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• In last class we suggested that FDM, whichever
h ld b C i t t St bl dyou use, should be: Consistent, Stable and

Convergent.
• We have already showed that first order explicitWe have already showed that first order explicit
Euler scheme is consistent.

• What is meant by FDM being convergent?
• A FDM is said to be convergent if the solutions
obtained from the finite difference algebraic
equations approach the exact solution of the ODEequations approach the exact solution of the ODE
as .

• A FDM is stable if the finite difference algebraic
0t∆ →

g
equation gives bounded solution for a stable
ODE.



• 0d y yα+ =

• Let us check for the stability of the explicit 
Euler method solution of the above equation

y
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Euler method solution of the above equation.
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The Single Point Methods

• Both the first order Euler’s explicit scheme 
and implicit schemes are single‐point methodsand implicit schemes are single point methods 
to arrive at the solution.

• In single point methods we use data at aIn single point methods, we use data at a 
single point ‘n’ to advance to the solution at 
point n+1.p

• The earlier mentioned methods were first‐
order schemes.

• We can also have second order single point 
methods.



• Second order single point method

F h l li IV ODE (fi d )• For the general non‐linear IV‐ODE (first order)

( ); ( )dy f t y y t y

• The time scale can be discretized as:

0 0( , );    ( )f t y y t y
dt

= =

The time scale can be discretized as:

Recall the centered difference formula
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Using FDM, we get,
3
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This is mid-point method.
This approach is difficult, as we need to determine the unknown

llf 1/ 2  as well.
A mo

nf +

dification is suggested to mid-point method by
a predictor-corrector strategy:
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a predictor corrector strategy:
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P
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1 1/2.

This is a predictor-corrector method (also called Modified

C P
n n ny y t f+ += + ∆

Mid-point method)



• Now recall the mid‐point method

• The quantity can also be evaluated using
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1fThe quantity         can also be evaluated using 
the following strategy,

• Keeping as base point and form Taylor’s
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• From the above two equations, we have
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• This is the implicit trapezoidal finite‐difference 
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equation.



• This can also be evaluated using the following 
di t d t tpredictor and corrector steps
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• This equations are called modified trapezoidal 
th d M difi d E l ’ fi it diff

⎝ ⎠

method or Modified Euler’s finite difference 
equation.

• Modified Euler’s FDE is widely used to solve IV• Modified Euler s FDE is widely used to solve IV‐
ODE and the method is second order that 
suggests the truncation error reduces at faster gg
rate.



• Stability Criteria for Modified Euler Method• Stability Criteria for Modified Euler Method

• For the linear first order IV‐ODE
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dy y y t y
dt
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• Here, we have
,  n nf y f yα α= − ∴ = −n n
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• Hence the amplification factor:

( ){ }2      1 2ny t tα α= − ∆ + ∆

• Hence, the amplification factor:   
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• For stable results the following condition hasFor stable results, the following condition has 
to be satisfied

1 0≤G

• So,

1 .0≤G

( )21 2 1.0α α= − ∆ + ∆ ≤G t t

• For the above condition to be true, we require
2.0α∆ ≤t



Runge‐Kutta Methods

• Till now we discussed about the various second 
order single point Euler methods to solve the general 
first order non‐linear IV‐ODE

( ); ( )dy f t y y t y= =

• Runge‐Kutta methods are single point methods that 
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evaluate change in y i.e.                       using several 
weighted  combinations of 
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the order of the R-K method.



e.g. The first order R-K method will be same as
li i i li i E l h d

⇒

1

explicit or implicit Euler method
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The second order R K method is:
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The second order R-K method is:
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2  order R-K method gives:nd⇒
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