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* As suggested, based on the auxiliary

conditions we can define ODE as:
o IV-ODE
o BV-ODE

 Some examples of BV-ODE:
* Beam bending problem

(2/(:)
I I i*jﬁ —y
i::'t“;- = cotv
- —

e .
e

4
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y — deflection (dependent variable)



e Heat diffusion in a steel rod:
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 The dependent variable varying w.r.t space
generally leads to boundary-value ODEs.



* Boundary value ODEs are often found in
equilibrium problems and in closed domains.

* Following types of BV-ODEs are generally
encountered:
— Single Boundary Value ODE
— System of Boundary Value ODEs
— Linear and Non-linear ODEs
— Homogeneous and Non-homogeneous ODEs



* A general second-order non-linear BV-ODE is:
d2y+P X ﬂ+Q X =F(X); Yy(x)=
" Yo Yy  y(x) =Yy,

y(Xz) =Y,
* A general second order linear BV-ODE is:

d? d
dx¥+pd_§+Qy: F(); y(x)=W

y(xz) =Y,
* Solution domain of the above equations is
X, <X<X,



* Boundary conditions for BV-ODEs are:

— Dirichlet Boundary condition e.g. = y(x)=¢
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— Neumann Boundary condition (e-g. = —
d _Csj
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— Mixed Boundary condition (e.g. :>ay(x1)+b—y
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The Equilibrium Finite-Difference Method

* We will use the equilibrium finite difference
method to solve the boundary-value ODEs.

— Discretize the entire continuous spatial domain
into smaller discrete grid points.

— Apply the ODE at each grid point.

— Approximate the derivatives at any grid point
using finite difference formulas.

— Obtain the corresponding finite-difference
algebraic equations.

— Solve them



* Consider the following 1-D second-order
linear BV-ODE:

((:le 2/ + P(X)ﬂ"'Q(X)y =F(X);  y(X)=Yo, YX)=VY,
X dx

e The domain has been discretized.



* At any general node i, we have

d? d
Y PO Q)Y =F(x) (@)
dx” | dx|.
2
° NOW, d7y - Yia =2 T ¥iy ; O(AXZ)

dx* | AX?
dy _ Y~ Yia : O(AX?)
dx |, 2AX

e Substituting in (1), we have

[ Yia _iz(/'z +Yia j—l— P ( yi+12;)2/i1 ]"‘ QVvi=F




* Rearranging the terms we have

L _F + +Q |+ 1 + i =F
yi—l sz 2AX y| Az yi+1 sz 2 AX o

(1_%3])’.1 2+AX°Q vy [1+%Pijyi+1:FiAx2 — (2)

Equation (2) is the finite-difference equation
for grid node 7.

This equation is applied to each grid node ‘i’ to
generate a system of algebraic equations.



 Example: Solve the heat transfer BV-ODE for a

rod of length 1.0 cm. The governing ODE is:
d*T 5 5
ve: - pT =-p7T,
where 8 =16.0 cm™(heat diffusivity)
T, = 20" C(ambient temperature)
TheB.Cs T(0.0)=25C
T(1.0)=75C
* Solution: The rod is of length = 1.0 centimeter (cm). Let
us discretise the length as follows:

— ax —

T, T, T, T 1y

25%¢ 75°C




Ax =0.25 cm. As per the given data T, = 25°C and T, =75°C. T,,T,, T, are unknowns.
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I —16T, =-16x 20 =-320
dx i

Ti+1 — 2Ti +Ti—1
AX

ie T, —2T +T_, —T =-20

ie [T, —3T.+T_ =-20] — (1)

Eq.(1) is applied at unknown nodes 1,2,3.

For any node:

i.e.

~16T =-320

Ati=1, Ati =2, Ati=3,
T,—3T,+T,=—-20 T,-3T,+T,=-20  T,-3T,+T,=-20
— T, 3T, +25=-20 — T, 3T, =-95

= -3, +T,=-45
-3 1 0)(T] [-45
le.| 1 -3 1 |{T,;=<5-20;
0 1 -3)|T,] [-95
— Solve this system of linear equations to get T,,T,, T,.




* To solve problems with Neumann B.C.s
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 The FDE (2) is applied in each node ’:

(1_%Pijyil + _2+AX2Qi Y, +[1+%Pijyi+l — |:iAXZ

Nyl

* At I=N, Neumann B.C. is given. ﬁ‘:r-:-:’ o

* Consider an imaginary node N+1,

i.e. not physically present and is used only for
computational purpose.

ﬂ -m = Ynir — Yna

dx . DAY =M = Yya=Ynat 2MAX



e Substitute the previous expression forYy,; at
nodei=N (FDE)

i.e. (1—%PNijl+ —2+AX*Q, VY, +(1+% PN)yN+1 = F AX?

i.e. {(l—%PNj+(1+%PN j} Vg + —2+AX°Q, Y, = F AX® —(1+%PNj2m.Ax

or,

2y + —2+AX°Q, Yy = FyAX® —2m.AX - m.AX*P,| — (3)

"he FDE (3) is to be applied at the boundary

node, where Neumann B.C. is given.



In the above-mentioned example

if d—T
dx

x=0

then the FDE is to be applied in nodes i1 = 0,1, 2, 3.
T1 _T—l
2AX

Fori=0, ar
dx

=0 >
x=0

SAt1r=0,  T,-3T,+T,+0=-20
— —3I,+2T, +0+0=-20

Ati =1, T,—-3I,+T,+0=-20
Ati =2, 0+T,-3T,+T, =-20
Ati =3, 0+0+T,-3T, =-95
(-3 2
1 -3

. System of linear equations:
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L0 0

=0 =T, =T,

0 0)
1 0
3 1
1 -3

A

=0 and T(x, ) = 75" C are the boundary conditions,
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* To solve Mixed B.C. problems:

* |f the mixed B.C. is given at one-end for the
general linear second order (1-D) BV-ODE

=P

XN

Ay(xN)+B%

e Then at node i=N, the FDE

\
Yna ~ Yna

Ay, + B =

.

or,B VYy.i—Yna = 2PAX—2AAXy,
1
Of, Ynit = Y +E 2PpAX — 2AAXY,

Substitute this expression of y,,, In FDE (2).



