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Assignment 4

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) Whether L'(X, S, ) has an almost non-zero function for every measure space (X, S, u)?

(b) Let f: (X,S,u) — [0,00] be such that || f||; > 0. Does there exist some n € N such that
plr € X |f(x)| <n} > 07

. Let u be the counting measure on the measurable space (N,P(N)) and let f : N — [0, +00].

Show thatffdu = > f(n) for every E C N and hence, in particular, [ fdp= > f(n).

nek N n=1
Let d, be the Dirac measure at © € X on the measurable space (X, P(X)). If f: X — [0, +o0]

| flx) fzeFE,
andECX,thenshowthatgfdéx—{ 0 ifrdE
(Hence, in particular, [ fdé, = f(z).)
X

Let u, be a sequence of measures on (X,S). For E € S, define u(E) = > u(E). If f €
n=1

L*T(X,S, i), then prove that ffd,u— Z [ fdpn.

n=1Xx

. Let f : R — R be given by [ = \/_EX(OJ)' Let g(z) = > 27" f(x —ry,), then show that the

rn€Q
function g belongs to L'(R, M, m).
Let f, = X[ Construct an increasing sequence {g, } of measurable functions on (R, M, m, )
n+l’n
in terms of f, such that lim [ g,dm < cc.

n—oo R

L if # = % for some k,n € N with g.c.d.(k,n) =1,
0 otherwise.

Evaluate the Lebesgue integral [ fdm.

(0,1]

Let f,g: (X, S,n) — [0,+00] be measurable. If \(E) = [ fdu for all E € S, then show that
B

A is a measure on (X, S) and that [ gd\ = fgf du. Does \(E) = 0 imply p(E) = 07?
X

For each x € [0,1], let f(x) =

x? if:v—Qn for some n € N,
For each x € [0,1], let f(x) =< 23 if 2z = = for some n € N,

4 otherwise.
Evaluate the Lebesgue integral [ fdm.

[0,1]
sin(rz) if z € [0,3]\ C,
Let f(z) = cos(mz) ifz e (5,1]\C,
2

x itz e C’ .
Evaluate the Lebesgue integral [ fdm, where C' denotes the Cantor ternary set in [0, 1].
(0,1]
Evaluate the Lebesgue integrals: (a) [ e~# dm(z) f <= dm(x
[0,4-00) © 1]
el if x € Q,

Let f(#) =9 o=kl ifz e R\ Q.
Evaluate the Lebesgue integral [ fdm.
R
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1 ifo<z <1
— v =5
Let /(@) { Loifr >,
Evaluate the Lebesgue integral [ fdm.
(0,+00)
1 oo
. . . 1+nzx m_
Evaluate the following: (a) 11_)120 f 1+:r2" dx (b) Jim [0{} aay do of ;1 =
® © L nlre=*
(d) Jim f e 4o (e) nzoof ey do - (f) lim {O 2t a2 x2
Let f : (X,S, 1) — R be measurable. Define a set function v : § — R by v/( = [, fdp,

whenever E € S. Show that v(X) is finite if f € L'(X, S, u). Does the converse true7

For f € LT N LYR, M, m), define g(z) = > f(2"z + ). Show that g € L'(R, M, m) and
n=1

[ gdm = [ fdm.

R R

Let f, : X — [0,00] be a sequence of measurable functions and f,, — f point wise. Suppose
there exists M > 0 such that sup [, f, < M. Show that f € L'(X, S, u).
n>1

Let f € L'(X, S, 1). Then show that for each € > 0 there exists § > 0 and set £ € S such that
[ |fldu < €, whenever p(E) < 4.
E

Let f € L'(X, S, 1) be arbitrary and let E, = {z € X : |f(z)] > n}. If 0 < p < 1, then show
that lim n? u(E,) = 0.
n—oo
Let f € L*(R, M,m) be such that [ f =0, for any open interval I C R, then show that f = 0.
T

Let u(R) < oo and f,, € LY(R, M, 1) be such that f,, — f uniformly. Show that f € L*(X, S, u)
and [ f =lim [ f,.
X X

Let f, : X — [0,00] be a decreasing sequence of measurable functions and f,, — f point wise.
If fi € L'(X, S, ). Then show that [ f =lim [ f,.
X X

Let f,,g : X — R be measurable functions such that f, < g, Vn € Nand g € L'(X, S, ).
Show that limsup [ f, < [limsup f,.
X X

Let f, : X — [0,00] be a sequence of measurable functions and f,, — f point wise such that
[ f=1lim [ f, < cc. Show that [ f =lim [ f,, for any E € S.
X X E E

Let f,9, fn,gn € LY(X, S, ) be such that |f,| < gn, fn — f and g, — g point wise. Show that
[ g =1lim [ g, implies [ f =lim [ f,.
X X X

X
Let f,, f € L'(X, S, u) be such that f, — f point wise. Prove that lim [ |f, — f| = 0 if and
X

only if [|f| =1lim [ |f,].
X X

f: X —[0,00] be a measurable function. Show that f is integrable on (X, S, ) if and only if
Soo2nu{r e X 2" < f(x) < 2"} < oo

n=—oo

Let u(X) < oo and f : X — [0, 00] be a measurable function. Show that f € L'(X, S, u) if and
only if > p{zr € X : f(z) > n} < 0.
n=0



