10.

11.

12.

13.

14.

. Let f:]0,2) — R be defined by f(z) = {

Assignment 0

. State TRUE or FALSE giving proper justification for each of the following statements.

(a) There exists an unbounded subset A of R such that m*(A) = 5.

(b) There exists an open subset A of R such that [1,3] C A and m(A) =

(¢) There exists an open subset A of R such that m(A4) < 1 but AN (a,b
with a < .

(d) If A and B are open subsets of R such that A C B, then it is necessary that m(A) < m(B).

(e) If f: R — Ris continuous a.e. on R, then there must exist a continuous function g : R — R
such that f = g a.e. on R.

(f) If g : R — R is continuous and if f : R — R is such that f = g a.e. on R, then f must be

continuous a.e. on R.

S— =

# () for all a,b € R

x? ifo<z<1,
3—x ifl<z<2
Find m*(4), where 4 = /(%) = {z €[0.2) : /(a) € (8.3}

Let B C A C R such that m*(B) = 0. Show that m*(A\ B) = m*(A).

Let A C R such that m*(A) > 0. Show that there exists B C A such that B is bounded and
m*(B) > 0.

. If A C R, then show that m*(A) = inf{m(G) : A C G, G is an open set in R}.

Let E = {z € [0,1] : The decimal representation of x does not contain the digit 5}. Show
that m(E) = 0.

If G is a nonempty open subset of R, then show that m(G) > 0.

Show that a subset E of R is Lebesgue measurable iff m*(I) = m*(INE)+m*(I \ E) for every
bounded open interval I of R.

Let A, B C R such that m*(A) = 0 and AUB is Lebesgue measurable. Show that B is Lebesgue
measurable.

Let A, B C R such that A is Lebesgue measurable and m*(AAB) = 0. Show that B is Lebesgue
measurable.

Let A C R such that AN B is Lebesgue measurable for every bounded subset B of R. Show
that A is Lebesgue measurable.

If F is a Lebesgue measurable subset of R and if z € R, then show that F + x is Lebesgue
measurable.

Let A be a countable subset of R and let B C R such that m*(B) = 0. Show that m*(A+B) = 0.

Let I and J be disjoint open intervals in R and let A C I, B C J. Show that m* (AU B) =
m*(A) + m*(B).
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Let A C [0,1] be Lebesgue measurable with m(A) = 1. If B C [0,1], then show that
m*(AN B) =m*(B).

Let E; C (0,1) (i = 1,...,n) be Lebesgue measurable sets such that > m(FE;) > n — 1. Show
i=1

that m(N_, E;) > 0.

If A C R, then show that there exists a Lebesgue measurable subset E of R such that
m*(A) = m(E).

Let A C R such that m*(A) > 0. Show that there exist z,y € A such that x —y € R\ Q.
Show that the Borel o-algebra on R is generated by the class {(—o0,z] : x € Q}.

Let £ C Rand let o € R. If aFE = {az : € E}, then show that m*(aF) = |a|/m*(E). Also,
show that if E is Lebesgue measurable, then aF' is Lebesgue measurable.

Let A C R such that m*(A) = 0. Show that m*({z%: z € A}) = 0.

Let A, B C R such that AU B is Lebesgue measurable and m(AU B) = m*(A) + m*(B) < oc.
Show that both A and B are Lebesgue measurable.

If A C R, then show that x4 is a Lebesgue measurable function iff A is a Lebesgue measurable
set.

Let E be a Lebesgue measurable subset of R. Show that f : E — R is Lebesgue measurable iff
{z € E: f(x) > r} is Lebesgue measurable for each r € Q.

Let E be a Lebesgue measurable subset of R and let f : E — R be a Lebesgue measurable
. _ ) ) it |f(z)] <5,

function. For each x € F, let g(z) = { 0 it |f(z)|> 5.

Show that g : E — R is Lebesgue measurable.

Let E be a Lebesgue measurable subset of R and let f : £ — R be a Lebesgue measurable

function. For each z € E, let g(z) = { (1) i ;Eg E ]%\ Q

Show that ¢ : E — R is Lebesgue measurable.

Let E be a Lebesgue measurable subset of R and let f : E — R be a Lebesgue measurable
function. If g : R — R is continuous, then show that g o f is Lebesgue measurable.

Does there exist a continuous function f : R — R such that f = xo,1) a.e. on R? Justify.
Let f : [a,b] — R be a differentiable function. Show that f’: [a,b] — R is Lebesgue measurable.

If £ is a Lebesgue measurable subset of R with m(FE) < 400 and if f(z) = m(E N (—oo, z])
for all z € R, then show that f : R — R is continuous.
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Let E be a Lebesgue measurable subset of R with m(F) < oo. Define f : R — R by

f(x) =m{E N (—oc0,z%)}. Show that f is differentiable at 0 and f/(0) = 0.

L if # =™ for some m,n € N with g.c.d.(m,n) =1,
For each z € [0,1], let f(x) = 0 otherwise.
Evaluate the Lebesgue integral [ f
[0,1]
x? if x = == for some n € N,

2n

For each z € [0,1], let f(z) = ¢ 2® if x = 5 for some n € N,
4

x* otherwise.
Evaluate the Lebesgue integral [ f.
[0,1]
sin(rz) if x € [0,1]\ C,
Let f(z) = cos(m:) if v e (3,1\C,
if z € C’ :

(C' denotes the Cantor set.) Evaluate the Lebesgue integral [ f.
[0,1]

l\’)

Evaluate the Lebesgue integral [ e~ dz.
[0,00)
el if x € Q,
Let f(z) = { e’ if r e R\ Q.
Evaluate the Lebesgue integral [ f.
(0,00)
el if x € Q,
Let f(z) = el if r e R\ Q.
Evaluate the Lebesgue integral [ f.
R

Evaluate the Lebesgue integral [ i%f dx

(0,1]
- ifo<a<1
L = Vv -
et f(x) { % it x > 1.
Evaluate the Lebesgue integral [ f.

(0,00)

Evaluate the following:
2
. $2n
(2) Jin, ], v
(b) lim [ A2 dx

n—>oo[0’1} (14z)m
1 oo

(c) [ (Zl o) dx
0 n



