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Continuous functions

Continuous functions

Task: Analyze continuity of the functions:

Casel: f:ACR" =R
Casell: f:ACR—=R"
Caselll: f: ACR" — R™

Question: What does it mean to say that f is continuous?
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Example: Consider f : R2 — R given by

_ | =7 if(xy) #(0,0),
f(x’y)'_{ 0 if (x,y) = (0,0).

Then

e R — R, x+— f(x,y) is continuous for each fixed y
e R — R, y— f(x,y) is continuous for each fixed x

Is £ continuous at (0,0)7
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Continuity of f : R" — R

Definition 1: Let f : R” — R and a € R". Then
e f continuous at a if for any € > 0 there is 6 > 0 such that

Ix —al| <0 = |f(x) — f(a)|] <e.

e f is continuous on R" if f is continuous at each x € R".

Example: Consider f : R? — R given by £(0,0) := 0 and
f(x,y) = xy/(x*>+ y?) for (x,y) # (0,0). Then f is NOT
continuous at (0, 0).

Moral: Let f : R?> — R. Then continuity of x — f(x,y) and
y — f(x,y) do not guarantee continuity of f.
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Example: Consider f : R? — R given by

xsin(1 sin(1/x) if x 0,
f(X,y)::{ (/Y)‘(i)‘y (1/x) ifxiio,

Then f is continuous at (0,0). But

e x — f(x,y) is NOT continuous at 0 for y # 0
o y > f(x,y) is NOT continuous at 0 for x # 0

Remark: Let f : R? — R. Then continuity of f at (a, b) does
NOT imply continuity of t — f(t,y) and s — f(x,s) at a and
b, respectively, for each (x, y).
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Let S :={(x,y,z) € R®: x* + y? + z2 = 1}. Define
f:S—Rbyf(x,y,z) :=x—y+z Is f continuous?

Definition 2: Let f : ACR” — R and a € A. Then
 f continuous at a if for any € > 0 there is § > 0 such that

x€Aand ||x —a|| < d = |f(x) — f(a)| <e.
e f is continuous on A if f is continuous at each x € A.
Example: Let A:=SU{(0,0,0)}. Consider f : A — R given

by £(0,0,0) :=1 and f(x,y,z) :=x+y+ z for (x,y,z) €S.
Then f is continuous on A.
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Sequential characterization

Theorem: Let f : AC R” — R and a € A. Then the following
are equivalent:

e f is continuous at a
o If (xx) C A and x,x — a then f(x,) — f(a).

Proof:

Examples: Examine continuity of f : R> — R given by

1. f(x,y) =sin(xy). 2. f(x,y):=e’t”
2

3. £(0,0) := 0 and f(x,y) == X4X+yy2 for (x,y) # (0,0).
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Continuous functions

Sum, product and composition

Theorem: Let f,g: A C R” — R be continuous at a € A.
Then

o f+g:A— R x+— f(x)+ g(x) is continuous at a,
o f-g:A— R, x— f(x)g(x) is continuous at a,
o If h: R — R is continuous at g(a) then

hog:A— R,x+— h(g(x)) is continuous at a.

Proof: Use sequential characterization.
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Examples: Examine continuity of f : R> — R given by

1. f(x,y) = e“sin(x?y) + &9 + /x2 + y2,

2. £(0,0) := 0 and f(x,y) = \/% for (x,y) # (0,0),
X2 +y
3. £(0,0) := 0 and f(x,y) = w for (x,y) # (0,0).
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Continuity of f : R” — R
Definition 3: Let f : ACR” — R" and a € A. Then
e f continuous at a if for any € > 0 there is § > 0 such that

x € Aand ||x —al| < 6 = ||f(x) — f(a)]| < .

e f is continuous on A if f is continuous at each x € A.

Examples: Examine continuity of f : R” — R™ given by
1. f(x) := (sin(x), cos(x), x)
2. F(x,y) = (e¥sin(y), y cos(x), x> + y)

sin(x —y) 2
3. f = (X))
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Componentwise continuity characterization

Let f: ACR" — R™. Then

f(x) = (A(x), -, fn(x))
where f; : A — R.

Theorem: Let f : AC R” — R™ be given by

F(x) = ((x), -+ fn(x))-

Then f is continuous at a € A <= f; is continuous at a for
i=1,2,...,m.

Proof: Use [fi(x)| < [If(x)[| and [[F(x)[ < >_iZ; [fi(x)].
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Continuous functions

Sum, product and composition

Theorem: Let f,g: A C R” — R™ be continuous at a € A.
Then

o f+g: A= R" x+— f(x)+ g(x) is continuous at a,
o« foeg:A— R x— (f(x), g(x)) is continuous at a,
o If h: R™ — RP is continuous at g(a) then

hog:A— RP x+— h(g(x)) is continuous at a.

Proof: Use sequential characterization.
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Uniform continuity of f : R” — R

Definition: Let f : A C R” — R. Then f is uniformly
continuous on A if for any € > 0 there is § > 0 such that

x,y € Aand ||x —y|| <0 = |f(x) — f(y)| <e.

Example: The function f : R” — R given by f(x) := [|x]| is
uniformly continuous. What about g(x) := ||x||??

Fact:

(xk) € A Cauchy + f uniformly cont. = (f(xx)) Cauchy.
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Sequential characterization

Theorem: Let f : A C R” — R. Then the following are
equivalent:

e f is uniformly continuous on A.

o If (xx) C A and (yx) C A such that ||x, — yk|| — 0 then
£ (%) = Fyi)| = 0.

Proof:

Examples:
1. f:R? > R, (x,y) — x>+ y? is NOT uniformly
continuous.

2. f£:(0,1) x (0,1) = R, (x,y) — 1/(x + y) is NOT
uniformly continuous.
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Lipschitz continuity: f : R” — R™

Definition: Let f : AC R"” — R™. Then f is Lipschitz
continuous on A if there is M > 0 such that

x,y € A= [[f(x) = f(y)ll < M[x—yl.
Lipschitz continuity = Uniform Continuity => Continuity

Examples:
1. f:R" — R,x — ||x|| is Lipschitz continuous.

2. f:[0,1] = R, x — +/x is uniformly continuous but NOT
Lipschitz.

3. f:(0,1) - R,x — 1/x is continuous but NOT uniformly
continuous.

*k% End * k%
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