MA15010H: Multi-variable Calculus

(Assignment 7 Hint/Model solutions: Line and surface integrals)
September - November, 2025

1. Find the line integral of the vector field F(z,y,z) = yi — xj + k along the path
c(t) = (cost,sint, 5=), 0 < ¢ < 27 joining (1,0,0) to (1,0,1).
Solution:

2
/F cde = / F(c(t)) - d(B)dt = 1 — 27
0
2. Evaluate [T - dR, where C' is the circle 2% + y* = 1 and T is the unit tangent vector.
c
Solution: The unit circle can be represented by C' = {R(t) : 0 <t < 27}. The unit

tangent vector 1" to C is given T'(t) = Hg%‘ Hence
2m /
R'(t
/T-dR:/ #.R’(t)dt:m
c o [[RQ@)

3. Show that the integral [ yzdz+ (xz+ 1)dy+ zydz is independent of the path C' joining
c

(1,0,0) and (2,1, 4).
Solution: Let F(x,y,2) = (yz,zz + 1,xy). Consider f(z,y,z) = xyz + y + c¢. Then
Vf(z,y,z) = (yz,xz + 1,2y) = F(x,y, z). Hence, by second FTC for line integral

/Vf-dR:f(2,1,4)—f(1,o,0).
C

That is, the given line integral is path independent. Note that one can Vf = F for
f by doing indefinite integral.
4. Use Green’s Theorem to compute [(22% —y?)dz + (2* +y*)dy where C' is the boundary

C
of the region {(z,y) : z,y > 0 and 2? + y* < 1}.
Solution: Let M(xz,y) = 22? — y* and N = 22 + y*. Then N, — M, = 2(x + y). Let
D ={(z,y) : x,y > 0 and 2% + y* < 1}.

F:rg.uv 2 /4L,

Note that C' is a simple closed and piece wise smooth curve, as shown in Figure 1.
Then by Green’s theorem

/de+Ndy://2(x+y)dxdy.
c
D



Use polar coordinates x = rcost) and y = rsinf, where 0 <r <land 0 <6 < 7.
. If C is any simple closed and smooth curve in R? which is not passing through the

point (1,0), then evaluate the integral cf* W

Solution: Let M(z,y) = — @z and N(z,y) = (mfl);gﬂryz Note that M and N are
not continuous at (0,0). Let Cy be a circle of radius r centered at (1,0) which is in the

interior of domain D enclosed by C. Please see Figure 2.
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A simple calculation shows that N, — M, = 0 on D. By Green'n theorem for multiply
connected domain,

/Mda:+Ndy— deJrNdy://(Nx—My)dxdy:O.
c
D

C1

Use the parametrization © — 1 = rcost and y = rsint, 0 <t < 27. Then
/de—i—Ndy: Mdx + Ndy = 2.
C ]

. Let D={(z,y): 2> +y* <1} If f: D — R? is a continuously differentiable function
such that [ f-dR =0 for every curve I' in D, then f constant.

r
Solution: Let P = (z,y) be an arbitrary point in D. Then there exists a smooth curve
[' connecting origin and P as shown in Figure 3.




Let ' ={R(t): a <t<s}and f=(fi,f2). Then by the given condition

/f(R(t)) -R'(t)dt = 0.

Since point P is arbitrary, the above condition holds for every choice of s < a. Hence,

f(R(t))- R'(t) = 0 for all ¢ € [a, s]. Choose R(t) = (t + x,y) then R'(s) = (1,0). This

implies f1(P) = fi(R(s)) = 0. Similarly, we can select R(t) such that R'(s) = (0,1).

Hence, fo(P) =0. Thus, f =0 on D.

. Use Stokes” Theorem to evaluate the line integral [ —y*dx + z3dy — 2*dz, where C
C

is the intersection of the cylinder 22 + y? = 1 and the plane x + y + z = 1 and the
orientation of C' corresponds to counterclockwise motion in the xy-plane.

Solution: Let S = .57 U.S,, as shown in Figure 4. Note that Sy is the surface of part
of the cylinder whereas Ss is the base of the cylinder.

£ z

Let F(x,y,2) = (—y3, 2%, —23). Then by stoke’s theorem,

fF-dR://curlF-ﬁdJ: //—l—// curl F-ndo.
c
Sa

S S1

TaXTg

Note that curl F(x,y, 2) = 3(z* + y?)k. Unit vector 7; on S; is given by 7, = T
and doy(a, 8) = |[ra X rl| dadp, where r(a, ) = (cosa,sin ) with 0 < o < 27, and
0<p<1-cosa—sina. Hence

2w l—cosa—sina
// curl F'-nydo = / / (3k) - (rq X rg)dadp.
a=0 J =0

S1



Further, unit vector n on Sy is given by ny(«, 5) = —k and dos(z,y) = daxdy. Thus,

//curlF ngda—// (2% + y*)dady,

where R is the region {(x y) :a? + y*<land z+y <1}
. Let F = ‘_13, where 17 = :m—{—yj + 2k and let S be any surface that surrounds the origin.

Prove that ff F - hdo = 4.
S

Solution: Note that F is not continuous at the origin O. Let S, be the sphere of
radius p centered at O so that S, is in the interior of the domain D enclosed by S, as
shown in Figure 5. A simple calculation show that div F = 0 on D.

< S
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By divergence theorem, we get

//ﬁ-ﬁda—//ﬁ-ﬁda://divﬁdvzo.
s S, D

The surface of S, can be represented by F(z,y,z) = 2? + y* + 22 — p?. Hence the unit
vector on S, is given by 1 = ”35” =z Note that the surface of S, can be represented by
v(0,9) = (psin ¢ cosb, psingf)sm@ pcos ¢). Hence surface element on S, will be given
by do (0, ¢) = ||vexvy|didp = p? sin pdfdep, where = psin ¢ cosf,y = psin¢sinf, z =

pcosp, 0 <0 < 2mand 0 < ¢ < 7. Thuis,

//F nda—/e /MW ” g sin dfiy — i

. Let D be the domain inside the cylinder ? + y? = 1 cut off by the planes z = 0 and
z=x+2 If F = (2% + ye*,y* + ze%, 2z + xe¥), use divergence theorem to evaluate

[[F-ndo.

Solution: Please refer to Figure 6.



By divergence theorem, we get

//F-ﬁdaz//divﬁdV= // </z:2(2x+2y+1)dz) dzdy.

oD D z2+y?2<1

Use polar coordinates z = rcosf and y = rsin6.



