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Assignment 1 (Measurable Sets-I)

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) There exists a bounded set A C R such that m*(A) =0 but m(A) = 1.
(b) The set E = |J (z + Q) \ Q is Lebesgue measurable.

) zeR
(¢) There exists an unbounded subset A of R such that m*(A) = 5.
(d) There exists an open subset A of R such that [,3] C A and m*(4) = 1.
(e) There exists an open subset A of R such that m*(A) < £ but AN (a,b) # 0 for all a,b € R
with a < 0.

(f) If A and B are open subsets of R such that A C B, then it is necessary that m*(A) < m*(B).

. Examine whether A is a o-algebra of subsets of R, where

(a) A={ACR:m*(A)=0o0or m*(R\ A) =0}.
(b) A={ACR:m*(A) < +o0 or m*(R\ A) < +00}.
(c) A={ACR:Aor R\ Ais an open subset of R}.

Let X be an uncountable set. Show that the class {{z} : x € X} generates the o-algebra
{A C X : Ais countable or X \ A is countable}.

Let S be a class of subsets of a nonempty set X and let A C X. Show that o(SNA) = o(S)NA,
where for each class C of subsets of X, CNA={CNA:CeC}.

. Let X, Y be nonempty sets and let f: X — Y. If § is a class of subsets of Y, then show that

a(f71S)) = f~1(a(8)), where for each class C of subsets of Y, f~1(C) = {f~}(C): C € C}.

If S is a class of subsets of a nonempty set X and if A € ¢(S), then show that there exists a
countable subclass Sy of S such that A € o(Sy).

Prove that every infinite o-algebra on an infinite set is uncountable.

Let (X, S, i) be a o— finite measure space. Show that for each F € S with pu(F) = oo, there
exists a set F' C E such that 0 < p(F) < oco.

Show that B(R) is generated by each of the following classes.

(a) {(a,+00): a € R} (b) {(=00,a] : a € Q}

(c) {[a,b) : a,b € Q,a < b} (d) {A CR: Ais compact}

Let E be a Borel subset of R and let € R. Show that  + £ is a Borel subset of R.

0 if A is countable,

Consider the outer measure p* on R, where for each A C R, p*(A) = { 1 if A is uncountable

Determine all the p*-measurable subsets of R.
If S = {0,[1,2]} and if u(@) = 0, u([1,2]) = 1, then determine the outer measure p* on R

induced by the set function p : § — [0, +00).
Also, determine all the p*-measurable subsets of R.

Let (X, .A) be a measurable space and let p : A — [0, +00] be finitely additive with u(0) = 0.
Show that p is a measure on A if either of the following conditions is satisfied.
(a) For every increasing sequence {A,}22, of sets in A, lim p(A4,) = pu(U An).
n—oo n=1
(b) For every decreasing sequence {A,}°°, of sets in A with () A4, =0, lim u(A4,)=0.
1 n—oo
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Let ©* be an outer measure on a nonempty set X. Show that a subset E of X is p*-measurable
iff for each € > 0, there exists a p*-measurable set F' such that F' C E and p*(E'\ F) < e.

2 o< <
Letf;[0,2)—>Rbedeﬁnedbyf($):{33135 ﬁj(l)ziz;’

Find m*(A), where A = f71((%,2)) ={z €[0,2) : f(z) € (3, I)}.
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Let B C A C R such that m*(B) = 0. Show that m*(A\ B) = m*(A).

Let A C R such that m*(A) > 0. Show that there exists B C A such that B is bounded and
m*(B) > 0.

If G is a nonempty open subset of R, then show that m*(G) > 0.

Let A be a countable subset of R and let B C R such that m*(B) = 0. Show that m*(A+B) = 0.
Prove or disprove: A subset E of R is Lebesgue measurable iff m*(A U B) = m*(A) + m*(B)
for each A C E and for each B C R\ E.

Let A, C R for n =1,2,... such that > m*(A4,) < occ.
n=1

If E={x € R: 2z e A, for infinitely many n}, then show that m(£) = 0.

Show that a subset E of R is Lebesgue measurable iff m*(I) = m*(INE)+m*(I\ E) for every
bounded open interval I of R.

Let A C E C B C R such that A, B are Lebesgue measurable and m(A) = m(B) < co. Show
that F is Lebesgue measurable.

More generally, let A C B C R such that A is Lebesgue measurable and m*(B) = m(A4) < co.
Show that B is Lebesgue measurable.

Let A, B C R such that m*(A) = 0 and AUB is Lebesgue measurable. Show that B is Lebesgue
measurable.

Let A, B C R such that A is Lebesgue measurable and m*(AAB) = 0. Show that B is Lebesgue
measurable.

Let A C R such that AN B is Lebesgue measurable for every bounded subset B of R. Show
that A is Lebesgue measurable.

Let E C M(R) and let A C R. Show that m*(ENA) +m*(EFUA) =m*(E) + m*(A).

Let I and J be disjoint open intervals in R and let A C I, B C J. Show that m* (AU B) =
m*(A) + m*(B).

If A C R such that m*(A) = 0, then show that m*({z? : z € A}) = 0. Further, if A C (0,1),
then show that m*(A?) < 2m*(A).

Suppose E C [0,1] and m*(E) = 0. Show that E? = {z? : x € F'} is Lebesgue measurable.



