FDTD: An Introduction

e PML could be analyzed in stretched coordinate systems

* Source-free Maxwell’s equations
X E = _ja)ﬂﬁ;vstretched 3 ﬁ v JQ)EE,
5 (EE) X O;Vstretched v, (’UH) . 0’
PRy LR LS e LR S i

stretched s y Tz

s ke e

stretched

stretched

® Using this new definition of del operator, we can find

components for the two Maxwell’s curl equations
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FDTD: An Introduction

For example

® x-component of first Maxwell’s curl equation is

1 6H_ 1 OH,
S, oy s, 0Oz
® In time domain, multiplication becomes convolution

Ny AR it 4
Tl T S B =F1£L],SZ=FIEL]

= Joek

SNy, w30z GIF i3 S S

y z

® * means convolution, that’s why convolutional PML,

supposedly the best PML

FDTD by Rakhesh Singh Kshctrimayum 3/4/2021




FDTD: An Introduction

® Note
i 1 “ a_+ joe
e o ok +josk +o
X k _|_ 3 Sepl -9 J X X

X

a + jos

® which can be expressed as
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X

— el Al ileix, v,z
s k B'B k i&+ﬂw&+qj e

l l

R | a[ 1

FDTD by Rakhesh Singh Kshetrimayum

3/4/2021




FDTD: An Introduction

® Therefore, inverse FT of inverse of scale factor s,

F A e
i S, k. k\ ak+jock +o

( 4 )

20 ol {202 ) -2
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FDTD: An Introduction

® Hence, / /
| 0H, 1 OH, oH OH, OE

K oy ko +Q&QZ_QZ@* o B

e Define a new W function for the 3™ and 4% convolution terms in the

above equation

‘P’Z;W/:Qw(t)* 88[{"’;{: nAtLE € (Ex,Ey,EZ),w,k = (x,y,z);j ZwW#k
v et W4
* Notation for ¥/,

J
° Subscript of W reveals that this function appears in the update
of Ej
° Subscript w shows that spatial derivative is with respect to w

® Superscript n is the time running index
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FDTD: An Introduction

\

‘PZJW :Qw(t)*%;tznAt,Ej E(Ex,Ey,EZ),w,ke(x,y,z);j;t w#k

ow

® Note that in this integration

nAt oH At —
v Jar 5

® The integrand is zero for T<O since 0O, (Z') =0,7<0

¢ and T=0 is lower limit of integration

e Also the upper limit on the integration T =nAt can be

observed from
Hk(nAt—T) =O;nAt—T<O:Hk(nAt—r)=O;nAt<r

® Second function and integrand is zero for nAt<rt
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FDTD: An Introduction

* In FDTD, H, varies in discrete time

1, jAt£t<(j+1)At
OH max OH A |
akvft) 5 JZZO: ka(v:j I)Pj (f)}pj (t) -0, otherwise
5Hk (nAt - z')
To find =7

Note that H, (nAt -7 ) is basically tlipping and shifting

Hence o fixt
nAt — Z') = Z D. (Z')
£ f.p
j=0
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FDTD: An Introduction
OH (nAt—71) »n (o
= Hk(éwt ):Zégvkv PJ(T)

J=o

At time step n f
nAt 5l aHn—
=1 o) 2~ (e)dr

Interchangmg the summation and integration

—“@H"'"f;cz (), (e}

J=0

Pulse function is equal to 1 for the interval jA7<¢< ( Jj+ I)At

) 8]—[’” (j+1)Ar
EW—Z ,[ Q ( )
r=jAt
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FDTD: An Introduction

Since Q,, is an exponential function, we can easily tind it’s

integration as

r={ j+1)At r=(j+1)At i i
j Q. ( ) J Eexp{ (g’ +ki;]t]dr=Cw(bw

T=jAt T=jAt

® where

o O o
bW:exp[—L?JrE]At];CW:G 3 +(k )2a (bw—l)
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FDTD: An Introduction

e Now g - Zal 8H]?_] (bw)j

® Separating j=0 and j=1,... n-1 terms, we have,

Y = +
= ow JZ:‘ ow

* Putting j=1+1
é%k[Wl o éhE{n —[-1

[=0
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FDTD: An Introduction

© Taking out b as a common factor in the second term

oOH™" (n-D-1 5 (=D ]
v, 2en 5 2 )

[=0

® Observe that the term in second bracket in the above

\I;n |
eXPr65510n 1S exactly

* Hence, the update equatlon for

n

n 1
\IJE].W
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® Discretization of CPML

0E. 1 0H. 1 OH OH oH
c W Ve y+Q (t)* Z_Qz(t)* 11
Gl S e S R R I Oz
n+l n
E —F
*li+1/2,j .k *i+1/2,j .k
n+l/2 n+l/2 n+l1/2 n+l/2
& H Z
o E 2,42,k 2 o 2k e Bl B2 & JEBT/00 7 a2
kyAy k Az
n+l1/2 n+l1/2
+ A et
B i1y, k EZ o) ik
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FDTD: An Introduction

s and n n—l1 8]—[1?
LPE.W :bwLPE.w 2 Cw
J ; ow
H n+1/2 n+1/2
n+l1/2 n-1/2 . : o L T :
o i+1/2,j+1/2 k i+1/2,j-1/2.k
LIJE,y. . _byqu,y. . +Cy
X Ni+/2,5 .k Y8 a5 /2, e Ay
n+1/2 n+1/2
H —
n+1/2 I’l—l/z y 4 X y ] 3
A i+1/2,j,k+1/2 i+1/2,j,k—1/2
LPE,Z, ; _quJE,Z, . +CZ
¥ li+11@ Gk = Il 245 % AZ
® where R 2%
b =exp| —| —~+—L |At |;C = - (b —1)
{y e ke o 2 L
i ok -I—(k ) a
wow w w
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FDTD: Advances

¢ Unconditional stable FDTD
® Time step and space step can be chosen independently
® For example, Crank Nicolson (CN) FDTD
® Time step size can be chosen beyond CFL limit

e CNFDTD

® Time and space derivatives are discretized by centered

differences

® Fields affected by the curl operators are averaged in

time
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SR LﬁHZ oH | OH /2%y L@Ey_aEz\
QI e M 10y S o Ot  Mu \ Oz 0Oy )
OE, 1 (oH, oH. OH, 1 (9E, OE,)
Ot e\ bz  ox ot _,Uo,Ur\ ox oz y
OE, _ 1 (OH, oH, oH, 1 (0E, O,
ot & \ Ox Oy ) Ot :,uo,ur Oy o 3

® Can convert these Maxwell’s equations into matrix equation

as

%—[tJ:AU+BU:(A+B)U
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® where

S

0

1 0

| 4Oy
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FDTD: Advances

® and 0

@ FDTD by Rakhesh Singh Kshctrimayum

0

0 0
0 0
SRR L
g Oy
R i
M Oy
0 0
0 0

0

3/4/2021




FDTD: Advances

® Time and space derivatives are discretized by centered

differences

® Fields affected by the curl operators are averaged in

time 3
a—lj:AU+BU:(A+B)U
n+l n n+l K
G U :(A+B)U +U
At 2
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FDTD: Advances

® Rearranging,

AU U = (At A+ﬂ13j(U"+1 +U”)
2 2

® Combining terms,

=2% DR S oiy Ve =y e U’
2 2 2 2

S [1-2A Yy o[ 1+ 2 A Al |
2 2 2 2

'.'(liazl)(liazz)=1ialiazialcz2
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FDTD: Advances

So adding ArABL st sides ORthe above equation, we
have, 4

2
(1—£A—£B+At AB)U”“

2 2 4

2. 2
:(I+%A+%B+ L ABJU” +AI:‘B

:(I—ﬂA)(I—ﬂBjUM
% 2
2
1+ 24 142 lur + AB(U”“—U”)
2 2 4
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FDTD: Advances

® Approximate implementation

* Alternating direction implicit (ADI-FDTD) method

° |t drops the last term in the equation

(1—£AJ(I—£BJUM
2 2

9,
N I+£Aj(l+£B)U”+AZ Al Ty
> > 4
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FDTD: Advances

e And split it into two steps
* Step 1:

® Step 2:

(:I___féif_lgijljﬁi+l £ (:
2
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FDTD: Advances

* In ADI-FDTD, computational overhead is smaller
® Because of omission of the last term,
® the ADI-FDTD method leads to truncation error
e which is a function of A times the space derivatives
of the fields -
® Hence imposing a limit on At

* ADI-FDTD improves the computational efficiency at the cost

of accuracy
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" EDTD: Advances

* Alternating direction implicit (ADI) FDTD

* Two-step scheme in time

® First half time step (First procedure)
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3/4/2021




FDTD: Advances

® 3 equations for 2-D TM? are as follows

OF. _l(éHy _6Hx]

el ox oy
oH, __1(0E,
ot H\ Oy
o8, T
G5 s\ 0%
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FDTD: Advances

* First procedure: QE_Z i (GHy o ]
EZ ;.1+.1/2 :EZ'_Q_ Ol e O oy
i,] g
At n+1/2 n+1/2 At = :
e U A - Bl MY A
Tl e n o SR ) Sy g A NS e 2
° Implicit:

e How do you calculate?

FDTD by Rakhesh Singh Kshctrimayum 3/4/2021
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e We can use 3™ equation

OH, _ (8E j
ot ox

n+1/2 n+l/2

n+1/2 )

SRR

T 2ILle (

I
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FDTD: Advances

® Substituting equation (3) in equation (1), we have,

n+1/2 n
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FDTD: Advances

L Rearranging

n+1/2 n+1/2 n+l1/2
alEzi_l,j +IBIEZ,"]- +7/1Ezi+1,j
At n At
e (H 2 )— (B = HLL )
) 28Ax YV0i+1/2, ) Y1i-1/2,j 25Ay i,j+1/2 1, 7—1/2
® where
At At At At
o =- b=l =y =- )
2 1uAx 2eAx 2 1uAx 2eMx
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FDTD: Advances

® |n matrix form
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FDTD: Advances

® Second procedure: B 1 (GHy i aHx]
El=E[" 2 e
l,] "yl
At n+1/2 n+1/2 At b <
A e T T
Tl R o AR ) S g A NS e 2
° Implicit:

e How do you calculate?
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e Use the 2nd equation

oH, __1(E,
ot u\ oy

n+1/2 At ( P

i,j+1/2

n+l

Ik o [ T A X
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® Substituting equation (2) in equation (1), we have,

n+l n+1/2 At n+1/2 n+1/2
E. LTy E, 6] 3 (Hy i4+1/2,j _Hy i-1/2 )
2ENAx -] >J
At nl/2 At ] bl n41/2 At n+l pr
A A el O et S PR e R
28Ay l>J+ 2lLlAy l:.]+ l,] l,j— 2lLlAy l,] l,j—
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L Rearranging

n+l n+l n+l
aZEZi’j_l_I_IBZEZi,j +7/2Ezi’j+1
% ;.a+.1/2 At ( I /2 I n+1/2 )_ At ( o ;.1+.1/2 3 ;.1+.1/2 )
olis 7 2 8Ay LA DA A2 2eAx gl % Ao g
® where
Tt At At =T L ey At At
2 2uAx 2eAx’? 2 2 uAx 2eAx’
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® |n matrix form
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FDTD: Advances

e How do you find the inverse of a tridiagonal matrix?

® Consider a tridiagonal matrix such as

e

e First make it Upper triangular and do back substitution
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e Conversion from Tridiagonal matrix to Upper triangular

matrix

o Multiply first equation by A,,/A,, and subtract it from second

equation
1411 1412 O O bl
A b

0 A _A211412 A 0 5 b 2|

2 23 )
4 4
O A32 1 A33 b3 :

0 0 A b

43 44 4

%

e

S

AN
VT
I

AN
Ra

* Continue the process, we will get an upper triangular matrix
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* Upper triangular matrix looks like this

A, 4, 00
() 1422 1423 ()
0 0 4, 4,
0z = 1 0B RE0 A

® Consider the last equation

b

e
x4_ 'A33x3

44

+A34x4 =b3 =X, =
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