MA15010H: Multi-variable Calculus
(Practice problem set 3: Hint/Model solution)

July - November, 2025

Question 0.1. If f(z,y) = e®(zcosy — ysiny) for all (z,y) € R? then show that
fez(2,y) + fuy(z,y) =0 for all (z,y) € R%,

solution 0.2. For all (z,y) € R?, we have f,(x,y) = e*(xcosy — ysiny) + e cosy and
fy(z,y) = e*(—xsiny —ycosy —siny). Hence f..(x,y) = e*(xcosy — ysiny) + 2e* cosy
and fyy(x,y) = e"(—xcosy — 2cosy + ysiny) for all (x,y) € R% Therefore fo.(z,y) +
fou(@,y) =0 for all (z,y) € R?.

Question 0.3. If f(z,y) = 2?tan™! (¥) for all (z,y) € R?\ {(z,y) € R : z = 0}, then

>f
find 55-(1,1).
solution 0.4. For all (z, y) €S = {(:E y) € R? : z # 0}, we have —(x y) = ijyQ and
hence ;g (x,y) = (:;i’z iy Therefore > (1 1) =1.
: _ 1 3
Question 0.5. If f(z,y,2) = T for all (z,y,2z) € R*\ {(0,0,0)}, then show that

P4 2L 2L at each point of R\ {(0,0,0)}.

3
2

solutlon 0.6. We have L (w y,z) = —z(2® + y* + 2%)” 8—f(x,y, z)=—(2*+y* +
22)7% 4 302(22 + y® + 2 ) for all (x,y,2) € R3\ {(0 ,0)}. Similarly, we find that

af(w y,2) = —(a + 7 + 227 4 3P+ + 2 )—g and Zh(z,,2) = —(a* + 4 +
22)72 4+ 322(a% + 2 + 22) 73 for all (z,y,2) € R3\ {(0,0,0)}. Therefore

82 2 2
a—m“];(ww,) a‘é(x y,2) + 8];(1’ y,z) =0

for all (z,y,z) € R*\ {(0,0,0)}.

Question 0.7. If f(z,y) = /|22 —y?| for all (z,y) € R?, then find all v € R? with
|u|| = 1 for which the directional derivative D, f(0,0) exists (in R).

solution 0.8. If u = (uy,us) € R? with ||ul| = 1, then

D, f(0,0) = lim = lim
t—>0 t t—0 t t—>0
exists in R if u = u3. Since ||lul| = Vu? +u3 =1, D,f(0,0) exists (in R) iﬁ up = ﬁ:\/i§

and uy = j:\/ii. Therefore, D, f(0,0) exists (in R) iff

Wz (an) (a) (e 3))

Question 0.9. If f(z,y) = ||z| — |y|| — |z| — |y| for all (z,y) € R?, then find all u € R?

with ||u|| = 1 for which the directional derivative D, f(0,0) exists (in R).
1
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solution 0.10. If u = (uy,us) € R* with |jul| =1, then
F0.0)+ tu) = F0.0) St =0 _ (] = ool = s — )

D, f(0,0) = lim
t—0

t t—0 t t—0 t

exists in R if |ui| = |ug|, i.e., iff [ur] — |ug] = 0. If u? + w3 = 1 and hence D, f(0,0)
exists (in R) iff uy = 0, e, uy = 0 or up = 0. Since ui +u3 = 1, D,f(0,0)
exists (in R) iff uy = £1 or else uy = x1. Therefore, D, f(0,0) exists (in R) iff
u € {(17 0)7 (_17 0)7 (07 1)7 (07 _1>}-

Question 0.11. Find all v € R? with |lul|| = 1 for which the directional derivative
D, f(0,0) exists (in R), if for all (z,y) € R,

Loy e i () #(0,0),
f(z,y) {() if (x,y) = (0,0).

solution 0.12. If u = (uy,uy) € R? with ||ul]| = \/u? +u2 =1, then

f((O, O) + tUJ) - f((), O) — lim f(tul, tU/Q) 1 U1U9
t 0 t =0 t(u? 4 u3)

D, f(0,0) = lim

exists (in R) iff uyug = 0, i.e. iff uy = 0 or ug = 0. Since u? +u3 = 1, D,f(0,0)
exists (in R) iff uy = £1 or else ug = +£1. Therefore D, f(0,0) exists (in R) iff u €
{(17 O)a (_17 0)7 (07 1)7 (07 _1)}'

Question 0.13. Find all v € R? with |lul|| = 1 for which the directional derivative
D, f(0,0) exists (in R), if for all (z,y) € R?,

o ity #0,
— Y
f(@.y) {0 if y =0.

solution 0.14. Let u = (u,u2) € R* with |lu| = 1.
If us =0, then

Duf(0,0) = i L0 1) ZFO.0) b tuz) ) O
t—0 t t—0 t t—0 t
Again, if uy # 0, then
tu) — tuy,t
t—0 t t—0 t t—0 tuUqy

exists (in R) iff u; = 0.

Thus, combining the two cases, we find that D, f(0,0) exists (in R) iff us = 0 or else
up = 0. Since ui +ui =1, D,f(0,0) exists (in R) iff uy = £1 or else ug = £1. Therefore
D, f(0,0) ezists (in R) iff u € {(1,0),(—1,0),(0,1), (0, —1)}.

Question 0.15. State TRUE or FALSE with justification: If f : R?> — R is continuous
such that f,(0,0) exists (in R), then f,(0,0) must exist (in R).
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solution 0.16. Let f(x,y) = |y| for all (z,y) € R%. If (x,y) € R? and (zn,yn) is any
sequence in R? such that (z,,yn) — (x,y), then y, — y and hence f(Zn,Yn) = |Yn| —
ly| = f(z,y). Therefore f is continuous at (x,y) and since (x,y) € R? is arbitrary,
f:R? — R is continuous.

Also,
£,(0,0) = lim F((0,0) +1(1,0)) = f(0,0) _ . 0 _ 0,
t—0 t t—0 t
but
0.0) = tin OO LHOD) = £0.0) 14

t t—0 t’
which does not exist (in R). Therefore the given statement is FALSE.

Question 0.17. State TRUE or FALSE with justification: If f : R? — R is such that
for each u € R? with [Ju|| = 1, the directional derivative of f at (0,0) along u is 0, then f
must be continuous at (0, 0).

solution 0.18. Let f : R? — R be defined by
1 ify <a? <2y,
fla,y) = { i ’

0 otherwise.

We have (\/nlﬁ, #2) — (0,0), but f <\/nlﬁ’n+r2> =1 for alln € N, so that

1 1
’ — 1 0= 0,0 .
f(\/n—i-l n+2) 7 1(0,0)
Hence f is not continuous at (0,0).
Again, let u = (u1,us) € R? with ||u| = 1. We have

t—0 t t—0 ¢

(The inequalities tuy < t*u? < 2tuy are equivalent to the inequalities (i) uy < tu? < 2ugy if
t >0 and (i) ug > tu? > 2uy if t < 0. We can make |tu?| arbitrarily small for sufficiently
small |t| > 0 and hence for such t, at least one inequality in each of (i) and (ii) cannot be
satisfied. Thus we get f(tuy,tuy) = 0 for sufficiently small |t| > 0.) Therefore the given
statement is FALSE.

Question 0.19. Let the height H(x,y) of a hill from the ground (considered as the xy-
plane) at each point (z,y) € (—300,300) x (—200,200) be given by H(x,y) = 1000 —
0.0052% — 0.01y?. We assume that the positive x-axis points east and the positive y-axis
points north. Consider a person situated at the point (60,40,966) on the hill.

(a) If the person starts walking due south, then will (s)he start to ascend or descend
the hill?

(b) If the person starts walking north-west, then will (s)he start to ascend or descend
the hill?

(c) If the person starts climbing further, in which direction will (s)he find it most
difficult to climb?



4

solution 0.20. Let S = (—300,300) x (—200,200). Since H,(z,y) = —0.01z and
H,(z,y) = —0.02y for all (z,y) € S, H, : S — R and H, : S — R are continuous.
Hence H : S — R s differentiable and so

Do H(60,40) = VH(60,40) - u = H,(60,40)u; + H, (60, 40)us = —0.6u; — 0.8us
for all u = (uy,uz) € R?* with ||Jul| = 1.
(a) The direction of south corresponds to u = (0,—1) and since D,,H(60,40) = 0.8 >

0, H increases in this direction and hence the person will ascend the hill if he
starts walking due south.

(b) The direction of north-west corresponds to u = <_\/L§, \/Li) and since

0.2
D,H(60,40) NG <0,
H decreases in this direction and hence the person will descend the hill if he starts
walking north-west.
(¢) Since H increases fastest in the direction of w = VH(60,40) = (—0.6,—0.8), the

person will find it most difficult to climb the hill in the direction of (—0.6,—0.8).
Question 0.21. Let f : R? — R be defined by

- Eigf;g) if (z,y) # (0,0),

Examine whether f,,(0,0) = f,,(0,0).
solution 0.22. We have

v h—0

fyw(oy 0) = }111{)%

h ’ h
Now,
h,0) — - h) —
0.0y i LD IO0 0 020 oy, JON 100
Also, if h € R\ {0}, then
f(hk) = f(h,0) . R*(h—F)
fuh,0) = Jimy ) S e e
and if k € R\ {0},
o f(hk)—f(0k) . R*h—k)
fo(0,k) = fim, h ey O

Hence fy,(0,0) = limy,_,0 % =0 and fy(0,0) = 1. Therefore f,,(0,0) # f,.(0,0).
Question 0.23. Let f : R?> — R be defined by
ay(z®—y?)

fley)={ it HE0 7 0.0,

0 if (z,y) = (0,0).

Determine all the points of R? where f,, : R* = R and f,, : R* — R are continuous.




solution 0.24. For all (z,y) € R*\ {(0,0)}, we have
oty —yd + 42?3

and
( ) B ZL‘6 _ y6 + 9![’4y2 _ 9!L‘2y4
fxy .T,y - ($2 +y2)3 .
Similarly, for all (z,y) € R*\ {(0,0)}, we have
i xy4 — 439>
fy(x7y) - IQ +y2
and 6 6 4,2 2,4
—y* =9 9
frola,y) = —2L 1Y oy

(22 + y2)3
Also, we have shown in an example in lectures that f,,(0,0) = —1 and f,,(0,0) = 1.
Clearly fr, : R* = R and f,, : R* = R are continuous at each point of R*\ {(0,0)}.
Again, since (£,0) — (0,0) and (0,1) — (0,0), but

) 1
and
1
lim fy, (0, —) =1%# £,,(0,0), foy and fy, are not continuous at (0,0).
n

n—oo

Question 0.25. Let f(z,y) = z+y?+ay for all (z,y) € R?. Using directly the definition
of differentiability, show that f : R? — R is differentiable and also find f’(x¢, o), where
(o0, o) € R?.

solution 0.26. Let (g, yo) € R?. For all (h, k) € R%, we have
f((@o,90) + (R, k) — f(zo,90) = f(@0 + h,yo + k) — f(20,Y0)
= xo+h+ (Yo + k)* + (zo + h)(yo + k) — 0 — ¥5 — Toyo
= h+ (yo +k)* — 5 + (w0 + h)(yo + k) — zoyo
= h+ (Y5 + 290k + k* — y5) + (zoyo + hyo + zok + hk — zoyo)
= h+ 2yok + k* + hyo + zok + hk
Let a = (1 + yo, zo + 2y0). Then a € R? and

i 4 (@o.y0) + (B, k) — flxo,y0) — - (k) K+ hk 0
(h,k)—(0,0) (R, k)| (hk)—(0.0) VR2+ k2

since for all (h,k) € R*\ {(0,0)}, we have
K% + hk| _ [k + |h]|K]
V2 + k2 T k[ + A

k[ < 2|k
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and since 2|k| — 0 as (h,k) — (0,0). Therefore f is differentiable at (x¢,yo) and
(o, v0) = [1+ yo, zo + 2u0]. Since (xg,y0) € R? is arbitrary, f is differentiable.

Question 0.27. Let S be a nonempty open subset of R™ and let g : S — R™ be
continuous at o € S. If f: S — R is such that f(x) — f(zo) = g(x) - (z — zp) for all
x € 9, then show that f is differentiable at x.

solution 0.28. For all h € R™ with xog + h € S, we have

f(zo+h) — f(xo) = g(zo +h) - h.

Now g(x¢) € R™ and for all h € R™ \ {0} with xy + h € S, using Cauchy-Schwarz
inequality, we have

[f(zo + h) = f(xo) = g(wo) - Al _ [(g(xo + ) = g(x0)) - h]

il N il
l9(zo + h) — g(zo)[[[[R]]
N il
= llg(zo + h) = g(zo)l|-
Since g is continuous at xo, limyn o ||g(xo + k) — g(xo)|| = 0 and hence we get
lim |[f (o + 1) — f(w0) — g(xo) - B _ 0.
h—0 | Al

Therefore f is differentiable at xg.
Question 0.29. The directional derivatives of a differentiable function f : R*> — R at

(0,0) in the directions (\/Lg, \%) and (\[ \}) are 1 and 2 respectively. Find f,(0,0) and
1,(0,0).

solution 0.30. Since f is differentiable at (0,0), D,f(0,0) = Vf(0,0) -u = f,(0,0)u; +
f,(0,0)uy for all u = (uy,uz) € R* with |ju|| = 1. Hence taking u = (— %) and

u = (%» \/ig) respectively, we get

1 2 2 1
—1.(0,0) + —=/,(0,0) =1, —12(0,0) + —=/,(0,0) = 2.
Solving these two equations, we get f.(0,0) = /5 and £,(0,0) =0

Question 0.31. If f : R™ — R satisfies |f(z)] < ||z||* for all z € R™, then examine
whether f is differentiable at 0.

solution 0.32. Since |f(0)| < ||0]|*> = 0, we have f(0) = 0. If a =0, then h € R™ and
for all h € R™\ {0}, we have

£(B) = F0) —oh] _ W _
] < g = I




Hence it follows that

i () = F(0) —ah] _
h—0 |2

Therefore [ is differentiable at 0.

0.

Question 0.33. Let f(z) = ||z| for all x € R". Examine whether f : R" — R is
differentiable at 0.

solution 0.34. Since

does not exist (in R), 5_:51(0) does not exist (in R). Consequently f is not differentiable
at 0.

Question 0.35. If f(z,y) = /|zy| for all (z,y) € R?, then examine whether f: R?* — R
is differentiable at (0, 0).

f(t,0)—f(0,0) .. 0

solution 0.36. We have f,(0,0) = lim =lim-=0
t—0 t t—0 {
t) —
and f,(0,0) = lim f0.9) = /(0.0) _ lim9 =0.
t—0 t t—0 ¢
Now
(hk)=(0,0) VhE+ k2 (hk)=00) VA2 + k2 "
since (X, L) — (0,0) but
1
lim w1 #0
n—oo \/5 '

2
n2
Therefore f is not differentiable at (0,0).

Question 0.37. If f(z,y) = ||| — |y|| — |z| = |y| for all (z,y) € R?, then examine whether
f: R? — R is differentiable at (0,0).

solution 0.38. We have
f(h> O) B f(070)

£:(0,0) = lim . =0
and
0.0 = iy LOH =100
Now
i 0K = F0.0 “BEO.0) ~kL0.0) L B

(h,k)—=(0,0) NG C (hk)—=(0,0) VA2 + k2
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since (2,4) — (0,0) but

2_1 1

Hence f is not differentiable at (0,0).

Question 0.39. Let f : R? — R be defined by f(x,y) = {x2+y2 1 (m,y; 7# E()’ ;7
Examine whether f is differentiable at (0, 0).

f(t,0) — f(0,0) :limézl and
t

t t—0

solution 0.40. We have f,(0,0) = lir%
—

1,(0,0) = 11_{% ; = 11_{% ;= 0. Now,
3
pm JOR) = FO.0 —REO.0 ZkA0.0) 0 EE ok
(h,k)—(0,0) Vh? 4 k2 (hk)=00) VRZ+ K2 "7
since (1,1} — (0,0) but
= 1
lim 22— = —_ 4.

Therefore f is not differentiable at (0,0).
Question 0.41. Let f : R?2 — R be defined by

Yy 2 2 ify#£0
_ )Vt +ty: 1y )
f@9) {0 if y = 0.

Examine whether f is differentiable at (0, 0).

solution 0.42. We have f,(0,0) = lim f(5,0) = /(0.0) = limQ =0 and
t—0 t t—0 ¢
£,(0,0) = lim SO = Oy LIy gy
t—0 t t—0 |t’ t
SR = J0.0) “REO.0 kO o gVIEER R
(h,k)—(0,0) Vh? + k2 (hk)—(00)  /h2 + k2 ’
since (1,1} — (0,0) but
v2 1 1
B R N A

Hence f is not differentiable at (0,0).



Question 0.43. Let f : R?> — R be defined as

Ve +y?r o ify>0
flay)=qz ify=0
—vr2+y? ify<O0

Examine whether f is differentiable at (0, 0).

solution 0.44. We have f,(0,0) = lim = lim — = 1. Also, since
x—0 €T x—0
_ /02
y—0+ Yy y—0t Y
and
_ AD)
i L0080 = f0.0) VY L
y—0— Y y—0— Yy
we get f,(0,0) = 1. Now,
(hyk)—(0,0) Vh? + k2 (hk)=(00)  /h2 4 k2 ’
since (£,1) — (0,0) but
V2 _ 2
T 7

Hence f is not differentiable at (0,0).
Question 0.45. Let f : R?> — R be defined by

) 1 ify < a® < 2y,
‘1'7 = .
Y 0 otherwise.

Examine whether f is differentiable at (0, 0).

solution 0.46. We have (ﬁﬁ) 5 (0,0) but f (ﬁnﬁ) — 140 = f(0,0).

Hence f is not continuous at (0,0) and consequently f is not differentiable at (0,0).
Question 0.47. For all (z,y) € R?, let
_ )z itz <yl,
= {—x it Ja] > Jy|.
Examine whether f : R?* — R is differentiable at (0,0).

solution 0.48. We have

£,0,0) = lim LEQ =S0.0) _p, ~t=0

t—0 t t—0 t

=-1
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and
£,(0,0) = lim f0.0) ZJ0.0) _ 5, 020 _

t—0 t t—0

Now,
f(h,k)— f(0,0) — hf,(0,0) — kf,(0,0) i f(h,k)+h

lim m
(h,k)—(0,0) Vh? + k2 (h,k)=(0,0) +/h2 + k2
for (0,0), but

11
= =) +1 2 2
NSRRI
Vrd VA2
Therefore f is not differentiable at (0,0).
Question 0.49. Let f : R?> — R be defined by
sin(z2y?) .
f($, y) _ 22+y2 lf (.ZU, y) 3& (07 0)7
0 if (z,y) = (0,0)

Examine whether f is differentiable at (0, 0).

solution 0.50. We have

OO =T T =0
and
0,y) — (0,0 0-0
£,(0,0) = 1im 2O = SO0 020
y—0 Yy y—=0 y
For all (h,k) € R*\ {(0,0)}, we have e(h, k) = f("”“)‘f<°’°>¢;’;fk(§’°)"“fy(0’°). This implies
that
sin(h?k?) h2k?
< = Vh?+ k2
(h2 + k2)VR2 k2| = (h? + k2)VI2 £ k2
So limp k) (0,0) €(h, k) = 0 and so f is differentiable at (0,0).
Question 0.51. Let f : R? — R be defined by
sin?x + a?sin 2 if z # 0,
f(x’y)_{o if 2 = 0.
Examine whether f is differentiable at (0, 0).
solution 0.52. We have f,(0,0) = limtﬁow = limtﬁom = 0 and

fo(z,y) = 0 for all (z,y) € R?. Since f, : R* = R is continuous at (0,0), it follows
that g 1is differentiable at (0,0).
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Question 0.53. Let f : R? — R be defined by

fla,y) = (z? + y?) sin (\/x;TyQ) if (z,y) # (0,0),
0 if (z,y) = (0,0).

Show that f is differentiable at (0,0) although neither f, : R? — R nor f, : R* — R is
continuous at (0,0).

solution 0.54. Here f,(0,0) = £,(0,0) = 0. For all (h,k) € R?\ {(0,0)},

f(h,k)— f(0,0) — hf,(0,0) — kf,(0,0)
N

e(h, k) = < VI + k2,

so that

lim e(h, k) =0.
(hyk)—(0,0)

Hence f is differentiable at (0,0).
Again,

1 T 1
+(2,y) = 2z sin — cos
fo(@9) (x/x2+y2> Va2 4 y? (x/:z:2+y2)

for all (z,y) € R*\ {(0,0)}. Now (%2,0) is a sequence in R? converging to (0,0) but

fa (L,O) = —1 for alln € N and so f, (L,O) — —1# £2(0,0).
2mn

2mn

This shows that f, is not continuous at (0,0). Similarly f, is not continuous at (0,0).
Question 0.55. Let
2?2 + 92 cos(ﬁ) if (z,y) € R2\ {(0,0)},
) = ( ) e .( ) \ {(0,0)}
0 if (z,y) = (0,0).
Examine whether f :R? — R is continuously differentiable.

solution 0.56. For all (z,y) € R?\ {(0,0)}, we have f.(z,y) = 2z cos (ﬂ—}ry?> +

xfny sin <x2iy2>. Now <ﬁ,0> — (0,0) but f, (%,0) = /2(@n+ )T — 0.

Hence lim; )—(0,0) f=(2,y) does not exist (in R) and consequently f, is not continuous at
(0,0). Therefore f is not continuously differentiable.

Question 0.57. Let « € R and a > 0. If f(z,y) = |zy|* for all (x,y) € R? then
determine all values of « for which f: R* — R is differentiable at (0, 0).

solution 0.58. We have f,(0,0) = lim; g w = limy_,o % =0 and
0,t) — f(0,0 0-0
fy(0,0):limf( 1) — 1(0,0) =lim —— =

t—0 t t—0 t

0.
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For all (h,k) € R2\ {(0,0)}, let

o(h, k) = f(h,k) — f(0,0) — hf,(0,0) — k£,(0,0) _ |hk|®

If a > %, then
(h’2 + k.?)oz _ (h2 + k2>a—%

h? + k2
and so limp, k) (0,0) ¢(h, k) = 0. Consequently f is differentiable at (0,0).
Again, if a < %, then (%, %) — (0,0) but ¢ (%, %) = \%nl*%‘ # 0 (for a = %, ® (%, %) —
\/Li and for a < %, the sequence (%, %) is unbounded). Hence lim, gy 0,0y ¢(h, k) # 0

and so f is not differentiable at (0,0).

Question 0.59. Let f(z,y) = |zy| for all (z,y) € R? Determine all the points of R?
where f :R? — R is differentiable.

solution 0.60. Let S; = {(z,y) € R? : zy > 0} and Sy = {(z,y) € R? : zy < 0}.
Then f(x,y) = zy for all (z,y) € S1 and f(x,y) = —xy for all (z,y) € Sy. Since
fo(z,y) =y and fy(z,y) = z for all (x,y) € S1, we find that both f, : S; — R and
fy 81 = R are continuous. Hence f is differentiable at every point of Si. By a similar
arqgument, we can show that f is differentiable at every point of So. If a(# 0) € R, then
fy(,0) = lim,_,0 w = lim; g @ does not ezist (in R) and similarly f.(0,a)
does not exist (in R). Hence f is not differentiable at any point (z,y) € R?\ {(0,0)} for
which xy = 0. Again, f,(0,0) = lim;_g w =0 and

(h,k)—(0,0) Vh? + k2 (h,k)—=(0,0) \/h?2 + k2

(since |h||k| < h* + k* for all (h,k) € R?). Hence f is differentiable at (0,0). Therefore,
the set of all points of R? at which f is differentiable is {(x,y) € R? : zy # 0} U {(0,0)}.

Question 0.61. Let f(z,y) = (zy)3 for all (z,y) € R2. Determine all the points of R2
at which f : R? — R is differentiable.

solution 0.62. Let S = {(z,y) € R* : xy # 0}. Since f.(z,y) = %x_%yg and
fu(z,y) = %xgy_% for all (z,y) € S, we find that both f, : S — R and f, : S — R
are continuous. Hence f is differentiable at every point of S. If a(# 0) € R, then
f(e.)=£(0,0) 513 3
t

fy(@yo) = limy_g agttg

ilarly f.(0,c) does not exist (in R). Hence f is not differentiable at any point (x,y) €
R2\ {(0,0)} for which zy = 0. Again, f,(0,0) = lim,_g w =0, and

£,(0,0) = tim %0 = /(0.0)

t—0 t

= lim,_, = lim;_,0 % does not exist (in R) and sim-
t3

=0,

lim = —
(h,k)—(0,0) vV h?% 4+ k? (h,k)=(0,0) v/ h2 + k2

() = 0,00 = hE(0,0) = Kfy(0,0) _ [BERE
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(since |h|3|k|3 < (h® + k*)% for all (h,k) € R%). Hence f is differentiable at (0,0).
Therefore the set of all points of R? at which f is differentiable is {(x,y) € R* : zy #
0} U{(0,0)}.

Question 0.63. Let f(z,y) = |z|sin(2?+y?) for all (z,y) € R?. Determine all the points
of R? where f : R? — R is differentiable.

solution 0.64. Clearly f is differentiable at all (z,y) R? for which z £ 0. Let y, |
Then € / [
— O 3 2 2
f=(0,90) = lim f(x,90) = 1(0,90) — lim || sin(2® 4+ y5)
o v z—0 T

which ezists in R (and equals 0) iff yo = £/n7 for some n € NU{0}. Also, f,(z,y) =
2|xly cos(x? 4+ y?) for all (x,y) € R%. So f, is continuous at each point of R?. Therefore
f is differentiable at (0,yo) iff yo = £+/nm for some n € NU{0}.

Question 0.65. Determine all the points of R? where f : R? — R is differentiable, if for
all (z,y) € R?,

2?2 +y% if both 2,y € Q,
flx,y) = .
0 otherwise.

solution 0.66. Since |f(x,y)| < z* +y* = ||(x,y)||* for all (z,y) € R?, by Ex.12(a) of
Practice Problem Set - 3, f is differentiable at (0,0).

Let (wo,y0) € R\ {(0,0)}. If (wo,y0) € Q x Q, then (xo + \/75,3/0) — (20,%0) but
f(zo + ‘?,yo) — 0 # 23+ y2 = f(xo,90). Again if (zo,y0) ¢ Q X Q, then we choose
rational sequences (x,) and (y,) such that x, — xo and y, — yo. Then (x,,y,) — (2o, Yo)
but f(Tn,yn) = 22 + 42 — 23+ y2 # 0 = f(x0,v0). Hence f is not continuous at (zg,yo)
and consequently f is not differentiable at (xo, o).

Question 0.67. State TRUE or FALSE with justification: If S = {(z,y) € R? : 22 +1? <
1} and if f(z,y) = |zy| for all (z,y) € S, then f: S — R is differentiable.

. 1 ‘ ) FEO—F(%0) . m .
solution 0.68. Clearly (3,0) € S. Since lim;_,o =2——2— = lim;_,o = does not erist

(in R), f,(3,0) does not exist (in R). Hence f is not differentiable at (5,0) and so f is
not differentiable. Therefore the given statement is FALSE.

Question 0.69. State TRUE or FALSE with justification: There exists a function f :
R? — R which is differentiable only at (1,0).

-1 2 2 :
solution 0.70. For all (z,y) € R?, let f(z,y) = {(()x Sty th;?y E Q
otherwise.

Taking o = (1,0) € R?, we find that
iy AR R) = f(,0) = hfe(1,0) — kA(ALO] 0 o BT R
(hyk)—(0,0) Vh? + k2 T (hk)=(00) /A2 + k2
= lim VA2+k2

(h,k)—(0,0)
=0.
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Hence f is differentiable at (1,0).

Again let (z,y) € R*\ {(1,0)}. Then f(x,y) # 0. We can find a sequence () in
R\ Q such that z, — x. So (v,,y) — (z,y) but f(z,,y) = 0 for alln € N and so
f(zn,y) = 0# f(x,y). Hence f is not continuous at (x,y) and so f is not differentiable
at (z,y). Thus f : R* — R is differentiable only at (1,0). Therefore the given statement
1s TRUE.

Question 0.71. Let f : R? — R be differentiable at (0,0) and let lim,_,o w =1.
Find f,(0,0).
solution 0.72. Since f is differentiable at (0,0), we have lim;_,o [0 OO/ 0.)-1(00) _

V22
0 and
lim f(t7 _t) - f(t7 t) - ny(o, O)t _ O,

t—0 vV 212

s0 limy_o LS 97 (0.0) = 0. Hence

VeI
f(t,—t) = f(t,1)
t

=1

21,(0,0) = lim
and therefore f,(0,0) = %

Question 0.73. Let f : R™ — R be differentiable at 0 and let f(az) = af(x) for all
xz € R™ and for all & € R. Show that f(z + y) = f(z) + f(y) for all z,y € R™.

solution 0.74. We have f(0) = f(0-0) = 0- f(0) = 0. Since f is differentiable at 0, there

exists a € R™ such that im0 % = limyp 0 ‘f(OJrh)ﬁlﬁl(o)*a'h' =0. Ifx € R™\ {0},
then from abowve,
lim |f(tz) — ta - x| _0
[t|—0 ||| ’
which gives limy o % =0 and so
@ el
t=0  [¢][]]

and so |f(z) —a-x| =0 and hence f(z) =a- x.

Since f(0) =0 =a-0, we have f(z) = a -z for all x € R™. Now, if z,y € R™, then
faty)=a-(z+y)=a-r+a-y= f(z)+ fy)

Question 0.75. Let f : R™ — R be differentiable at 0 and f(0) = 0. Show that there
exist & > 0 and r > 0 such that |f(z)| < «||z|| for all z € R™ with ||z|| < r.

solution 0.76. Since f is differentiable at 0 and f(0) = 0, there ezists a € R™ such that

Hence there exists r > 0 such that |f(7|)w_”a'x| < 1 for all x € R™ with 0 < ||z|| < r.
Therefore if x € R™ with ||x|| < r, then |f(z) —a - x| < ||z]| and so |f(z)| < |f(x) —a-
ol +la- x| < ]| + laf| [ = aflx]|, where o =1+ [a][ > 0.
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Question 0.77. Let f : R? — R be such that f, exists (in R) at all points of Bs((zo, ¥o))
for some (xg,yo) € R? and § > 0, f is continuous at (xg, yo) and f,(z,yo) exists (in R).
Show that f is differentiable at (xg, yo).

solution 0.78. For all (h, k) € Bs((0,0)), we have f(xo+ h,yo+ k) — f(z0,v0) = f(xo+

hoyo + k) — f(zo,y0 + k) + f(xo, 40 + k) — f (20, %0)-
Now, by the mean value theorem for single real variable, we get f(xo+h, yo+k)— f(zo, yo+

k) = hf.(xo + Oh,yo + k) for some 0 € (0,1).
Again, if (k) = f(zo,yo + k) — f(x0,y0) — kfy(xo, o) for all k € R\ {0} with |k| < 6 and
€(0) =0, then
f(@o,y0 + k) — f(wo,y0) = K fy (0, y0) + ke(k)
for all k € R with |k| < 0 and e(k) — 0 as k — 0.
Now,

. J(wo+h,yo + k) — f(xo,y0) — hfa(x0,%0) — K fy(20, Y0)
lim
(h,k)—(0,0) VvV h? + k2

A ||
< J—
(hkl)linoo ( T k2|fz($o+0h,y0+k) fa(z0,90)| + R k2| e(k)|

< (oo + Oh, o + k) = fal@o,yo) | + [e(R)]) = 0.

Therefore f is differentiable at (xo,yo).

Question 0.79. Let f,g : S € R™ — R be differentiable at xo € S°. Show that
f+g:S — Ris differentiable at x¢ and V(f + g)(x0) = Vf(x0) + Vg(xo).

solution 0.80. Since f and g are differentiable at xo, V f(Xo), Vg(xo) € R™ and by
increment theorem, there exist §1,99 > 0 and functions €1 : Bs, (0) — R, g9 : Bs,(0) = R
such that

ltm £4(+) = lim 20(k) = 0 and. f(xo-+h) = F(x0)+ £ (xo)-h-+] Al|z1(k) for all b € B, (0
and
9(x0 + h) = g(x0) + Vg(x0) - h + [|hle2(h) for all h € Bs,(0).
Let 6 = min{dy,02}. Then 6 > 0 and
(f+9)(xo+h) = f(xo+h)+g(Xo+h) = (f+9)(x0)+(V f(x0)+Vg(x0))-h+||Al[[e1 (h)+e2(h)]

for all h € Bs(0), where € : Bs(0) — R is defined by e(h) = £1(h) +e2(h) for all h € Bs(0)
and so limy_,ge(h) = limy,_yge1(h) + limy,_oea(h) = 0. Therefore by increment theorem,
f + g is differentiable at xo and V(f + g)(%0) = V f(x0) + Vg(xo).

Question 0.81. Using the linearization of a suitable function at a suitable point, find an
approximate value of ((3.8)% 4 2(2.1)?)s.

solution 0.82. Let S = {(z,y) € R : 2 > 0,y > 0} and let f(z,y) = (2 + 2y*)s for
all (x,y) € S. Then fy(x,y) = 2z(2® + 2y )_% and fy(x,y) = 3y(* + 2% for all



16

(z,y) € S. Since fy, fy : S = R are continuous, f : S — R is differentiable. Hence the
linearization of f at (4,2) € S is given by

L(w,y) = f(4,2)+ L(4,2)( = 4) + [{4,2)(y = 2) =2+ 7(0 — 4) + = (y — 2)

for all (xz,y) € S. Therefore an approximate value of f(3.8,2.1) is given by
L(3.8,2.1) = 2 — 0.02 + 0.03 = 2.0L.

Question 0.83. Show that the maximum error in calculating the volume of a right
circular cylinder is approximately £8% if its radius can be measured with a maximum
error of £3% and its height can be measured with a maximum error of +2%.

solution 0.84. We know that the volume of a right circular cylinder of radius r and
height h is given by V(r,h) = 7r’h. If S = {(z,y) € R® : 2 > 0,y > 0}, then V : S - R
is differentiable (since V., V3, : S — R are continuous) and the linearization of V at any
point (19, ho) € S is given by
L(?“, h) = V(T’o, ho) + V;(T'o, hg)(?’ — 7"0) + Vh(ro, ho)(h — ho)
= V(To, ho) + 27T7’0h0(T — 7”0) —+ 7T7’(2)(h — ho)
Hence the absolute value of an approximate percentage error in 'V (r,h) at (ro, ho) is given

by Lot to) £ ] 100 < 3 and |22 x 100 < 2, we

x 100. Since it is given that

get

L(r,h) — V(ro, ho)
V (7o, ho)

Therefore the maximum error in calculating V (r, h) at any (ro, hg) € S is approzimately
+8%.

r—To

x 100 < 2 x 100 <6+2=38.

To 0

h — hg
100
9 +‘ .




