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Example: Solve the IV-ODE ~—- = —a(T*-T,") where T, = 250K, T (t,) = 2500K,
a =4x107"%. Use At = 2 seconds.
Soln.

(The time line is

TO Tl T2 T3
At=2sT, =2500K,T, = 250K .-

t
f(tT)=(-4x107%)x(T*-250"),
The 4™ order R-K method:

T . =T+ %(AT1 +2AT, + 2AT, + AT4)

where AT, = Atx f(t ,T.), AT, Atxf(t +%T +£)

2

AT, = At x f( +% T + A}j,Aﬁ:AW f(t, +ALT, +AT,)




Beginning with n =0, T, = 2500 K.
~T=T, + %(ATl + 2AT, + 2AT, + AT,)

AT, = Atx f(t,,T,) = 2.0x (-4 x107%)x(2500* - 250* ) = ~156.234.

AT, = 2.0%(~4x107%)x (2500 _156 234) — 250* | =—275.203.

AT, =2.0% (-4x107)x | | 2500 - 215, 203) — 250 | = —249.143.

AT, =2.0x(~4x107%) (2500 - 249.143)" - 250" ) = ~205.313.

- T, =2500+ % X (—156.234 —2x275.203-2x249.143 - 205.313)

=2264.96 K
Similarly evaluate T,,T,,...



Stability analysis of 4™ order R-K method

To perform stability analysis, earlier we suggested that the given non-linear 1V-ODE
should be converted to the lineat differential form

d
d—¥+ay=0; y(ty) = Yo

Here you have f (t,y) = —ay and « — a constant or function of 't' only.
. Note that f =—ay

In 4™ order R-K method,
1
Vo =Y, + E[Ay1 + 24y, + 2Ay, + Ay, |

Here Ay, = Atx f, = At(-ay) = —(aAt)y,
At Ay,

Ay, =Atx f|t +— y +—=
y2 (n 2 yn 2

= At {—a{ym - (“Azt) I }

— —(aAt)y, {1—“7“}




At Ay
Ay, =Atx flt +— )y +—=
y3 X (n 2 yn 2 j

— At {—a{yn + %(‘“Aty” )(1_ O[ZAth

o | q_ oAt (OtAt)2
=—(aAt)y, [1 5 + 1 ]

Ay, = At x f(tn +%,yn +Ay3j

= At x {a{yn +(—aAty, )[1_ O‘ZA'[ n ((Zit)z ]H

= —(aAt)y, x [l—(aAt) + (O‘it)z - (“At)g}

4

. Y.,, can be expressed in single step now using expressions of Ay,, Ay,, Ay, & Ay,.

art)’  (ant)’  (aAt)
We get, yn+1:yn[1—(aAt)+( 2) _ 6) +( 24) }




Here the amplification factor,

(ast)’ _(aat)’ (ant)”

_ | 1— (ot _
G (aAt) + 5 .

We have framed the linear differential equation

such a way that « Is positive.

Now for \G\ <1.0, we need to have aAt < 2.785.

You can manually work it out.

For the example problem ar _ —a(T*=T1);

dt

24

dy
—+ay =0,
at )

T, =250 K and T (t,) = 2500 K, @ = 4x10 /(K%)

If we want to check the stability criteria, we need to linearise

the differential equation to the form

d¥+ay:Fa)



For that, let us write & = 4x107** as D in the

equation d—T — _D(T4 _Ta4)

dt
. dT _ 12 4 4
|e.?ﬁn_—(4x10 )(T*—250°)
Now the general first degree linear I\V-ODE Is
dy dy

— =F(t), or —=- F(t).
5 HY (t) i (t)

Here the derivative function f (t, y) can be expressed using
Taylor's series and (t,, y,) as base point.

of of
fF(ty) = fo_a to_a
0

0



In the general linear IV-ODE

dy
+ F(t
oty = (t)

We can represent it in general non-linear ODE as
dy dy

— =— F(t) | —= f(t,

Y —ay+FO) [S-te)

lLe. f(t,y)=F()—-ay — (2)
Comparing equations (1) and (2),

Af, o], o
atly oyl 0 atl
This way the non-llnear ODE can be represented in linear fom.

F(t)=f, - t




~For 9T _ —D(T4 - 2504)
dt

e 9T _ —(4><10‘12)>< (T4 - 2504) can be converted to S + T = F(t),
dt dt

where f (t,T) = —(4x10"?)x (T - 250"),

fo =—(4x107%)x(2500* - 250*) =-156.2343

o, _
oth .
a T, =—(4x107%)x(4x 2500° ) x 2500 = ~625.0000,
oT |, +
Ul
otl, +
i.e. F(t) = —156.2343 + 625.0000 = 468.7657,
_ of . -12 3) | —
a=-— = -| ~(4x107?) x (4% 2500°) | = 0.25,

to, To

.. The linearised ODE will be %—I + 0.25T =468.7657



