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. Let f:1]0,2) — R be defined by f(x) = {

MA211(M): Real Analysis

(Assignment 3: Measure and Integration)
July - November, 2022

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) There exists an unbounded subset A of R such that m*(A4) = 5.

(b) There exists an open subset A of R such that [1,3] C A and m(A) =

(¢) There exists an open subset A of R such that m(A4) < 1 but AN (a,b
with a < .

(d) If A and B are open subsets of R such that A C B, then it is necessary that m(A) < m(B).

(e) A subset E of R is Lebesgue measurable iff m*(AU B) = m*(A) + m*(B) for each A C E
and for each B C R\ E.

(f) If f: R — R is continuous a.e. on R, then there must exist a continuous function g : R — R
such that f = g a.e. on R.

(g) If g : R — R is continuous and if f : R — R is such that f = g a.e. on R, then f must be
continuous a.e. on R.

(h) If f:R — R and g : R — R are continuous such that f = g a.e. on R, then it is necessary

that f(z) = g(z) for all z € R.

S— =

# () for all a,b € R

x? ifto<z <1,
3—x fl<zx<?
Find m*(A), where A = f~1((Z%,3)) = {z €[0,2) : f(x) € (1%, %)}

16° 4

Let B C A C R such that m*(B) = 0. Show that m*(A \ B) = m*(A).

. Let A C R such that m*(A) > 0. Show that there exists B C A such that B is bounded and

m*(B) > 0.

. If A C R, then show that m*(A) = inf{m(G) : A C G, G is an open set in R}.

Let E = {x € [0,1] : The decimal representation of z does not contain the digit 5}. Show
that m(E) = 0.

Let A, C R for n =1,2,... such that > m*(4,) < oc.
n=1
If E={x €R:xz e A, for infinitely many n}, then show that m(£) = 0.

If G is a nonempty open subset of R, then show that m(G) > 0.

Show that a subset E of R is Lebesgue measurable iff m*(I) = m*(INE)+m*(I \ E) for every
bounded open interval I of R.

Let AC E C B C R such that A, B are Lebesgue measurable and
m(A) = m(B) < co. Show that E is Lebesgue measurable.

More generally, let A C B C R such that A is Lebesgue measurable and
m*(B) = m(A) < co. Show that B is Lebesgue measurable.

Let A, B C R such that m*(A) = 0 and AUB is Lebesgue measurable. Show that B is Lebesgue
measurable.
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Let A, B C R such that A is Lebesgue measurable and m*(AAB) = 0. Show that B is Lebesgue
measurable.

Let A C R such that AN B is Lebesgue measurable for every bounded subset B of R. Show
that A is Lebesgue measurable.

If F is a Lebesgue measurable subset of R and if z € R, then show that F + x is Lebesgue
measurable.

Let A be a countable subset of R and let B C R such that m*(B) = 0. Show that m*(A+B) = 0.

If £ and F' are Lebesgue measurable subsets of R, then show that
m(EUF)+m(ENF)=m(E)+ m(F).

More generally, let E be a Lebesgue measurable subset of R and let A C R. Show that
m*(ENA)+m*(EUA) =m*(E)+ m*(A).

Let I and J be disjoint open intervals in R and let A C I, B C J. Show that m* (AU B) =
m*(A) + m*(B).

Let A C [0,1] be Lebesgue measurable with m(A) = 1. If B C [0,1], then show that
m*(AN B) =m*(B).

Let E; C (0,1) (i = 1,...,n) be Lebesgue measurable sets such that > m(F;) > n — 1. Show
i=1
that m(N, E;) > 0.

If A C R, then show that there exists a Lebesgue measurable subset E of R such that
m*(A) = m(E).

Let A C R such that m*(A) > 0. Show that there exist z,y € A such that x —y € R\ Q.

Let A and B be Lebesgue measurable subsets of (0,1) such that m(A4) > % and m(B) >

1
2 2"
Prove that there exist a € A and b € B such that a +b = 1.

Let A be an unbounded Lebesgue measurable subset of R such that m(A) < oco. Show that
for each € > 0, there exists a bounded Lebesgue measurable set B in R such that B C A and
m(A\ B) < e.

Show that the Borel o-algebra on R is generated by the class {(—o0,z] : x € Q}.

Let A C R such that m*(A) = 0. Show that m*({2? : z € A}) = 0.

Forn e N, let A= |J [n,n+ —57] . Show that m(A) < oo and m(A?) = oo, where A? = {z? :
n=1
r e A}

Let A, B C R such that AU B is Lebesgue measurable and m(AU B) = m*(A) + m*(B) < c©.
Show that both A and B are Lebesgue measurable.
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Let E be a Lebesgue measurable subset of R. Show that f : ' — R is Lebesgue measurable if
and only if {x € E': f(x) > r} is Lebesgue measurable for each r € Q.

Let E be a Lebesgue measurable subset of R and let f : E — R be a Lebesgue measurable

function. For each x € F, let g(z) = { f(ox) i iJfCEgi § g’

Show that g : F — R is Lebesgue measurable.

Let E be a Lebesgue measurable subset of R and let f : E — R be a Lebesgue measurable
0 if f(z) € Q,

1 if f(x) e R\ Q.

Show that g : E — R is Lebesgue measurable.

function. For each x € F, let g(z) = {

Let E be a Lebesgue measurable subset of R and let f : E — R be a Lebesgue measurable

—2if f(z) < —2,
function. For each x € F, let g(z) =< f(x) if =2 < f(z) <3,
3 if f(z) > 3.

Show that g : E — R is Lebesgue measurable.

Let E be a Lebesgue measurable subset of R and let f : £ — R be a Lebesgue measurable
function. If g : R — R is continuous, then show that g o f is Lebesgue measurable.

Does there exist a continuous function f : R — R such that f = xpp 1) a.e. on R? Justify.

Let E be a Lebesgue measurable subset of R and let f : E — R, g : E — R be Lebesgue
measurable functions. If G is an open subset of R? then show that {z € E : (f(z),g(z)) € G}
is a Lebesgue measurable subset of R.

Let f : R — [0,00] be such that m*{z € R : f(z) > 2"} < 5=, whenever n € N. Show that
{z € R: f(z) = 0o} is Lebesgue measurable.

Let f : [a,b] — R be a differentiable function. Show that f’: [a,b] — R is Lebesgue measurable.

Let ¢ : (R, M, m) — [0,00] be a Lebesgue measurable simple function. Define a set function

v:M — [0,00] by v(E) = [ wdm. Show that v(|J E,) = > v(E,), whenever E,, is a sequence
E n=1 n=1
of pairwise disjoint sets in M.

if z = for some m,n € N with g.c.d.(m,n) =1,
otherwise.

Evaluate the Lebesgue integral [ f.
[07

For each z € [0,1], let f(x) = { g

2 if x = 5 for some n € N,
if:v::%nforsomeneN,
2% otherwise.

Evaluate the Lebesgue integral [ f.
[0,1]

1
1
T
T

For each = € [0,1], let f(x) =
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sin(rz) if x € [0,1]\ C,
Let f(z) = cos(mz) ifz € (5,1]\C,
x? if x e C.
(C denotes the Cantor set.) Evaluate the Lebesgue integral [ f.
[0,1]
Evaluate the Lebesgue integral [ e[ dx.
[0,00)
el if x € Q,
Let f(x) = { 6_[95] if © ER\Q.
Evaluate the Lebesgue integral [ f.
(0,00)
lz|  if Q
e mr e,
Let f(l') - { el if 1 ER\Q.

Evaluate the Lebesgue integral [ f.
R

Evaluate the Lebesgue integral [ %/LE dx.
(0,1]
1 ifo<z <1
= \/5 ! -7
Let /() { 1of g > 1

Evaluate the Lebesgue integral [ f.
(0,00)

8

Evaluate the following:
2
. Z.2'rL
(@) Jim, ] v do

(b) lim [ A2 dx

(I4a)"
n—00 0,1]




