










� Problem 5:

� Given

Up(x, s) =
(−s)p

(1− s)p+1 exp
[
−x s

1− s

]
=
∞∑
q=p

Lpq(x)
q!

sq

� Given

φnlm(r, θ, φ) = N Rnl(r)Ylm(θ, φ)

where Rnl(r) = Nnle
−ρ/2ρlL2l+1

n+l (ρ). Since Ylm is already normalized.,

〈φnlm, φnlm〉 = N2
nl

ˆ ∞
0

L2l+1
n′+l(ρ)L2l+1

n+l (ρ)e−ρρ2lr2dr

= N2
nl

(
2Z
na0

)−3 ˆ ∞
0

L2l+1
n′+l(ρ)L2l+1

n+l (ρ)e−ρρ2lρ2dρ

� To �nd the normalization constant, consider (sorry, i have used x in place of ρ below)

ˆ ∞
0

U2l+1(x, s)U2l+1(x, t)e−xx2lx2dx =
∞∑

q′,q=2l+1

1
q′!

1
q!
sq

′
tq
ˆ ∞

0

L2l+1
q′ (x)L2l+1

q (x)e−xx2lx2dx

=
∞∑

n′,n=l+1

1
(n′ + l)!

1
(n+ l)!

sn
′+ltn+l

ˆ ∞
0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2lx2dx

� Consider the lhs: let p = 2l + 1.
ˆ ∞

0

U2l+1(x, s)U2l+1(x, t)e−xx2lx2dx

=
(st)p

[(1− s) (1− t)]p+1

ˆ ∞
0

exp
[
−x (1− st)

(1− s) (1− t)

]
xp+1dx

=
(st)p (1− s) (1− t)

[(1− st)]p+2

ˆ ∞
0

exp [−y] yp+1dy

= (st)p (1− s) (1− t)
∞∑
q=0

(p+ 1 + q)!
(p+ 1)!q!

(st)q (p+ 1)!

=
∞∑
q=0

(p+ 1 + q)!
q!

(st)q+p +
∞∑
q=0

(p+ 1 + q)!
q!

(st)q+p+1 − (s+ t) (· · ·)

=
∞∑

n=l+1

(n+ l + 1)!
(n− l − 1)!

(st)n+l +
∞∑

n=l+2

(n+ l)!
(n− l − 2)!

(st)n+l − (s+ t) (· · ·)

=
(2l + 2)!

1
(st)2l+1 +

∞∑
n=l+2

(n+ l)!
(n− l − 1)!

[2n] (st)n+l − (s+ t) (· · ·)

Now comparing the coe�cients of (st)n+l we get,

1
[(n+ l)!]2

ˆ ∞
0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2lx2dx =
(n+ l)!

(n− l − 1)!
[2n]

ˆ ∞
0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2lx2dx =
2n [(n+ l)!]3

(n− l − 1)!

Thus

Nln =

{(
2Z
na0

)−3 (n− l − 1)!
2n [(n+ l)!]3

}1/2
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� Now,

ˆ ∞
0

U2l+1(x, s)U2l+1(x, t)e−xx2l+1x2dx =
∞∑

q′,q=2l+1

1
q′!

1
q!
sq

′
tq
ˆ ∞

0

L2l+1
q′ (x)L2l+1

q (x)e−xx2l+1x2dx

=
∞∑

n′,n=l+1

1
(n′ + l)!

1
(n+ l)!

sn
′+ltn+l

ˆ ∞
0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2l+1x2dx

� Consider the lhs: let p = 2l + 1.
ˆ ∞

0

U2l+1(x, s)U2l+1(x, t)e−xx2l+1x2dx

=
(st)p

[(1− s) (1− t)]p+1

ˆ ∞
0

exp
[
−x (1− st)

(1− s) (1− t)

]
xp+2dx

=
(st)p (1− s)2 (1− t)2

[(1− st)]p+3

ˆ ∞
0

exp [−y] yp+2dy

= (st)p (1− s)2 (1− t)2
∞∑
q=0

(p+ 2 + q)!
(p+ 2)!q!

(st)q (p+ 2)!

=
∞∑
q=0

(p+ 2 + q)!
q!

(st)q+p + 4
∞∑
q=0

(p+ 2 + q)!
q!

(st)q+p+1
∞∑
q=0

(p+ 2 + q)!
q!

(st)q+p+2 + (· · ·)

=
∞∑

n=l+1

(n+ l + 2)!
(n− l − 1)!

(st)n+l + 4
∞∑

n=l+2

(n+ l + 1)!
(n− l − 2)!

(st)n+l +
∞∑

n=l+2

(n+ l)!
(n− l − 3)!

(st)n+l + (· · ·)

= (· · ·) +
∞∑

n=l+3

(n+ l)!
(n− l − 1)!

(
2n2
) [

3− l(l + 1)
n2

]
(st)n+l + (· · ·)

Now comparing the coe�cients of (st)n+l we get,

1
[(n+ l)!]2

ˆ ∞
0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2l+1x2dx =
(n+ l)!

(n− l − 1)!
(
2n2
) [

3− l(l + 1)
n2

]
ˆ ∞

0

L2l+1
n′+l(x)L2l+1

n+l (x)e−xx2l+1x2dx =
2n2 [(n+ l)!]3

(n− l − 1)!

[
3− l(l + 1)

n2

]
� Thus average value of r is

〈r〉nlm = 〈φnlm, rφnlm〉 = N2
nl

ˆ ∞
0

L2l+1
n′+l(ρ)L2l+1

n+l (ρ)e−ρρ2lr3dr

= N2
nl

(
2Z
na0

)−4 ˆ ∞
0

L2l+1
n′+l(ρ)L2l+1

n+l (ρ)e−ρρ2l+1ρ2dρ

=
n2a0

z

[
3
2
− l(l + 1)

2n2

]
� Problem 6

� Energy En = −13.6/n2.

� Statistical Probability of �nding the particle in nth level

Pn = g(En)e−En/kT

where g(En) is degeneracy of nth level.

� Thus

P2/P1 = 4 exp
[
−E2 − E1

kT

]
which at room temperature will be 4e−408 ≈ 0.
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� Problem 7

� Given

Ψ =
(
α√
π

)3/2

exp
[
−α

2r2

2

]
and

φ100 =
1√
π

(
1
a

)3/2

exp
(
− r
a

)
� The required probability

= |〈φ100,Ψ〉|2

=
ˆ ∞

0

4πr2drφ100(r)Ψ(r)

=
1

π5/4(aα)7/2

{
−4aα

√
π + 2π

√
2
(
e

1
2a2α2 − 1

)}
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