principal minors of Hf (1, 2, 0) are 2, 4 and 8 (all of which are positive), and there-

fore f has a local minimum at (1, 2, 0).

It can also be easily seen that det(Hf (x, y, z)) = −32 < 0 for each of the remaining four critical

points of f and fxx(x, y, z) = 2 > 0 for each of these points. Therefore each of these remaining

four critical points of f are saddle points of f .

16. If S = {(x, y) ∈ R2 : x2 + y2 ≤ 1}, then determine max{x2 + 2x + y2 : (x, y) ∈ S} and

min{x2 + 2x+ y2 : (x, y) ∈ S}.

Solution: Let f(x, y) = x2 + 2x+ y2 for all (x, y) ∈ S. Since S is a closed and bounded set in

R2 and f : S → R is continuous, both max{f(x, y) : (x, y) ∈ S} and min{f(x, y) : (x, y) ∈ S}
exist (in R).

We first look for local extrema of f in S0 = {(x, y) ∈ R2 : x2 + y2 < 1}. Solving the system

of equations fx(x, y) = 2x + 2 = 0, fy(x, y) = 2y = 0, we get (x, y) = (−1, 0), which does not

belong to S0. Hence f does not have any local extremum in S0.

Again, the boundary of S consists of all the points on the circle x2 + y2 = 1. Taking the

parametric representation of the circle x2 +y2 = 1 as γ(t) = (cos t, sin t), t ∈ [0, 2π], we look for

local extrema of ϕ : [0, 2π] → R, where ϕ(t) = f(γ(t)) = 1 + 2 cos t for all t ∈ [0, 2π]. Clearly

ϕ has local (in fact, absolute) maxima only at t = 0, 2π and local (in fact, absolute) minimum

at t = π. These points correspond to the points (1, 0) and (−1, 0) of S.

Since f(1, 0) = 3 and f(−1, 0) = −1, it follows that max{f(x, y) : (x, y) ∈ S} = 3,

min{f(x, y) : (x, y) ∈ S} = −1 and these values are attained by f at (1, 0) and (−1, 0) respec-

tively.



17. Find the (absolute) maximum value of f(x, y, z) = 8xyz2 − 200(x+ y + z) subject to the con-

straint x+ y + z = 100, x ≥ 0, y ≥ 0, z ≥ 0.

Solution: Let S = {(x, y, z) ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0} and let

f(x, y, z) = 8xyz2− 200(x+ y+ z), g(x, y, z) = x+ y+ z− 100 for all (x, y, z) ∈ S. If either of

x, y, or z is 0, then f(x, y, z) = −200(x+ y + z) and so under the constraint x+ y + z = 100,

f(x, y, z) = −20000, which is clearly not the maximum value of f(x, y, z) under the given con-

ditions. Hence in order to find the maximum value of f(x, y, z) subject to the given constraint,

we may assume that x > 0, y > 0, and z > 0. Clearly f, g : S → R are continuously differen-

tiable on S0 = {(x, y, z) ∈ R3 : x > 0, y > 0, z > 0} and ∇g(x, y, z) = (1, 1, 1) 6= (0, 0, 0) for

all (x, y, z) ∈ S0. Let (x0, y0, z0) ∈ Ω = {(x, y, z) ∈ S : g(x, y, z) = 0} and let λ ∈ R such that

∇f(x0, y0, z0) = λ∇g(x0, y0, z0). Then (8y0z
2
0 − 200, 8x0z

2
0 − 200, 16x0y0z0 − 200) = λ(1, 1, 1)

and hence 8y0z
2
0 − 200 = λ, 8x0z

2
0 − 200 = λ, 16x0y0z0 − 200 = λ. So, we get 8y0z

2
0 = 8x0z

2
0

and hence x0 = y0. Consequently 8x0z
2
0 = 16x2

0z0 and so z0 = 2x0. Since x0 + y0 + z0 = 100, we

get x0 = 25, y0 = 25, z0 = 50. Hence by Lagrange multiplier method, (25, 25, 50) is the only

possible point in S0 where f
∣∣
Ω

has a local extremum. Again, since Ω is a closed and bounded

set in R3 and since f is continuous on Ω, max{f(x, y, z) : (x, y, z) ∈ Ω} must exist (in R).

Consequently f(25, 25, 50) = 12480000 is the required maximum value.




