How to write proofs

January 9, 2013

Problem. [HOPCROFT and ULLMAN, page - 73| Let L be a language. Define
1(L) to be
{ x| for some y such that |y| = |z|,zy € L }.

That is, %(L) is the first halves of strings in L. Prove for each regular L that
1

5(L) is regular.
Solution. Since it is given that L is regular, let us assume that there exists a

deterministic finite automaton M = (Q, %, 6, qo, F') such that
L(M) = L.

We will also assume that Q@ = {qo,q1,...,qm}. So, |Q] =m + 1.

To prove that & (L) is regular, we will construct a DFA M’ = (Q', %, 4, ¢, F”)
such that L(M') = 1(L). The description of M’ is as follows. The set of states
in M’ is

Q/ = { (q,S(),Sl,...,Sm) | g€ Qand S; CQ,Vi }

The transition function §’ is defined as follows

(5/ ((%‘780; .. .,Sm),a) = (qj‘7S(/), .. .,S:ﬂ),

where
q; =96 (qi,a) (1)
Sj= | 6(s,b),Vi. (2)
bes,
sES;

The initial state of our new DFA will be

a0 = (g0, {a0} :{ar}, - {am}) -

As for the set of final states,

F' = {(qi, S0, Sm) | Si(VF # 6}



Lemma 1. Vx € ¥*, if

(S(QO,.’L') = gy, and,
yer”,
lyl=|z|

then R
(5/ ((QO7 {QO} 5 {Q1} P a{Qm})ax) = (QJaSgaslm7 . 'asfn) .

Proof. We will prove this by induction on the length of z. For the basis of
induction, let |z| = 0, which means z = €. As the machine M is a DFA, we have

g0 =0(qo,€)

and, Vi Sf = U 5 (¢i,v)
yexr,
ly|=lx[=0

={a}-

The second equality holds because y = e.
So, we should have

¥ (@0 {aok Aar} o Aamd) 0 = ((a0,€). 6,85, S%)
= (g0, {a0}.{ar}, - {am}).

By construction of ¢’, M’ is a DFA. So, the above equality holds trivially. This
establishes the base case of induction.

The induction hypothesis is —

For all x € ¥* such that length of x is less than some constant k, if

4 = 5((]0, z)
and, 57 = |J d(ay),Vi
ex*,
lyl=lz]
then .
5, ((q()a {q0} ) {Q1} P {Qm}) ) {13) = (qja Sga Sf7 DR an) .
We would like to show that the above statement holds for strings of length k.
Consider an arbitrary string « of length k. Then, x can be written as

r = wa

where w is a string of length £k — 1 and a is a symbol in ¥. Let us look at the
behaviour of M on w. Let

q = 5(110710) and
yeT”,
lyl=|w]



As the length of w is less than k, by induction hypothesis, the transition of M’
on w is

8/((qov{qO}v{(h}v"'»{qm}) vw) = (qj7S(7jU7 iuvvs;rﬂz)

Now, let us see how M behaves on x.
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The transition of M’ on x is
Sl((q()v{q()}7{q1}7"'7{Q7n}>733) = /(<q05{q0} {ql}’ 7{qm})’wa>
(40, wa)
= ¢ (8/ (QOv )

= 0 ((¢g;,58,57,...,5%),a),
( from induction hypothesis )

= |d(g.a), |J d(s0), [J 0(s,0),.

bex, bex,

|
02>

Uésb

bex,

SESS’ sES{“ sES)

( from the definition of §’ )
= (0(g5,a),S5,57:--.,5m)

( recall the length of w and the definitions of S7 )

- (S(qo,x),sg,s;c,...,s;).
This shows that the claim holds for all x of length k. |

Theorem 1. Ifz € 1 (L), then x € L(M’).

Proof. Let z € % (L). This implies that 3y € * such that |y| = |z| and zy € L.
Let us assume X
0 (qo,x) = q;.

Since |y| = |z,0 (¢;,v) € S%. Thus, as 6 (qo,zy) € F, it implies that 6 (¢;,y) €
F. So, S F' # ¢. Hence, the state (q;, 55,57, ..,5y,) of the DFA M’ is a
final state. From Lemma 1,

81((‘10’{(]0}’{(]1}a'"7{Qm})a$) = (qj,Sg,Sf,.. S'fiL)
e F.

Thus, © € L(M'). |



Lemma 2. Vx € ¥*, if

5/ ((QOv {qO} ) {ql} P {qm}) 733) = (ijs()a Sla .- ’Sm) .

then

q; = 5((10733)7
and, S; = S7,Vi.

Proof. We will prove this by induction on the length of z. For the basis of
induction, let |z| = 0, which means © = €. As the machine M’ is a DFA, we
have

8/ ((QOa{QO}a{ql}a"'v{QM})ae) = (QOa{qo}a{ql}a"'v{QM})'
So, for the machine M, we should have

qo = 5 (q07 6)
and, Vi {q;} S5

Now, from the definitions of Sf, we have

S = U daw)
yeD”,
jul=le]

= A{a}

So, the claim holds for strings of length 0. This establishes the base case of
induction.

The induction hypothesis is —

For all x € ¥* such that length of x is less than some constant k, if

S,((QO’{QO}’{(h}""v{q"l})’x) = (C]j7SO,Sl7--~7Sm)-

then

qgo = 5(QO>$)
and, S; = S7

7

We would like to show that the above statement holds for strings of length k.
Consider an arbitrary string « of length k. Then, x can be written as

r = wa

where w is a string of length £ — 1 and a is a symbol in ¥. Let us look at the
behaviour of M’ on w.

&' ((q0. {ao} - {1} - {am}) . w) = (47,50, S1, .., Sm)-



As length of w is less than k, by induction hypothesis the transition of M on w

gives us

q; = 5((107111)
and, 5; = S}, Vi.

Now, let us see how M’ behaves on z.
¥ (a0 {ao} ar}s oo AanD) ) = & (@0, oo} dar} - {gm}) s wa)
(90, wa)
(& (g0, w )
= 6 ((¢, 50,51, 5m) ,a)

(1.
S O
2

= |d0(g,a), |J d(s,0), | d(s,0),

beY, beY,
sESo seSy

= d(gj,a U 0 (s,b) U 0 (s,b),..

bex, bex,
3655 seSY

( from induction hypothesis )
= (6(gj,a), 55,57, 5%)
= (8(a0,2). S5,5%, ... 85)
This shows that the claim holds for all x of length k.
Theorem 2. Ifx € L(M’), then z € 1 (L).
Proof. Let
' (g0, {ao} {a1} .- {am}) . 2) = (¢;, 50, S1.- -, Sm).-
As x is accepted by L(M'), from the definition of F’, we have
Si(\F # ¢.
From Lemma 2, we have
=S5,
Thus, there exists y € ¥*, such that |y| = |z| and
6 (q;,y) € F.

So,

S

S (o) = 3 (3(a0).y)

- S(Qw )
e F.

U aGsh)

bex,
SESm

U(Ssb

bex,
9ESW



Hence, we have z € 1(L).



