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Assignment 5 (L'- spaces and Product measure)

. State TRUE or FALSE giving proper justification for each of the following statements.

a) L'(X, S, 1) has an almost non-zero function for every measure space (X, S, ).

b) L>*(X, S, 1) contain an almost non-zero function for every measure space (X, S, u).
c) If f:(X,S, 1) = R is bounded almost everywhere. Then f is measurable.

) If 1 <p<oo. Then L>(X, S, pu) C LP(X,S, 1), implies p is a finite measure.

)

(e) Let S(R) be the space of all continuous functions on R such that |z|*f(z) is bounded, for
any o € N. Then S(R) is dense L*(R).

(f) Let 1 <p <oo. If L>®(X, S, pu) C LP(X,S, ). Then p is a finite measure.

. Let (X, S, ) be a measure space and 0 < p < 1. Then for f,g € LT N LP(X,S, ) show that

1f+glle = 171+ llgllp-

Let (X, S, 1) be a measure space and 1 < p < oo. For f € LP(X,S, ) and @ > 0 show that
p
plee X |f@) = a} < (=),

.Let 1 <p<oo fe LP(R,M,m). Then show that || f(x + h) — f(x)||, = 0 as |h| — 0.

. Let (X, S,p) be a finite measure space and 1 < p < ¢ < oo. For f € LYX,S, ), show

that || f]|, < (M(X))(%_é> | fllg- Further deduce that L(X, S, ) is a proper dense subspace of
17X, S, ).

Show that the space of all simple functions is dense in L>(X, S, ).

Suppose f € L®(X,S,u) is supported on a set of finite measure. Then show that f is in
LP(X, S, p) for all p> 1 and lim ||f|l, = || f|lc-

p—00
Prove that L'(R, M, m) N LP(R, M,m) is a proper dense subspace of LP(R, M, m), whenever
1 <p<oo.

Let 1 < p,g<ooandp?!+qg?!=r"t Show that for f € LP(X,S,u) and g € LY(X, S, )
fg e LNX, S, u) and ||fgll- < I fllollgll4- (A generalized Holder’s inequality. )

Let 1 <p<qg<r<oo. Then LYX,S, u) C LP(X,S,pu)+ L"(X,S, ).

Let 1 < p < q < r < oo. Show that LP(X,S pu) N L"(X,S,u) C LYX,S,u) and
1 fllq < ||f||;>||f||,1f’\, where A € (0,1) is given by ¢ = Ap~t + (1 — \)r— L.

Let 1 <p<ooandp'+¢q =1 For f e LP(X,S,u), prove that

11, = sup {] / fgdu\ g € LU(X, S,1) and |lgl], 1}-
X

Let (X, S, u) be a o-finite measure space. Then show that ||f||.c = sup
lglli=1

Let 1 <p<ooand f e LT(X,S u)NLP(X,S, u). Define f,(z) = min{n, f(x)}. Then show
that f,, increases to f point wise a.e. and lim [ |f, — f|Pdu = 0.
n—)ooX

ffgdu‘-

X
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Let B(R?) be the o-algebra generated by Borel subsets of R? (i.e. o-algebra generated by open
subsets of R?). Show that B(R?) = B(R) ® B(R).

Let f: (X, S, ) = R be measurable. Show that Gy = {(z,y) € X xR, y = f(z)} € S®B(R).
If (X,S,u) = (R, M, m), then show that m x m(Gy) = 0.

Let(X, S, p) be a o-finite measure space. Let f: (X, S, u) — [0,00] be measurable Show that
Ay = {(,5) € X x [0,00], y < f(x)} € 5@ BR) and p x m(Ay) = [y /1

Let f(x y) =e ®sinz and D = [0,00) X [1,00). Show that fxp € Ll(]Rz,M@)M,m x m) and
fo f1 (z,y)dydx = fl fo (z,y)dzdy.

Let f(z,y) = e —2e 2% and D = [0,1] x [1,00). Show that fxp & L*(R?*, M ® M, m x m).
Let f € LY(X,S, ) and g € LYY, T,v). Define ¢(z,y) = f(2)g(y). Show that ¢ is measurable
and p € LN X XY, S@T,u x v).

Let f € L'(0,a) and define g(z) = [ Z8dm(t). Then show that g € L'(0,a) and compute
Jo 9(@)dm(z

Let X =Y =[0,1], S=T = BJ0,1] and u = v = m. Define f : [0,1] x [0,1] — R by

1 ifzeQqQ,
f@w*:{m/ﬁyeR\@

Compute fol fol (x,y)dydx and fo fo x,y)dwdy. Whether f € L'(m x m)?

Let D = {(z,y) € R?: 22 +y? < 1}. Show that D is M(R) ® M(R) - measurable. Compute
m x m(D), using product measure technique.

Let (X, S, 1) be a finite measure space and f : X — [1, 00| be a measurable function. Compute
pxm{(z,y) € X xR: y<flz)}.

Let E,F € M(R) and f : R> — R be defined by f(z,y) = xg(x)xr(z —y). Then show that f
is M(R) ® M(R) - measurable and [ fd(m x m) =m(E)m(F).
R2

Let D= {(z,y) € R*: y > z? and y < 1} . Show that D is M(R) ® M(R) - measurable. Com-

pute m x m(ID), using product measure technique.

Let P(z,y) be a polynomial on R? Show that the set Gp = {(z,y) € R?: P(z,y) =1} is
M(R) ® M(R) - measurable. Compute m x m (Gp).

Let f:R? — R be defined by f(x,y) = ﬁx[_u] (x). Then show that f is M(R) @ M(R)

- measurable. Compute [ fd(m x m).
R2



