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MA15010H: Multi-variable Calculus

(Practice problem set 2: Sequential criteria for continuity and vector differentiability)
July - November, 2025

(r,y) eR?*: 0 < x <y}

f f:R™ — R is continuous, then show that
(a) {x € R™: f(z) > 0} is an open set in R™.
(b) {z € R™: f(x) > 0} and {z € R™: f(x) = 0} are closed sets in R™.

. Using Ex. 2 above, show that {(z,y, z) € R*: 2? + 22 < 3Jy|} is an open set in R* and

{(x,y,2) € R®:sin(zyz) = |xy|} is a closed set in R>.

sin(zy) . £y £ 0
. Let f:R?* — R be defined by f(z,y) = Ty HE7 S
1 if xy = 0.
Show that f is continuous.
@2 —20y+y2

. Let f:R?* — R be such that f(z,y) =e¢ 2% for all (z,y) € R* with z # y. If

r € R, then find f(x,x) such that f is continuous on RZ.

. Let f: S C R™ — RF be continuous and let g : R™ — R* be such that g(z) = f(x)

for all z € S.
(a) Show that g need not be continuous on S.
(b) If S is an open set in R™, then show that ¢ is continuous on S.

Let S) = {(z,y) e R*: (z —1)2 +y*> < 4} and Sy = {(z,y) € R? : 2® + (y — 1)* < 9}.
Does there exist a continuous function from S; onto 557 Justify.

IS ={x € R™: ||z|| < 1}, then does there exist a non-constant continuous function

f:R™ — R such that f(x) =5 for all x € S? Justify.

. Let x,y € R™ such that x # y. Find a continuous function f : R™ — R such that

flz)=1, f(y)y=0and 0 < f(z) <1 for all z € R™.

Let f: R™ — R be continuous such that lim,| f(2) = 1. Show that f is bounded
on R™.

State TRUE or FALSE with justification for each of the following statements.

(a) There exists r > 0 such that sin(zy) < cos(zy) for all z,y € [—r,r].

(b) There exists a continuous function f : R — R? such that f(cosn) = (n, <) for all
n € N.

(c) There exists a continuous function from {(z,y) € R?: 22 + y*> < 1} onto R%
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(d) There exists a one-one continuous function from {(z,y) € R? : 22 + y* < 1} onto
R2.
12. If f : R* — R? is continuous, then does there exist a sequence (,,, ¥, ) in R? such that
22 +y2 =1 and f(2,,yn) = (n, L) for all n € N? Justify.

13. Examine whether the following limits exist (in R) and find their values if they exist (in
R).
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14. Let f: R? = R be defined by f(z,y) = f“’ ?f‘(”éy’
if v =y.

Examine whether  lim  f(x,y) exists (in R).
(z,9)—(0,0)

15. Let S C R?, (xg,y0) € R?* and r > 0 be such that [B,(z¢) X B,(y0)] \ {(z0,%0)} C S.
Let lim f(x,y) exist (in R) for each y € B,(v0) \ {%o}, lim f(z,y) exist (in R) for each
T—T0 Y—Yo
x € By(x9) \ {0} and ( lim  f(z,y) =(€R.

x,y)—)(xo ayo)

Show that lim (hm f(x,y)) = lim (lim f(x,y)) = /.

T—IQ Y—Yo Y—Yo T—T0

{lim (lim f(a:,y)) and lim (lim f(w,y)) are called the iterated limits of f at (zo,vo)

T—rT0 Y—Yo Y—Yo T—T0

16. Show that lim,_,q (limyﬁo %) # lim, o (limgHO %) and hence conclude that

im ;) (0,0) x;‘—ij does not exist (in R).
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2,2

) =0 = limy o (Um0 sty ) but that

x2y2
o +y*+(z—y)?
2.2

lim g 4)—(0,0) Wy(%y)? does not exist (in R).

Show that lim,_. (limyﬁo P12+ (m—y)

xsiné if y #0,
0 if y=0.

Show that ( l)inéo ) f(z,y) = 0and lim,_,o (lim,_,¢ f(x,y)) = 0 but that lim,_,o (lim, o f(z,y))
x7y % b

is not defined.

Let f: R? = R be defined by f(z,y) =

1
Show that llm —— =
(z,9)—(0,0) 322 4+ y*

Let I be an open interval in R and let F' : I — R™ be a differentiable function such
that F'(t) - F'(t) = 0 for all ¢ € I. Show that || F(¢)|| is constant for all ¢ € I.



