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Assignment 3

. Let C.(R) be the class of all compactly supported continuous functions on R. Does

the linear functional given by T'(f) = [ f(t)dt is continuous?

Let f be a linear functional on a normed linear space X. Then f is bounded if and
only if ker f is closed.

Let X* be the dual space of a normed linear space X. For x € X, show that
]| = sup{[f(z)| : f € X" and [[f] = 1}.

Let 1 <p < oo and 1—17+ % = 1. For f € LP(R), prove that

£l = sup {\ [ f@gtads

€ I(R) aud gl = 1}

Define a family of linear functionals f, : ¢,(N) — C by f.(x) = %22:1 xj. Show
that lim f,(z) =0 but || f,| = 1.
n—oo

Let {e1,es...,e,} be a linearly independent set in an infinite dimentional normed
linear space X. For (ay,as,...,a,) € C", prove that there exists f € X* such that
f(ej) =aj, for j=1,2,...,n.

. Let g, € L?[0, 1] be defined by

gn(t):{ vnoo if0<t<1/n,

0 if1/n<t<1.

Show that ||g,|l2 = 1 and g,, converges weakly to 0.

. For a 2m-periodic function f € L?*[—m, 7|, define a sequence (¢,,) of linear functionals

by
1" .
= — t)e "™dt.
enlf) = 5= | 1t0e
Show that [|¢,]| =1 and ¢, (f) — 0.

Let X = ¢,. Show that X* = [! and X** = [*. For z = (z,,) € X, prove that
x — Y. x, is weakly continuous but not weak® continuous.

Let M be a proper subspace of a normed linear subspace X. Suppose x, € M and
inf,enr [[2o —m|| = 0 > 0. Then there exist f € X* such that ||f]| =1, f(x,) =9
and f(x) =0, Vo € M. Does such f exist uniquely?
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Let X and Y be two Banach spaces and T,,, T € B(X,Y) such that T,, — T weakly.
Then sup ||T,,|| < oo.

1

Let X = (C[0,1], | - ||oc) - Defineamap T : X — Cby T'(f) = [tf(t)dt, forall f €
0

X. Find a vector f, € X such that T'(f,) = ||T|.

Let X and Y be two Banach spaces and T': X — Y such that foT € X* for each
f € Y* Then T is continuous.

Let X and Y be two normed linear spaces and 7" € B(X,Y"). Define the linear map
T*:Y* = X* by T*(f) = foT, for all f € Y™*. Show that

(a) ker T* = (ImT))™

(b) T is bijective then T™ is bijective.
Let X and Y be two Banach spaces and S : X — Y and T : Y* — X* are linear

maps such that foS =T(f), for all f € Y*. Then show that S continuous. (Hint:
use close graph theorem).

Let X and Y be two Banach spaces and T" € B(X,Y) such that range R(T) is
closed. Prove that R(T™) = (ker T')*, where M+ = {f € X*: f(x) =0, Vo € M},
for M C X.

Let X be a reflexive Banach space and f € X*. Show that there exists z, € B(0, 1)
such that f(z,) = || f|-

Let K be a closed bounded convex subset of a reflexive Banach space X. Prove that
K is weakly compact.

Suppose M is a subspace of a Banach space X. Then M~ is weak® closed subspace
of X*.



