Lecture 14:
Multiple integrals and change of variables

Rafikul Alam
Department of Mathematics
T Guwahati

Rafikul Alam IITG: MA-102 (2013)



Multiple integrals and change of variables

Riemann sum for Triple integral

Consider the rectangular cube V := [ay, b1] X [a2, bo] X [a3, bs3]
and a bounded function f : V — R.

Let P be a partition of V' into sub-cubes Vi and ¢ € Vij
fori=1:m,j=1:n k=1:p. Also let

AV := Volume( Vi) = Ax;Ay;Az and p(P) := m.,?(XAVijk-
ij

Consider the Riemann sum

m n

p
5(P7 f) = Z f cuk A\//'/k

i=1 j=1 k=1
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Multiple integrals and change of variables

Triple integral

If lim,,(py—0 S(P, f) exists then f is said to be Riemann
integrable and the (triple) integral of f over V is given by

ey e

Theorem: Let f : V — R is continuous. Then
o f is Riemann integrable over V.

e Fubini's theorem holds, i.e, the iterated integrals exist and
are equal to [[f, fdV.
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Multiple integrals and change of variables

Example

Evaluate [[[,, xyz>dV where V =[0,1] x [—1,2] x [0, 3].

By Fubini's theorem,

///Vde:/o3</_2l</01xdx)ydy>z2dz:¥
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Multiple integrals and change of variables

Triple integrals over general domains

Let D C R3 be bounded and f : D — R be a bounded
function. Then f is said to be integrable over D if for some
rectangular cube V' containing D the function

_ | flxyy,2) if(x,y,2) €D
Fx,y,2) = { 0 otherwise

is Riemann integrable over V. Then

///D F(x,y,2)dV = ///V Fx,y,2)dV
Volume(D) := / / /D dv.

and
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Multiple integrals and change of variables

Type-l domain:
A domain V C R3 is Type-l if

V={(x,y,z) : (x,y) € D and ui(x,y) <z < w(x,y)}

for some D C R? and continuous functions u; : D — R.

If f:V — R be continuous and D is a special domain
(e.g., Type-l, Type-ll, Type-lll) then

/// (. y,2)dV = // </UU2(Xy Xy,z)dz>dxdy,

1(x,y)

Similar results hold for Type-Il and Type-lll domains.
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Multiple integrals and change of variables

Z

Z =, Iix,y)n‘_‘_‘q\_

z=u (xy) = 5

Figure: Type-lI domain
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Multiple integrals and change of variables

x=u1|:y,z) s

I=i.|'3|{_:l?,2')

Figure: Type-ll domain
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Multiple integrals and change of variables

_).-'=u2[:r,z

Figure: Type-lll domain
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Multiple integrals and change of variables

Example:
Evaluate [[[,, 2xdV where V is the region bounded by the
planes x =0,y =0,z=0and 2x + 3y + z = 6.

Note that V is Type-I:
0<z<6-2x—3yand(x,y) €D,
where D is special domain given by
3
O§x§3and0§y§—§x+2.

Thus

/ / /V 2xdV = / /D ( /O T )2y

3 p—3x42
= / / (6 — 2x — 3y)2xdxdy = 9.
o Jo
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Multiple integrals and change of variables

Change of variable

Let T :R? — R? be C* given by T(u,v) = (x(u,v),y(u,v)).
Then the Jacobian matrix J(u, v) of T is given by

J(u, v) = {X“ X }

Yu W
Define the Jacobian of T by

Nx,y) _ _
v~ XuYy — XyYu = det J(u, v).

Polar coordinates: Define T(r,8) := (rcosf,rsinf). Then

cosf) —rsind
sin@ rcosf

-
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Multiple integrals and change of variables

Change of variable for double integrals

Suppose T is injective and J(u, v) is nonsingular. Let D C R?
and G := T(D). Suppose that f is integrable on G. Then

dudv

dA = dxdy = ‘ggi;

and
//G f(x,y)dxdy://D F(x(u, v), y(u, v))’gg’;x;

Polar coordinates:

// f(x,y)dxdy = // f(rcos@,rsinf)rdrdf.
G D

dudv.
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Multiple integrals and change of variables

Example

Evaluate [[[.v/x2 + z2dV where G is the region bounded by
the paraboloid y = x?> +z? and y = 4.

We have

///G flx.y, 2)dV = //D (/X;Zz dy) f(x,y, z)dxdy,

where D = {(x,z) : x> + 22 < 4}.
Setting x = rcosf and z = rsinf for (r,0) € [0,2] x [0, 27],

2T 2
/// f(x,y,z)dV = / / r(4 — r*)rdrdf = @
G o Jo 5
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Multiple integrals and change of variables

Change of variable for multiple integrals

Let D C R" be open and bounded. Let T : D — R” be such
that T is C!, injective and the Jacobian J(u) is nonsingular
for ue D.

Let G := T(D) and f : G — R be integrable over G. Then

a(Xla o 7Xn)

3(u1,--- 7un) U1 !

dxq - - dx, =

and

/Gf(x)dxl--~dx,, - /Df(x(u))‘m
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Multiple integrals and change of variables

Cylindrical coordinates

Consider T(r,0,z) = (rcosf,rsinf,z). Then

cosf@ —rsinf 0
=|sinf rcosf® 0 |=r.
0 0 1

Thus dV = rdrd0dz and

/// f(x,y,z)dV = /// f(rcos@,rsinf,z)rdrdfdz.
G D
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Multiple integrals and change of variables

Example

Evaluate [[[.+/x?+ y2dV, where G is the region bounded

by x>+ y*>=1,z=4and z=1— x* — y°.

Consider cylindrical coordinates
D:={(r,0,z):(r,0) €[0,1] x [0,27], 1 — r2 < z < 4}.

Then

1 27 4
/// f(X,y,Z)dVI/ / </ dz> rrdrd@:lz_ﬂ—.
G o Jo 1-r2 5
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Multiple integrals and change of variables

Spherical coordinates

Consider T(r,0,¢) = (rsin¢cosb, rsinpcos, rcos ¢).
Then
singcost) —rsingsinf rcos¢pcosh

g(xvgvz) = | singsinf rsingcosf rcospsinf
(r7 7¢) COS¢ 0 —rsingb
= —r’sing.

Thus dV = r?sin ¢pdrdfd¢ and

J[[ ey mav -

/// f(rsin¢cos@, rsin@sin b, rcos ¢)r sin ¢pdrdfda.
D
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Multiple integrals and change of variables

=z

(xy.z)=(0.8.9)

Figure: Spherical coordinate system
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Multiple integrals and change of variables

Example

23/2

Evaluate [[f. e T2 dV | where
G:={(x,y,z): x>+ y?+ 22 <1}

Using spherical coordinates we have

//Df(x,y,z)dV = / /%/ e r?sin pdrdfd¢

= = e—1
37T

Xk k End Xk %k
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