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Numerical Differentiation

— We already discussed that if polynomials are used as approximating

functions for the actual functions, then these polynomials can be mostly

used to find the derivatives of the actual function.

Le. if f (X) = P,(X)

then f '(x) = P, '(x)

— While using Newton's forward difference polynomial, we have seen

that error

s(s—1)(s—2)---(s—n)
(n+1)!

where X, < <X..

AXn+1 .I: (n+1) (é/)

E(X) =

This means P, (x) has an error of O(AX™")



— We have also seen that

—_— 2_
f'(X)%Pn'()():i Afo+&A2fo+3S 6S+2A3f0+--- and
AX 2
1 6s° —18s+11
f"(x)= P "(X) = A f +(s=DAf + AYF .-
(X) n()(AX)2|: o T (S—1)A T, T 0 }

— To obtain now various difference difference formulas
Now keep the base point as X,.

.. Newton's forward difference polynomial:

P (x) = f, +SAf, +S(S—2_1)A2 4 56 ‘1?5(5 —2) A3t

o 36216 =2)-- (5= (=) 4 f, wheres=>_20.
n! AX
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Here at x = x, 1.e. =0,
l.e. P.(X,) = T,

1 1 1
P'(x,)=—| Af, == A*f + = A°f, +---

1

sz

P "(x,) = {AZfO—A3fO+%A4fO+--1

— These equations for P, '(x,) and P, "(X,) are one-sided
forward difference forms to approximate derivatives.

— For E(x) for the polynomial P, (x) approximating f (x),
P.'(x) will be having error

] 4 [8(s=D(5 =) (5=1) | o o o1 ] 85
i €(X))dx{ (n+1)! (A1 (é)} i

(A" FOD) d [ (s-1)(s-2)---(s—n)+5(s—2)--(s—n)
(D) dx|++5(5=1)(s—2)---(s—(n-1))




At x=X,, 1.e. s=0, we have:

i (-1)" (n+1) ( ) (n+1)
i E(X,) “n l)I(AX) n!' {5 (0) = (AX) I (4

That is we are having error of the order (Ax ). Now as Ax — 0,

P (x,) = O(AX™)

P '(x,) = O(AX"); (e.g9. P,'(x,) = O(AXY); P,'(x,) = O(AX?))

Similarly, P,"(x,) — O(AX"™); (e.g. P,"(x,) = O(AX); P,"(x,) = O(AX?)...)
— These are one-sided forward difference formulas, we need to

expand them to get difference formulas.



If the base point is x, and if we evaluate the
derivatives at X = X,.

Then s=1,

, 1 1 1
Pn (Xl) :&[Afo +§A2 fO —EAB fO +:|

Pn"(xl)z—l Z{Azfo—iA“foJr--}
AX 12

These are centered difference forms for first and second derivatives
using Newton's polynomials.
You can see, P, '(x,) > O(AXx)
R '(x) —> O(AX*)
Now see that P, "(x,) = O(AX?).



 Elaboration of the difference formula

* From the one-sided forward difference formula:

P '(X,) =i[Afo —%AZ f, +%A3fo —}

AX
, Af,
Forn=1B'(x,) = > O(AX)
AX
X f Af i i
Xo fo
f, -,
X, f, f, - 2f, +1,
f,—f, f, - 3f, +3f, — 1,
X, f, f,—2f,+1; :
f,— f, : f,—-3f +3f ,—f 3

1:n =7 1:n-1 = 1:n-2




: , f,—f
e [P '(x,) = 1Ax 2 — O(AX)
Similarly,
P, (XO):A_X Afo—zA f, |[+O(AX?)
A2
:2Af0 A f°+O(Ax2)
2AX
:2 f,—f, — f,—2f,+f, +O(AX?)
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df f,+4f —3f
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This is second degree approximation for the first derivative
with order of approximation O(Ax?).



In a similar note:
— The second derivative
1

P "(x,) = A—XZ[AZ fo— A%+

. 1
For P,"(x,) = A—XZ[AZ f, | +0(Ax)

f_2f +f
AX*

Le. |P,"(x,) = 2 — O(AX)

P,"(X,) = i APf AT | > O(Ax?)

_(f,-21 + fo)—(f32—3f2+3f1— f,) 5 0(AXY)
AX
—f,+41f,-5f +2f

AX?

i.e. [P"(x,) = 0 5 O(AX?)




— The centered difference formulas for these derivatives

P '(x) =i[Afo +%A2 f, —%A?’fo +%A4 f, +}

AX
— To get the first degree, first order approx.

P(x)— 1 Af — O(AX)

The method will not work.
— To get the second degree, second order approx.

, 1 1
- P(%,) :A—X[Afo +§A2 fo} — O(AX?)
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df f,— 1,
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.., (x) = A (AX)




Similarly the second derivative: P,"(X,) =

1

ie. P,"(x)= A—XZ[AZ f, | > 0(ax)
. f—2f + f
P, (%) =—* Axé 2 > O(AX?)
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