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1. [5 Marks] Calculate the coe�cients of transmission and re�ection at x = 0 for the step
potential given by

V (x) =

{
0 x < 0
V0 x > 0

assuming 0 < E < V0, where E is the energy of the incoming beam of particle (mass m)
travelling in positive x direction.

Solution:

Let α2 = 2mE/~ and β2 = 2m(V0 − E)/~. For x < 0,

ψ(x) =

{
A exp (iαx) +B exp (−iαx) x < 0
C exp (βx) +D exp (−βx) x > 0

Now since ψ must not diverge as x → ∞, C = 0. Since ψ and ψ′ must be continuous at
x = 0,

A+B = D

iα(A−B) = −βD

This gives us

D =
2αA
α+ iβ

B =
(α− iβ)
(α+ iβ)

A

Thus the re�ection coe�cient

R =
∣∣∣∣BA
∣∣∣∣2 = 1

and hence T = 0. Alternatively, outgoing �ux

Jout(x) =
~

2mi

(
ψ
d

dx
ψ∗ − ψ∗ d

dx
ψ

)
= 0 x > 0

Hence, T = Jout/Jin = 0.

2. [5 Marks] The normalized wave function of a particle (mass m), moving in the harmonic
potential of natural angular frequency ω, at an instant is given by

ψ(x) =
(
α√
π

) 1
2

exp
(
i
p0x

~
− α2x2

2

)
where α =

√
mω/~ and p0 is a positive constant. Find the average energy of the particle.

Solution:

First 〈
x2
〉

=
(
α√
π

) ˆ ∞
−∞

x2 exp
(
−α2x2

)
dx

=
(
α√
π

) √
π

2α3
=

1
2α2

=
~

2mω



Now, P̂ψ(x) =
(
p0 + i~α2x

)
ψ(x). Then〈

P̂ 2
〉

=
〈
P̂ψ, P̂ψ

〉
=

〈
ψ,
(
p0 − i~α2x

) (
p0 + i~α2x

)
ψ
〉

=
〈
ψ,
(
p2
0 + ~2α4x2

)
ψ
〉

= p2
0 +

1
2

~2α2 = p2
0 +

1
2

~mω

Thus,

〈E〉 =
1

2m

〈
P̂ 2
〉

+
1
2
mω2

〈
x2
〉

=
p2
0

2m
+

1
2

~ω.

Useful Information: ˆ ∞
−∞

x2 exp
(
−a2x2

)
dx =

√
π

2a3


