10.

11.

Assignment 1

. Let X = C[0, 1] be the space all the continuous functions on interval [0, 1]. Prove

that norms || . || and || . ||; on X are not equivalent.

Let C'[0,1] denote the space of all continuously differentiable functions on [0, 1].
For f € C'[0,1], define || f|| = || flloc + || [lcc- Show that space (C*[0,1], ] . ) is a

Banach space.

1

. Does space (C[0,1],] . ||), where || f]| = (fol If1?+ fol |f/|2>§ a Banach space?

Let f € C'0,1]). Write [|f|| = ||.f'[l2 + | f]lco- Whether (C*[0,1],]| . ||) is a Banach
space?

Let f € C0,1]. Does || f|| = min (||f||2, || f]|ec) defines a norm on C*[0,1]?

Let X = {f € C*0,1]: f(0) =0}. Then || f|| = ||f']| is a norm on C*[0, 1]. Whether
(X, || . ||) is a Banach space ?

Let (V, || . ||) be a normed linear space and X is the space of all the continuous
functions from [0, 1] to V' with || f||cc = sup,¢jo1) |/ (#)[|. Prove that (X, || . |l») is a
Banach space.

Let X be the class of all continuous functions f : R — C such that for each € > 0,
there exists a compact set K C R such that |f(x)| < e, for all x € R\ K. Show that
(X, || - o) is a Banach space.

Let 1 < p < oo. Let X, be a class of all the Riemann integrable functions on [0, 1].

1
Prove that || f||, = <f01 |f|p> " < 0. Prove that (X, | . ||,) is a normed linear space
but not complete.

Let 1 < p < oo. Let LP[0,1] = {f : [0,1] — C, f is Lebesgue measurable } with
1
Ifll, = (fol ]f\p>p < oo. show that LP[0, 1] is proper dense subspace of L'[0,1],

whenever 1 < p < oo.

Let 1 <p < oo. Let LP(C) = {f : C — C, f is Lebesgue measurable } with || f]|, =

(Jo |f|p)% < 00. Let C.(C) be the class of all compactly supported functions on C.
Prove that C.(C) is proper dense subspace of LP(C), whenever 1 < p < co. Whether
C.(C) is a dense subspace of L>(C)?
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Let (z,) be a sequence in a normed linear space X which converges to a non-zero

vector 2 € X. Show that
xl + “ e +xn
— >

nOé

if and only if a = 1. If the sequence z,, — 0, prove that

ml_’_..._'_l'n

— 0, for all « > 1.
n()é

Prove that [*°(N) = {z = (21, 22,...) : ||z]l~ = sup|z;|} is a Banach space but not
J
separable.

Let M be a subspace of a normed linear space X. Then show that M is closed if
and only if {y € M : ||ly|| < 1} is closed in X.

Let D = {2z € C: |z < 1}. Let X be the class of all functions f which are analytic
on D and continuous on D. Define || f|| = sup{|f(e")|: 0 <t < 27}. Prove that
(X, || . ||s) is a Banach space.

A normed linear space X is finite dimensional if and only if any ball B,.(x) in X is
compact.

Show that unit ball {z € I['(N): ||z||; < 1} is not compact in [*(N), without using
the statement of Q16.

Show that unit ball {z € {*(N) : ||z|l« < 1} is not compact (*°(N), without using
the statement of Q16.

Let M be a closed subspace of a normed linear space X. Prove that projection
m: X — X/M defined by 7(z) = Z is a continuous map.

Let X be a normed linear space. Prove that norm of any x € X, can be expressed
as ||z]| = inf {Ja| : a € C\ {0} with ||z| < |a|}.

Let M be a closed subspace of a normed linear space X. Then show that X is
separable if and only if M and X /M both are separable.

Does there exist a separable Banach space which has no Schauder basis ?

Let X be a separable Banach space. Prove that there exists a closed subspace M
of ['(N) such that X is isomorphic to [}(N)/M.



