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Galerkin FEM

Here, we will see how Galerkin FEM can be applied for 2-D cases.
— We will see Galerkin FEM to solve 2-D Laplace equation

(or Poisson equation).
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— Let the two dimensional domain be ;'
rectangular in shape.
— Figure shows the domain.
— First thing is we need to discretise |
the domain into small small elements.



— The domain discretised using "rectangular elements”,

"triangular elements”, "quadrilateral elements”, etc.
— You have the freedom to choose any shape for the element.



— In our case let us consider that the domain is discretised

using rectangular elements.

. The x—axis is discretised 1 =1,2,3,..., | nodes or discrete points
The y—axis Is discretised | =1,2,3,...,J nodes.
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. For this rectangular domain there are a total of (1 x J) discrete nodes.
— Any general node is given as (i, J) in the suffix.

— Four nodes constitute an |
rectangular element. There |
are a total of (1 -1)x(J -1 i,j
elements. Any general element ;

IS given as (1, J| In the superfix.

— As described for the one-dimensional case, there will be
combination of approximating polynomial for ' f ' in the entire domain

e fooy) = fooy) =2 f(xy)

(i.e. Sum of series of local interpolating polynomials)



— For an element [i, j| — the approximation is fI11(x, y)

— As there are four nodes (1, j),(1+1, J),(1+1, j+1) and (i, j +1)

assoclated with the element |1, |, the approximation is given as:

OO0, y) = £NL (% ) + BN, (6 ) + NG (% y) + FN, (X, y)
I.e. for the element |1, ||, the global node numbers are replaced

by local node numbers 1,2,3,4 and N,, N,, N,, N, are

shape functions for the element |1, |




The shape functions are:

N (x,y) = ; 1.0 at node 1 NL(x,y) = ; 1.0 at node 2
|0 at other nodes |0 at other nodes

NL(X,¥) = ; 1.0 at node 3 NL(X,y) = ; 1.0 at node 4
0 at other nodes |0 at other nodes

— Let us assume the shape functions are linear
lL.e. N(X,y)=a, +ax+a,y+a,xy
— As the shape functions for the o4 |

element |1, j| have to be fomalised,

we use the normalised values of x
and y within the element.

e X = andy=-_

AX Ay



— The local coordinates at the node (1, ) — (%, y) = (0,0),

(i+1 j) = (Ax,0),(i+1, j+1) = (AX, Ay), and (i, j +1) — (O, Ay).
— The normalised coordinates are therefore for the local element
(0,0) — (0,0), (Ax,0) —> (1,0)

(AX,Ay) — (1,1) and (0, Ay) — (0,1)

We develop shape functions using normalised coordinates (X, Y).
N.(X,y)=a, +aX+a,y+aXy
N,(0,0)=1.0=a,+0+0+0;..a,=1.0
N,(1,0)=0.0=4a,+a,+0+0;..a =-1.0
N,(0,1)=0.0=4a,+0+a,+0;..a,=-1.0

N,(1,1)=00=a,+a +a,+a,;..a,=1.0

S N(X,Y)=10-X-§+X ¥



Similarly, N,(X,y)=a,+aX+a,y+a,Xy

We have N,(0,0)=0.0=4a,;..a,=0.0
N,1,0)=10=4a,+4a;..a =10
N,(0,1)=0.0=4a,+a,;..a,=0.0
N,11)=00=a,+a +a,+a,;..a,=-1.0

i.e. N,(X,y)=X-X¥

Similarly, N,(X,y) =Xy

and N, (X,¥)=y-X§

S FEY) = fx Q=X =Y +X V) + F,x (X=X )+ f,x(X V)

+ 1, x(Yy-XY)
This is the interpolating polynomial for the element |1, ||




— Define the Residual for the problem and evaluate weighted integral.
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Using Stokes' theorem

n,
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The Ilne Integral describes the flux g, normal to the outer

boundary B of the solution domain.
— For all interior elements that do not coincide

with the outer boundary, you have ngqnds =0
B

— For Neumann BCs you have values for ngqnds



