PH101: Tutorial 12 QM DKG

1 The relation for total energy (E) and momentum (p) for a relativistic particle
is E2 = c2p? + m?c*, where m is the rest mass and c is the velocity of light.
Using the relativistic relations E = fw and p = hk, where w is the angular
frequency and k is the wave number, show that the product of group velocity
(vg) and the phase velocity (vp) is equal to c2, that is Vplg = c?

1 2.2
Given ¥ (x) = (%)_“ exp (—"‘2" ), calculate Var x

30F Y(x) = rszz calculate the normalization constant N.
4 The state of a free particle is described by the following wave function
Y(x)=0forx < —3a
=cfor —3a<x<a

=0forx >a

(a) Determine c using the normalization condition
(b) Find the probability of finding the particle in the interval [0, a]
5 In the above problem,
(a) Compute < x > and o>
(b) Calculate the momentum probability density.
6 Assuming that the radial wave function
U(r)=ry(r) = Cexp(—kr)
is valid for the deuteron from r = 0 to r = 00 find the normalization
constant C.
Hence if kK = 0.232 fm™"' find the probability that the neutron — proton separa-

tion in the deuteron exceeds 2 fm. Find also the average distance of interaction
for this wave function.
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1) m2ct\ 2
= — = 2k2 + — /k
26 E2 = p? + m2c* Yp =7 (C 72 )
hw* = *h’k* + m?c* v = d_w = ke | 2k? + m2ct\ "2
., mict\"? fodk h?
0):(Ck+ h2> .'.vag:C2

w
)

o
v(x) = (Jt/oz)_'/4 exp (_7 xz)

-

2 2

Varx =< x“>—<x >

The expectation value

o0
<x>:/ Y'xyYdx =0
—00

because ¥ and also ¥* are even functions while x is an odd function. There-
fore the integrand is an odd function

—1/2 [
<x’>= (z) / x2 exp(—azxz)dx

o —00
Pute?x? =y; dx =/ a0/y
o0
<x?>= (nas)_l/zf y/2e™ dy
0
But [;° y2e™>dy =T'(3/2) = /7 /2

Varx =< x> >= (4 )

3.3 Normalization condition is
o0
f Y |Pdx =1
—00
o0
N? f (x?+a*>)dx =1
—00

Put x = a tanf; dx = sec?6 d6

2N2 /2
( ) / cos> 0dO = N*r/2a’ = 1
0

o’

1/2
Therefore N = (E)

b/ 4
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3.10 (a) The normalization condition requires
o0 a
/ |y [*dx =/ lc[*dx = 1 = 4alc|?
—00 —3a
Therefore ¢ = 1/24/a
() [3 [¥)Pdx = [ 2 dx =1/4

3.11 (a) The expectation values are

o0 a dx
<x>:/ w*xwdx:/ X— =—a
—00

3¢ 4a

o0 a
<x? >=/ v¥x? y dx :/ (1/4a) x*dx = (Z)a2
—00 —3a 3

7 4
xol=<x?> — <x>’= (;) a* — (—a)* = §a2

(b) Momentum probability density is |(p(p)|2

o0

o(p) = (27rh)_1/2/ dx ¢ (x)e~Px/h

—00

a
= (27th)_1/2/ dxce™Px/h
3a

. 12 _ip;a 3ipa
() [
P 2
2ipa —2ipa
. 1/2
R
P b4

1.

ipa

() )2 m ()
={—)|=— ) e sin|—
p 2 h

Therefore I<p(p)|2 - 2nap’ sin (%)

(§S]
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321 u=Ce*

00 24 2[00 2kr _ & _
Jo luldr=c* [T e =5 =1
C =2k
The probability that the neutron — proton separation in the deuteron exceeds
Ris

o0 o0
P:/|Wm:u/e%w»
R R

_ e—2kR — e—(2x0.232x2) ~ 0.4

Average distance of interaction
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