Virtual Work

Elastic Potential Energy (V,)
Consider a linear and elastic spring
compressed by a force F 2 F = kx

K = spring constant or stiffness of the spring

Work done on the spring by F during a
movement dx: dU = F dx

Elastic potential energy of the spring for
compression x = total work done on the spring

i - Uncompressed length H

i - ) e (i
V, LFdx L kx dx (Ve = §]ng .

- Potential Energy of the spring = area of the
triangle in the diagram of F versus x from 0O to x
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oU=-Wiéh

Virtual Work h o

Gravitational Potential Energy (V) LI

Treatment of Gravitational force till now:

For an upward displacement 6h of the body, — Datum plane Ve=0—r
work done by the weight (W=mg) is:oU = —-mgosh

For downward displacement (with h measured +h alternative

positive downward): oU = mgoh
V,=-Wh

Alternatively, work done by gravity can be expressed

in terms of a change in potential energy of the body. W

The Gravitational Potential Energy of a body is defined as the work done on the
body by a force equal and opposite to the weight in bringing the body to the
position under consideration from some arbitrary datum plane where the potential
energy is defined to be zero. 2V, is negative of the work done by the weight.

V,=0ath=0
— at height h above the datum plane, V, of the body = mgh
— If the body is at distance h below the datum plane, V of the body = -mgh

Virtual change in the gravitational potential energy: 6V, =+ mgédh
oh is the upward virtual displacement of the mass centre of the body

If mass centre has downward virtual displacement > 6V, = —mgéh
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Virtual Work :: Energy Equation

Work done by the linear spring on the body to which the spring is
attached (during displacement of the spring) is the negative of the
change in the elastic potential energy of the spring.

Work done by the gravitational force or weight is the negative of the
change in gravitational potential energy

Virtual Work egn to a system with springs and with changes in the
vertical position of its members - replace the work on springs and the
work by weights by negative of the respective potential energy
changes

Total Virtual Work oU = work done by all active forces (6U’) other than
spring forces and weight forces + the work done by the spring forces and
weight forces, i.e., -(6V, + 0V)

[SU' =BV ioVo)i= Oj or GU' = SVj

V =V, +V, = Total Potential Energy of the system
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Virtual Work :: Energy Equation

Stability of Equilibrium

Consider a system where movement is accompanied by

changes in gravitational and elastic potential energy: =S
If work done by all active forces other than spring forces

and weight forces is zero > sU’= 0 (No work is done on .
the system by the non-potential forces) 4

E (S(Ve i} Vg) = 0] U [SV = Oj m = 10 kg

—>Equilibrium configuration of a mechanical system is one for which the total
potential energy V of the system has a stationary value.

For a SDOF system (where potential energy and its derivatives are
continuous functions of a single variable, x that describes the
configuration), it is equivalent to state that:

dv _ - A mechanical system is in equilibrium when the
— =0 o . . :
dx derivative of its total potential energy is zero

—>For systems with multiple DOF, partial derivative of V wrt each coordinate
must be zero for equilibrium.
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Example on Potential

A two-membered structure is supporting a weight W. The original length of
the spring is AD. Neglecting the friction forces and the weight of the

members obtain the possible equilibrium configurations.
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Example on Potential

C

.. The only forces contributing to the work
done are: (a) W and (b) spring force F

.. Total potential energy = Gravitational
potential energy + Elastic potential energy

C Imu::‘-..u]ir a coordinate svstem with or igin at A and noting that
the deflection of the spring. measured from its undeformed pmltum
is AB = xp., we write
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Example on Potential

Expressing the coordinates xg and ¢ n terms of the amg]{_‘ 6, we have

xg = 2 sin 0 yc =l cos 6
V, = (2 sin 6>  V, = W( cos 6)
V=V, +V,= OkI? sin2 @ + WI cos 0

The p{}alt]{}m of e l::lulllhtnun of the system are obtained hx e n::ludtm;,
to zero the derivative of the p{}t{ ntm] (nl:]ﬂ‘v‘. We write

[V
‘ = 4kI? sin @ cos @ — Wisin § =
ffﬁ'
or, factoring [ sin 6,
F
{? [ sin @(4kl cos @ — W) = 0
6

Th[ re dre t]lf re f{}][ two 1}{}‘31“[]1]‘3 {}f c {[l]]]ll)l 1irn, corre ‘:]_J[]I']dl]'lff to

the values @ = 0 and 8 = cos™ ' (W/4k]). respectively.
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Virtual Work g¥ s

7 =
Stability of Equilibrium: SDOF

Three Conditions under which this egn applies.

when total potential energy is:
> A Minimum (Stable Equilibrium) Q O
- A Maximum (Unstable Equilibrium)
- A Constant (Neutral Equilibrium) Unstable
Stable Neutral

Total Potential Energy: Minimum  Maximum Constant
A small displacement away from the STABLE position results in an
Increase in potential energy and a tendency to return to the position of

lower energy.

A small displacement away from the UNSTABLE position results in a
decrease in potential energy and a tendency to move farther away from
the equilibrium position to a position of still lower energy.

For a NEUTRAL position, a small displacement one way or the other
results in no change in potential energy and no tendency to move either
way.
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Stability of Equilibrium
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Stability of Equilibrium

Evaluation for SDOF systems

When a function and its derivatives are continuous:

—>the second derivative is positive at a point of minimum value of function

—>the second derivative is negative at a point of maximum value of function
Equilibrium: 4V _,

Mathematical conditions for dx
equilibrium and stability of a Stable Equilibrium: @V _, d \2/ 0
system with a SDOF x: dx d>2<
Unstable Equilibrium: @V _, dV _,
B 2
dx dx
Neutral Equilibrium: dv _ d?v _ dv _
dx dx* dx*

If d?V/dx? = 0 at the equilibrium position, examine the sign of a higher
derivative to ascertain the type of equilibrium.

* If the order of the lowest remaining non-zero derivative is even, the
equilibrium will be stable or unstable according to the whether the sign of
this derivative is positive or negative

* If the order of the derivative is odd, the equilibrium is classified as unstable
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Example on Equilibrium

A 10 kg cylinder is suspended by the spring. AT

Plot the potential energy of the system and show that it is

minimum at the equilibrium position. =0
+x

No external active forces. Choosing datum plane for zero potential 2

energy at the position where the spring is un-extended. ﬂ

For an arbitrary position x: Elastic potential energy: V, = ¥2 kx? m=10ke

Gravitational Potential Energy: V, = - mgx (-ve of work done)

Total Potential Energy: V =V, + V= %2 kx? - mgx 8- —

Equilibrium occurs where dV/dx =0 ; /

>kx—mg =0 > x = mg/k /,pz_;_kxz

d2V/dx2 = + k > Stable Equilibrium since positive ;- | |

Substituting values of m and k 2 :

V =% (2000)x? — 10(9.81)x i - 0.049 R o

x =10(9.81)/2000 = 0.049 m = 49 mm Xﬁi %0¢ mg%% 0.08 ~0.10

Plot V vs x graph for various values of x N | ToV,+V,

Minimum value of V occurs at x = 49 mm where - EYn

dV/dx = 0 and d?V/dx? is positive -6 N+
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Stability of Equilibrium

4

Stable
V: Minimum

ME101 - Division Il

Unstable

Maximum
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Example (1) on Stability of Equilibrium

A 10-kg block is attached to the rim of a 300-mm-radius disk as shown.
Knowing that spring BC is unstretched when # = 0, determine the position
or positions of equilibrium, and state in each case whether the equilibrium

is stable, unstable, or neutral.
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Example (1) on Stability of Equilibrium

L) W =my

V, = tks” V, = Wy = mgy

Measuring # in radians, we have

s=af y=Dcos#

v Substituting for s and y in the expressions for V, and V,,
V, = fha @ V, = mgbh cos 8
V=V, +V, = tha*# + mgh cos 0

e

Undeformed Positions of Equilibrium. Setting dV/idf = 0, we write
position Fol AV i |
T ka8 — mgh siné = 0
sin # = i B
mgh

Substituting a = 0.08 m, b = 0.3 m, k = 4 kN/m, and m = 10 kg,

(4 kN/m){0.08 m)?

(10 kg)(9.81 m/s*)(0.3 m)
sin @ = 0.8699 6

sin @ =
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Example (1) on Stability of Equilibrium

Sh:lbi“i’y of Equ“ibrium. The second derivative of the potential energy V
with respect to 6 is

d*V

E = ka® — mgb cos 6

(4 kN/m)(0.08 m)* — (10 kg)(9.81 m/s*)(0.3 m) cos 8
= 25.6 — 29.43 cos #

2y 7
For 8 = O: j;ﬂ = 25.6 — 2943 cos 0° = —3.83 < 0

The equilibrium is unstable for 8 = 0

For # = 51.7° — = 956 — 29.43 cos 51.7° = +7.36 > 0

The equilibrium is stable for § = 51.7°
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Example (2) on Stability of Equilibrium

Both ends of the uniform bar of mass m slide freely along the guides.
Examine the stability conditions for the position of equilibrium. The
spring of stiffness k is un-deformed when x=0

Solution: The system consists of the spring and the bar |
There are no external active forces. The Figure shows active ‘
force diagram. Choosing the x-axis as the datum plane for
zero gravitational potential energy.

In the displaced position x:

V, =Y kx? =% k (b?sin?0)

V,=mg (b/2)cos@ (-ve of work done)

V=V, +V, =%k (b%sin?6) + mg (b/2)cos6

Equilibrium occurs for dv/d@ =0 —

- kb2sinBcosb - ¥2 mghsind =0 e—x—]
- (kb?cos6 - %2 mgb)sin@ = 0 - Two Solutions

—> Two equilibrium positions at:

- sin6@=0 (and 6 = 0) and cosfH = mg/(2kb)

Determine the stability for each of the two equilibrium position
by examining the sign of d?Vv/d6?

k
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Example (2) on Stability of Equilibrium

d?Vv/d6? = kb?(cos?6 — sin?0) — %2 mgb cos6
= kb?(2cos?6 — 1) — ¥2mgb cos6

Solution I: sin6=0and 6 =0
d?Vv/dé? = kb?(1 — mg/2kb) il - = 1111V LV IVINIVICS
|

k

| . —— |

If mg/2kb < 1, i.e., mg/2b < k = d?V/d6? is positive (Stable)

If mg/2kb > 1, i.e., mg/2b > k = d?V/d6? is negative (Unstable)

—> If the spring is sufficiently stiff, the bar will return to its original vertical position,
even though there is no force in the spring at that position.

Solution II: cos6 = mg/(2kb) and 6 = cos*(mg/2kb)

d?Vv/d6? = kb?[(mg/2kb)? — 1]

—>this will be always be negative (Unstable) because cos9, i.e., mg/(2kb), must be
less than unity
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Virtual Work: stability of Equilibrium

Example: A homogenous block of mass m rests on top surface of the
cylinder. Show that this is a condition of unstable equilibrium if h > 2R

"f ! W = mg
m If
. RO sin 6
y 1
A L e , —~—

| Datum

Solution: Choosing the base of the A .
cylinder as the datum plane for zero (

. . \(R + B .
gravitational potential energy. MR +5)cos 6

V=V,+V,=0+mgy (-ve of work done)

h
y::(R%—E)CDSQ+-Rﬂﬂn9
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Virtual Work: stability of Equilibrium

Example: Solution FJR
IS
h
V = mgl(ﬂ + E) cos § + R# sin G] & .
At equilibrium: W me
dV h g
TR mg{—(ﬁ + E) sinf + Rsin @ + RO cos 9} =0 4 /9/ RB/s,inB‘
h . I_;—§> 0 y
= mg(—Emn 6 + RO cos 9) =0 .’ //,,.wlDatum
\ : h »
0 = 0 is the equilibrium position that satisfies this equation g et

Determine the stability of the system at 6 = 0 by examining the sign of d?V/d6?
d*v h d*v (h )
= —-mg|l=-— R
6=0° 2

—— = me|l—cosH + Rcosd — ROHsin b —
do? g( 2 ) do?

Since all the constants are positive, the block is in unstable equilibrium if h/2 > R,
i.e., h > 2R because then d?V/d6? will be negative.
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ME101 Mid Semester Examination

Answer Sheets will be shown on 11 March 2015 during Tutorial
(Lesser number of tutorial questions that day)

*Verify your answer sheet (including total marks)

*Write “I have verified and there is no error in evaluation” on the cover page.
*Put your signature with date and return the answer sheet back to the tutor.
Do not plead for additional marks if you do not deserve.

In case you think that re-evaluation is hecessary, submit your answer sheet
to the tutor without writing the above statement and without signing.
‘Re-evaluation will be carried out and once the marks are finalized, no
further request will be entertained

After re-evaluation, your marks may get reduced!!
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