MA 541 (Real Analysis)

Assignment - 2B

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) If f : R? — R is continuous and €2 is a bounded subset of R?, then f(£2) must be a bounded
subset of R.

(b) If f: R?* — R is continuous such that all the directional derivatives of f at (0,0) exist (in
R), then f must be differentiable at (0, 0).

(c) There exists a function f : R? — R? which is differentiable only at (1,0).

(d) If f: R? — R? is differentiable with f(0,0) = (1,1) and [f'(0,0)] =
cannot exist a differentiable function g : R* — R? with g(1,1) = (0,0) and (f o g)(z,y) =
(y,z) for all (z,y) € R

(e) A differentiable function f : R? — R? cannot have a differentiable inverse f~!:R?* — R? if

det[f’(x,y)] = 0 for some (z,y) € R2.
(f) It is possible to define a metric d on R? such that in (R?, d), the sequence {(+,0)} converges

} , then there

but the sequence {(, %)} does not converge.

. Let (xx) be a sequence in R™. Show that (xj) converges in R" iff for each x € R, the sequence
{(xx,x)} converges in R.

. Examine whether the following limits exist (in R) and find their values if they exist (in R).

3 3 2 /20,2 1—1
(a) lim % (b) lim 932+y () lim ’ y2 il 5
(.)—(0,0) 4 +y (2.)=(00) T2 +y (@y)=(00) 224y
@ dm P gy Loy
(z.9)0,0) 26 + y? (@)—00) (22 +y?)?

. Examine the continuity of f : R? — R at (0,0), where for all (z,y) € R?

| xy ifay >0, [ 1 ifz>0and0<y<a?
@ fen={ 7 EZD ) 5@ ={ § e

. Determine all the points of R? where f : R? — R is continuous, if for all (z,y) € R?

=L if xy itz
(a) f(sc,y)z{ o Miif (b) f(wi:{ T ilfxﬁ%\@.

. Let f : R? — R be continuous and f(z,y) = 2?4y* forallz € Q, y € R\Q. Determine f(1/2,2).

. Let a, 8 be non-negative real numbers and let f : R? — R be defined by

Pl i (y 0,0
ey ={ Yauz 0700
0 if (v,y) =(0,0).
Show that f is continuous iff o + 5 > 1.

. Let 2 be an open subset of R” and f : 2 — R™ and ¢ : 2 — R™ be continuous at xy € €.
If for each € > 0, there exist x,y € B.(x¢) such that f(x) = ¢(y), then show that f(x,) = g(xo).

. Let f:R™ — R be continuous and lim f(x) = 1. Show that f is bounded on R".
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Examine the differentiability of f at 0, where

(a) f:R™ — R satisfies |f(x)| < ||x]|3 for all x € R™.

(b) f:R?* — R is defined by f(x,y) = +/|zy| for all (z,y) € R?.

(c) f:R? = R is defined by f(x,y) = ||z| — |y|| — |z| — |y| for all (z,y) € R
) [

(d :R2—>Risdeﬁnedbyf(x,y):{ InyO+y 1£y?£8,
if y=0.

2+y if (z,y) # (0,0),

‘R2 — R is defined b =
(e)f — 1S denne foy 1fxy) (070)

0 otherwise.

Sl;;zf if (z,y) # (0,0),
i (2,4) = (0,0).

sinz + 2?sin,4?) if z #0,
(0,4?) if x =0.

(f)f:R2—>Rlsdeﬁnedbyfg;y:{ if y <a? <2y,
(g) f:R? - Ris defined by f(z,y) = {

(h) f:R?* — R? is defined by f(z,y) = {
(i) f:R™ — R" is defined by f(x) = ||x[|2x for all x € R™.

Determine all the pomts of R? where f : R? — R is differentiable, if for all (z,y) € R?,
x? + if both z,y € 3 sin if 0,
@ fa = {50 A e @ (Mﬂmw={ ) R

0 otherwise. if x =0.
Let €2 be a nonempty open subset of R” and ¢ : {2 — R"™ be continuous at xo € Q. If f: Q — R
is such that f(x) — f(x0) = (g(x),x — x¢) for all x € Q, then show that f is differentiable at
X0-

Let Q be a nonempty open subset of R™. Let f :  — R be differentiable at xo € €2, f(xq) =
and g : 2 — R be continuous at x¢. Prove that fg: Q — R, defined by (fg)(x) = f(x)g(x
for all x € (2, is differentiable at xq.

0
)

Find all v € R? for which the directional derivative f.(0,0) exists, where for all (x,y) € R?
i () # (0,0) | ify < a? <2
— 2492 1 Y V) _ Yy Y,
(a) f(z,y) { 0 if (z,y) = (0,0). (b) fz,y) 0 otherwise.

(c) flz,y) = [lz] = |yl = [=] = [y].

Prove that a differentiable function f : R™\ {0} — R™ is homogeneous of degree o € R (i.e.
f(tx) = t*f(x) for all x € R™\ {0} and for all ¢t > 0) iff f'(x)(x) = af(x) for all x € R"\ {0}.

Let f : R* — R be continuously differentiable such that f,(a,b) = f,(a,b) for all (a,b) € R?
and f(a,0) > 0 for all @ € R. Show that f(a,b) > 0 for all (a,b) € R?.

Let Q be an open subset of R™ such that a,b € Q and S = {(1 —t)a+tb:t € [0,1]} C Q.
If f:Q — R™ is differentiable at each point of S, then show that there exists a linear map
L :R™ — R™ such that f(b) — f(a) = L(b — a).

Let f: R™ — R™ be differentiable such that (f'(x)(y),y) > |ly||? for all x,y € R™. Show that
1F() = F(¥)ll2 = lIx = yll2 for all x,y € R™.
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Determine all the points of R? where f : R? — R? is locally invertible, if for all (z,y) € R?,
(a) f(x,y) = (2% + y2, zy). (b) f(x,y) = (cosx + cosy,sinz + siny).

Determine all the points of R? where f : R® — R? is locally invertible, if for all (z,y, 2) € R3,
(a) f(z,y,2) = (x+y, 2y + 2,5+ 2). (b) fz,y,2) = (x — xy, 2y — wyz, 2Y2).

Let Q = {(z,y) € R? : x > 0} and ' = R?\ {(2,0) € R? : z < 0}. Show that the function
f:Q — , defined by f(z,y) = (22 —y?, 2xy) for all (z,y) € Q, is differentiable and invertible.
Is f~1: Q) — Q differentiable? Justify.

Let f(z,y) = (3z — y*, 2z + y,zy + y*) and g(z,y) = (2ye**, ze¥) for all (z,y) € R?. Examine
whether (fog™1)(2,0) exists (with a meaningful interpretation of g=!) and find (fog~')(2,0)
if it exists.

Show that there are points (z, ¥, 2, u, v, w) € RS which satisfy the equations

v +ute’ =0,

Y’ +v+e’ =0,

Z+w+ et =0.
Prove that in a neighbourhood of such a point there exist unique differentiable solutions
u=¢1(z,y,2), v=a(z,y,2), w = @3(x,y,2). If o = (1,2, ¢3), find ¢'(z,y, 2).

Show that the system of equations
2y —u —v=0,
22+ 27 + 3u? + 4? =1,

defines (u,v) implicitly as a differentiable function of (x,y) locally around the point

(z,y,u,v) = (3,0, 1,0) but does not define (z,y) implicitly as a differentiable function of (u,v)

locally around the same point.

2?y(z—y)
Let f:R? — R be defined by f(z,y) = { = if (z,9) f 0,0),

Examine whether f,,(0,0) = f,.(0,0).
Find the 3rd order Taylor polynomial of f(z,y,z) = 2%y + z about the point (1,2,1).

Find the 4th order Taylor polynomial of g(z,y) = e*%/(1 + 2? — y) about the point (0, 0).



