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Abstract

The increasing reliance on machine learning and data-driven decision systems has height-

ened concerns about fairness, particularly in algorithmic decisions of high-impact domains

such as healthcare, finance, and social analytics, where sensitive attributes (such as gen-

der, age, race, etc) influence outcomes. Ensuring equitable treatment across demographic

groups has become an essential requirement. While extensive research has addressed fairness

in supervised learning, achieving fairness in unsupervised tasks, such as clustering, can be

challenging when fairness considerations are not taken into account. This may inadvertently

produce imbalanced or biased partitions that disproportionately advantage or disadvantage

certain demographic groups. Fair clustering methods aim to mitigate these issues by en-

suring that clusters maintain a balanced representation of demographic groups, with recent

work introducing balance as a fairness notion to promote proportional representation within

clusters.

Among clustering approaches, Spectral Clustering (SC) is a widely used unsupervised

method due to its ability to capture complex, non-linear structures in data through graph

Laplacians and eigenvector embeddings. However, standard SC operates without consid-

ering sensitive attribute information, often resulting in unfair clusters. Existing fair SC

methods enforce fairness, but at the expense of clustering quality. In contrast, advanced

SC techniques, such as constrained SC and one-step spectral rotation clustering, achieve

strong structural performance but overlook fairness completely. This disconnect motivates

the need for integrating fairness in advanced SC methods that can simultaneously preserve

clustering quality and enforce equitable group representation.

To address this gap, this dissertation presents fairness-aware extensions of advanced SC

methods. The research introduces four significant contributions. The first contribution

integrates fairness into constrained SC by modifying the Laplacian formulation to allow

sensitive attribute information and pairwise constraints to jointly influence the spectral

embedding. The second contribution embeds fairness directly into the pairwise constraint

representation that encodes demographic information within the constraint structure it-

self. These in-processing methods enhance fairness without degrading clustering quality.

However, these two contributions integrate fairness into the optimization criteria, where

the similarity graph is constructed prior to the clustering. However, they cannot correct

biases already encoded in the similarity graph. This observation motivates the need for

a preprocessing approach that enforces fairness at the graph-construction level itself. The

third contribution introduces a graph-level preprocessing framework that constructs a fair

and constraint-respecting k-Nearest Neighbor (kNN) graph, ensuring neighborhood fairness

and constraint adherence prior to clustering. By embedding these properties directly into



the similarity graph, the framework promotes fairer and more constraint-compliant cluster

formations without modifying the clustering algorithm itself.

While these three contributions significantly improve clustering quality by incorporating

pairwise constraints into different stages of the SC process, they still rely on the traditional

two-step framework, where graph construction and clustering are performed separately.

This separation introduces information loss, sub-optimal results, and limits the influence

of fairness on the final cluster assignments. In contrast, one-step SC methods unify graph

learning and cluster assignment into a single optimization process, thereby achieving better

clustering performance. Motivated by these advantages, the fourth contribution integrates

fairness into the one-step SC paradigm by introducing a novel group fairness term, resulting

in a fair one-step spectral rotation clustering model that jointly performs graph learning,

fairness enforcement, and clustering within a single optimization framework. The unified

design ensures that fairness fully guides the clustering process, resulting in high-quality,

demographically balanced clusters.

All proposed methods are theoretically analyzed and validated through extensive ex-

periments on real-world datasets. The results demonstrate that the methods generally

improve fairness in clustering while preserving competitive clustering quality. They out-

perform existing unfair baselines and standard SC across both fairness and performance

metrics. Collectively, these findings demonstrate that fairness can be effectively integrated

into advanced SC frameworks without compromising their effectiveness.

The thesis concludes by summarizing these contributions and proposing some relevant

future research directions.
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“A person who never made a mistake never tried anything new.”

∼Albert Einstein

1
Introduction

1.1 Research Context

In recent years, a growing number of critical decisions have been controlled by Artificial

Intelligence (AI) and machine learning algorithms. With their increasing implementation

across domains such as business, healthcare, education, and government applications, these

automated systems now play a decisive role in shaping people’s lives. However, as these

automated decision-making systems become more prevalent, concerns have emerged regard-

ing the fairness and ethical reliability of such systems. Since machine learning models often

rely on historical data, they may inadvertently inherit and amplify existing societal biases.

This can lead to discriminatory outcomes against certain demographic groups defined by
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sensitive attributes such as gender, race, or age. As a result, individuals may experience

unfair treatment in high-stakes applications such as job recruitment, loan approvals, and

medical diagnoses, where algorithmic decisions can profoundly impact their lives. Several

well-documented cases have exposed these issues. For example:

• AI systems can unfairly influence judicial outcomes.

Example: In the U.S. criminal justice system, an algorithm used to predict recidivism

was found to falsely predict future criminality among African-American defendants at

nearly twice the rate of white defendants [1, 2].

• AI systems can unfairly allocate employment opportunities.

Example: Amazon’s machine learning–based hiring tool was discovered to discrim-

inate against female candidates, particularly for technical and software development

positions. The bias stemmed from historical training data that predominantly repre-

sented male applicants [3].

• AI systems can reinforce gender bias in targeted advertising.

Example: Google’s ad-targeting algorithm disproportionately displayed high-paying

executive job advertisements more frequently to men than to women [4,5].

Such evidence has prompted extensive research into fairness-aware machine learning, which

seeks to ensure equitable treatment and representation of all demographic groups in algo-

rithmic decision-making processes [6,7]. The growing awareness of algorithmic bias has led

to the development of diverse frameworks for defining, quantifying, and improving fairness

in machine learning models [8–10]. A comprehensive overview of this field is presented by

Barocas et al. [11], who formalize the trade-offs between various fairness definitions. These

frameworks mainly employ strategies such as data preprocessing [7,12], in-processing [13,14],

or post-processing [15,16] to enhance fairness in machine learning systems. Fairness in these

systems is generally interpreted through two perspectives: group fairness and individual fair-

ness. Group fairness ensures that different demographic groups receive equitable treatment

or outcomes from an algorithm, whereas individual fairness requires that similar individu-
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als be treated similarly regardless of their group membership [17]. Various mathematical

definitions have been proposed to operationalize these notions, serving as the foundation for

fairness evaluation in machine learning systems [18].

Extensive research has been conducted on fairness in supervised learning, where various

notions of fairness have been defined [18–20]. However, these notions are not readily ap-

plicable to unsupervised learning problems such as clustering. Unlike supervised learning,

unsupervised learning lacks an explicit ground truth or predefined target variable, making

it challenging to define and measure fairness. Traditional clustering algorithms, including

k-means, hierarchical clustering, and Spectral Clustering (SC), are based on the fundamen-

tal principle of grouping similar data instances together, as extensively discussed in the

pioneering work of Jain et al. [21]. Consequently, when sensitive information is implicitly

correlated with feature patterns, the resulting clusters may exhibit demographic bias, over-

representing certain groups while under-representing others. In recent years, the problem of

fairness in clustering has received growing attention, with several studies investigating how

clustering outcomes can be made fair [22, 23]. A pioneering contribution in this direction

was made by Chierichetti et al. [24], who introduced the notion of balance for fair clustering,

where each data point is assigned a label, such as red or blue, representing a sensitive at-

tribute. The objective is to partition the dataset into clusters while preserving balance: the

proportion of red and blue points within each cluster should reflect their overall proportion

in the entire dataset.

The notion of balance, as provided by Chierichetti et al. [24], is as follows:

A fairness criterion that quantifies the representation ratio of sensitive groups

within each cluster, promoting demographic equity.

Balance:

Maintaining this balance is crucial for mitigating disparate impact and ensuring that all

groups are fairly represented in the clustering outcomes. Building upon the foundational

idea of balance, subsequent research extended this concept to SC [25,26], where clusters are

derived from the spectral properties of a similarity graph rather than direct data partitions.
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Spectral Clustering

SC is a powerful and widely adopted graph-based clustering algorithm designed to handle

complex and high-dimensional data [27–29]. It operates by constructing a similarity graph

among data points and performing a spectral decomposition of the corresponding graph

Laplacian to identify clusters. Conceptually, SC seeks to find a minimum cut in the graph

that partitions the data into groups with strong intra-cluster similarity and weak inter-

cluster similarity.

Despite its effectiveness, SC can lead to outcomes that inadvertently reflect or amplify

demographic biases present in the data. As a result, the obtained clusters may exhibit rep-

resentational disparities across sensitive groups. This limitation has motivated a growing

body of research aimed at integrating fairness into the SC framework. One of the earliest

efforts in this direction was made by Kleindessner et al. [25], who introduced fairness in SC

by imposing balance constraint on the relaxed optimization formulation of the clustering

problem. Their approach modifies the standard SC framework by incorporating a linear

constraint that ensures proportional representation of sensitive groups in the embedding

space. However, the inclusion of these fairness constraints results in a trade-off between

fairness and clustering quality, as measured by traditional objective functions such as Ra-

tioCut and Normalized Cut. Further, Wang et al. [26] proposed a scaled version to address

the high computational cost of [25]. Subsequently, numerous studies have further explored

various aspects of fair SC [30–33], focusing on both theoretical guarantees and practical

adaptations. These contributions highlight the evolution of fair SC as an important subfield

within fairness-aware unsupervised learning. While these methods primarily aim to im-

prove fairness in the obtained clusters, they often do so at the expense of clustering quality.

This inherent trade-off between fairness and clustering performance remains a persistent

challenge, as enhancing one aspect can lead to deterioration in the other [34].

To overcome the limitations of traditional SC in terms of performance, various advanced

methods have been proposed. Among these, constrained SC and one-step SC have emerged

as two prominent approaches that enhance clustering quality by incorporating additional
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information or optimizing the algorithmic process to achieve more meaningful partitions.

The following subsections provide an overview of these methods.

Constrained Spectral Clustering

Constrained SC extends the conventional SC framework by integrating prior knowledge in

the form of pairwise constraints. These constraints are typically expressed as Must-Link

(ML) and Cannot-Link (CL) constraints, which respectively indicate that certain pairs of

data points should or should not belong to the same cluster. By embedding these constraints

into the SC formulation, the algorithm can leverage side information to guide the clustering

process more effectively. There are two main ways of integrating pairwise constraints into

SC. The first involves manipulating the affinity matrix to reflect the imposed relationships

between data points [35–37]. The second approach integrate the pairwise constraints directly

in the optimization criterion, thereby bounding the feasible space [38–40]. These approaches

enable the clustering process to respect prior knowledge. A comprehensive review of pairwise

constraints in graph-based clustering can be found in [41].

In this thesis, the term constraints is used in two distinct contexts. First, the optimiza-

tion constraints with spectral clustering objective function and define the feasible solution

space of the optimization problem. Second, the pairwise constraints refer specifically to ML

and CL constraints, which encode user provided prior knowledge about the relationships

between data points. These pairwise constraints are external to the objective function and

are incorporated to guide the clustering process.

One-Step Spectral Rotation Clustering

One Step Spectral Rotation Clustering (OSSRC) represents another advancement aimed at

improving the efficiency and robustness of the traditional framework. Standard SC typically

involves two main sub-tasks:

1. Constructing a similarity graph using the input data, which often contains noise and

redundancy.
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2. Applying the k-means algorithm to spectral embedding, which is sensitive to the initial

cluster centers and may result in significant deviations from actual results.

Each of these steps introduces potential sources of information loss and sub-optimality,

ultimately affecting the quality and stability of the final clustering outcome.

To address these limitations, OSSRC was developed to unify the embedding and clus-

tering processes into a single optimization framework. By integrating graph construction,

spectral embedding, and partitioning into a single joint objective, OSSRC enhances compu-

tational efficiency, stability, and clustering accuracy. Recent studies have explored various

formulations of OSSRC to improve further its scalability and robustness [42–46]. These

advancements demonstrate the potential of OSSRC as a reliable and efficient alternative to

traditional SC.

Although these extensions significantly enhance clustering performance of SC, they do

not explicitly account for fairness considerations. Clusters generated by these methods can

still reflect biases inherent in the data, leading to unequal representation across sensitive

groups. Consequently, a gap remains in developing methods that can jointly ensure fair-

ness and maintain clustering quality. This gap forms the basis for the motivation of this

dissertation.

1.2 Motivation of the Research Work

Despite substantial progress in the development of fairness-aware SC algorithms, achiev-

ing an optimal balance between fairness and clustering quality remains a challenge. Most

existing fairness-based approaches aim to improve fairness by modifying the spectral em-

bedding; however, these modifications often distort the underlying data structure, resulting

in reduced cluster coherence or degraded quality. On the other hand, advanced versions

of SC, such as constrained SC and one-step SC, focus solely on enhancing clustering qual-

ity and have demonstrated remarkable improvements in quality, efficiency, and robustness;

however, they do not explicitly consider fairness. This divergence between fairness-oriented
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Figure 1.1: Conceptual overview of the motivation behind the proposed work.

and performance-aware research highlights a critical gap in current literature.

Addressing this gap requires approaches that can jointly preserve the clustering quality

while ensuring fairness across sensitive groups. In real-world scenarios, where data often

contains sensitive attributes such as gender, age, or ethnicity, maintaining equitable repre-

sentation of groups is essential for unbiased data-driven decision-making.

Motivated by these observations, this dissertation explores ways to integrate fairness into

advanced SC frameworks. Specifically, it focuses on incorporating fairness into constrained

and one-step SC paradigms to achieve clusters that retain their quality while ensuring fair

representation. By embedding fairness into these enhanced methods, the work seeks to

establish a balanced trade-off between clustering performance and fairness.

To further illustrate the progression of research and motivation, Figure 1.1 presents a

conceptual overview of how SC has evolved from traditional approaches to fairness-aware

and performance-aware variants, highlighting their respective advantages and limitations.
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The figure also emphasizes the need for a framework that integrates fairness considerations

into improved SC methods, which forms the core focus of this dissertation.

Develop clustering methods that effectively integrate fairness considerations into

advanced SC frameworks, such as constrained and one-step SC, to ensure equitable

representation of sensitive groups while enhancing clustering quality.

Thesis Goal:

1.3 Thesis Objectives

Motivated by the above observation, the main objectives of this dissertation are as follows:

• Fairness-integrated Constrained Spectral Clustering via Laplacian Adjustment: To for-

mulate a fairness-integrated constrained SC framework that incorporates fairness in

the constraint set, followed by Laplacian adjustment. The objective is to ensure eq-

uitable cluster representation while minimizing any adverse impact on the quality of

clustering.

• Constrained Spectral Clustering with Pairwise Fairness: To develop a constrained SC

method that incorporates pairwise fairness within the constraint set, thereby promot-

ing balanced relationships among samples from different sensitive groups and improv-

ing overall clustering quality.

• Fair and Constraints-respecting Graph Construction for Spectral Clustering: To pro-

pose a pre-processing framework that constructs a fair and constraint-respecting sim-

ilarity graph. This approach embeds fairness during the graph formation stage by

maintaining balanced neighborhood structures while respecting the provided pairwise

constraints.

• Fairness-aware One-Step Spectral Rotation Clustering: To introduce a group fairness

term, defined using an imbalance measure, within the one-step SC objective. This
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integration aims to achieve balanced cluster assignments while preserving both the

computational efficiency and clustering quality.

1.4 Thesis Contributions

To achieve the aforementioned objectives and address the inherent trade-off between fair-

ness and clustering quality, this dissertation makes the following major contributions, each

focusing on incorporating fairness at different stages of the advanced SC methods. The

subsequent subsections provide a brief overview of the proposed methods corresponding to

each contribution.

1.4.1 Fairness-aware Constrained Spectral Clustering (In process-

ing approaches)

The first contributory chapter of this dissertation focuses on incorporating fairness directly

into the clustering objective. To this end, two fairness-aware constrained SC methods are

developed, each designed to integrate fairness considerations into the optimization process

by jointly handling pairwise constraints and fairness requirements. Both contributions are

discussed below.

Contribution 1: Fairness-integrated Constrained Spectral Clustering via Lapla-

cian Adjustment

The first contribution proposes a novel method named fair-constrained Spectral Cluster-

ing (fair-cSC). The proposed method integrates fairness into the ML and CL constraints

by defining a fair constraint matrix, ensuring that pairwise relationships do not introduce

bias against any particular group. Additionally, a balance constraint is incorporated to

enforce fairness across input data points, promoting equal representation of sensitive groups

within clusters. Comprehensive experiments on six benchmarked datasets, including abla-

tion studies, demonstrate that the proposed fair-cSC method effectively enhances fairness
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while preserving clustering quality. Furthermore, the ablation study provides insights into

the method’s performance under various settings, reinforcing its robustness and applicability

in real-world scenarios.

Contribution 2: Constrained Spectral Clustering with Pairwise Fairness

The second contribution introduces a novel approach to incorporate pairwise fairness into

constrained SC for equitable representation of demographic groups. Fairness is integrated

into the pairwise constraint set by embedding a linear constraint that considers demographic

group information into the SC objective function. A comprehensive set of experiments is

conducted on multiple real-world datasets to evaluate the performance of the proposed

approach. Clustering quality is assessed using the Rand Index, while fairness is measured

using the balance metric. The results demonstrate that the proposed method effectively

manages trade-offs, achieving a higher Rand Index compared to SC and improved balance

compared to SC, constrained SC, and fair SC.

1.4.2 Fairness and Constraint Integration at Graph-Level (Pre-

Processing Approach)

The second contributory chapter of this dissertation focuses on a graph-level pre-processing

approach designed to integrate fairness and pairwise constraints into the SC process. This

contribution is discussed below.

Contribution 3: Fair and Constraints-respecting Graph Construction for Spec-

tral Clustering

The third contribution presents a novel pre-processing approach that embeds both fair-

ness and pairwise constraints directly into the graph construction phase. Specifically, a

Fair Constrained k-Nearest Neighbor (FC-kNN) graph is constructed, where each node’s

neighborhood satisfies group balance conditions, thereby mitigating disparate impact, while

simultaneously integrating pairwise constraints to ensure that prior knowledge is respected.
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The resulting fairness-aware, constraint-compliant graph is then used for SC, yielding clus-

ter assignments that uphold demographic balance while maintaining clustering quality. Ex-

tensive evaluations on real-world datasets demonstrate that FC-kNN achieves competitive

clustering performance while substantially reducing group bias relative to standard and

constrained SC baselines.

1.4.3 Fairness in Unified Spectral Clustering (One-Step Optimiza-

tion)

This final contributory chapter presents a unified fairness-aware framework for SC, empha-

sizing the integration of fairness into the OSSRC approach. The details of this contribution

are discussed below.

Contribution 4: Fairness-aware One-Step Spectral Rotation Clustering

The fourth contribution introduces a Fair One-Step Spectral Rotation clustering (FOSSRC),

which utilizes a novel Group Fairness Term (GFT) and integrates all independent stages of

SC into a unified framework via adaptive graph learning. This GFT is capable of producing

clusters with a balanced representation of sensitive groups. Furthermore, this work also

introduces an algorithm using the alternating direction method of the multiplier framework

to update the variables. Extensive experiments have been performed on various datasets

and compared with benchmarked methods to validate the efficacy of the proposed method.

1.5 Organization of the Thesis

The thesis begins with an introduction to the problem, along with the background, mo-

tivation, and a review of related work. The core chapters present the proposed methods,

followed by experimental evaluation and analysis. The thesis is structured into seven chap-

ters, each focusing on a specific aspect of the research, as outlined below. The accompanying

Figure 1.2 illustrates the work-wise organization, mapping the chapters to the corresponding
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Figure 1.2: Thesis organization showing chapter flow and research contributions.

proposed methods and publications.

Chapter 1: Introduction

This chapter introduces the concept of fairness, with a particular focus on SC methods.

It presents the background and significance of fairness, highlighting the motivation for
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this dissertation and identifying key research gaps in recent literature. The chapter

also outlines the main objectives, provides a brief overview of the chapter-wise con-

tributions, summarizes the overall contributions of the dissertation, and describes the

organization of the thesis.

Chapter 2: Background, Datasets and Metrics

This chapter establishes the theoretical and empirical groundwork essential for the

research presented in this dissertation. It provides a detailed background on the prin-

ciples of demographic fairness and SC paradigms, including their advanced variants.

Furthermore, it describes the real-world datasets utilized for validation and defines

the evaluation metrics employed to rigorously quantify clustering quality, fairness,

and constraint satisfaction.

Chapter 3: Literature Survey

This chapter provides a comprehensive survey of existing literature at the intersection

of spectral clustering and algorithmic fairness. It categorizes prior research based on

the stage of fairness intervention and analyzes the limitations of current state-of-the-

art methods. The chapter concludes with a summary of the research gaps identified

in the current literature.

Chapter 4: Fairness-aware Constrained Spectral Clustering

The first contributory chapter focuses on fairness integration within constrained SC

frameworks through two distinct mechanisms. The first part introduces a fair con-

straint matrix that establishes equitable ML and CL relationships. This is integrated

into the clustering objective via Laplacian adjustment, influencing the eigen structure

to promote balanced group representation. The second part embeds fairness within

the pairwise constraint set by incorporating a linear constraint into the SC objective to

ensure equitable cluster assignments. Collectively, these methods provide a framework
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for preserving clustering quality while satisfying fairness requirements, supported by

extensive experimental validation on real-world datasets.

Chapter 5: Fairness and Constraint Integration at Graph-Level

This chapter presents a graph-level pre-processing framework that integrates fair-

ness and pairwise constraints simultaneously during the construction of the similarity

graph. The primary contribution is the development of a FC-kNN method. This ap-

proach ensures group balance within each node’s neighborhood while extending the

graph to incorporate ML and CL constraints, thereby addressing fairness and domain

knowledge before the clustering process begins. The chapter provides detailed algo-

rithmic implementation and experimental validation to demonstrate the effectiveness

of this graph-based strategy in producing fair, quality-preserving clusters.

Chapter 6: Fairness in Unified Spectral Clustering

The final contributory chapter presents a unified fairness-aware clustering framework

that integrates a novel GFT to the cluster indicator matrix. This approach reduces im-

balance in cluster assignments and includes a rigorous theoretical analysis of the GFT’s

effect on clustering outcomes. By integrating this transform into the OSSRC frame-

work, the proposed method enables adaptive adjustments of cluster balance through

iterative updates. This results in an efficient, single-step optimization process that

achieves fairness without compromising computational performance, as demonstrated

through both theoretical proofs and empirical evaluations.

Chapter 7: Conclusions and Future Perspectives

Finally, this chapter concludes the thesis with a summary of the overall contributions

and outlines the potential directions for future research in fairness-aware clustering.

00656//
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“The way to get started is to quit talking and begin doing.”

∼Walt Disney

2
Background, Datasets and Metrics

This chapter provides the essential background of the fundamental concepts required to

understand the work presented in this thesis. It begins with the key notions of demographic

fairness and their relevance to clustering, followed by an explanation of the principles of

SC and its advanced variants. To bridge theory and practice, the chapter further details

the real-world datasets used in the experimental studies and outlines the evaluation metrics

employed to rigorously quantify clustering quality, fairness, and constraint satisfaction.
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Unfair Clustering
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Fair Clustering
(b)
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Figure 2.1: An example of unfair and fair clustering. Given data points with two groups (male
and female) are partitioned into two clusters. Clusters C = C1 ∪ C2 depict unfair clustering, and
clusters C = V1∪V2 depict fair clustering as samples of each group are equally represented in each
cluster.

2.1 Background

2.1.1 Demographic Fairness

In the context of clustering algorithms, fairness seeks to ensure that the formation of clusters

does not favor or disadvantage individuals belonging to specific demographic groups defined

by sensitive attributes. Without such considerations, clustering algorithms may uninten-

tionally group individuals based on their sensitive attributes, thereby amplifying existing

biases and leading to unfair outcomes. To address this issue, several notions of fairness have

been proposed in the literature [22]. One of the most widely adopted notions is balance,

introduced by Chierichetti et al. [24]. Balance focuses on achieving group-level fairness,

requiring that the representation of each demographic group within every cluster reflects, as

closely as possible, its overall distribution in the dataset. In other words, a cluster is consid-

ered balanced if no group is significantly overrepresented or underrepresented relative to its

global proportion. Figure 2.1 provides an illustrative example of unfair and fair clustering

outcomes using two demographic groups (Group 1 and Group 2). Formally, the balance of
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a cluster is defined as follows:

Definition 1 (Balance). A dataset X = {x1,x2, · · · ,xn} is partitioned into c disjoint

clusters π = {π1, · · · , πc},
⋃c

ℓ=1 πℓ = X. Each instance in X is associated with a demographic

group xi ∈ {G1, · · · , Gm},
⋃m

t=1Gt = X, where each Gt corresponds to one group. Let

ηt =
|Gt|
n
, t ∈ {1, · · · ,m} be the proportion of group Gt in the dataset and ηt(ℓ) =

|πℓ∩Gt|
|πℓ|

, ℓ ∈

{1, · · · , c} be the proportion of group Gt within cluster πℓ. The ideal balanace conditions is

expressed as:

∀ t ∈ {1, . . . ,m}, |Gt ∩ πℓ|
|πℓ|

=
|Gt|
n

. (2.1)

and the balance of cluster πℓ is defined as:

Balance(πℓ) = min
t∈{1,...,m}

(
min

(
ηt

ηt(ℓ)
,
ηt(ℓ)

ηt

))
, (2.2)

with the convention that Balance(πℓ) ∈ [0, 1].

Remark 1. Balance(π) evaluates the degree of demographic fairness in resulting clusters.

A higher balance value indicates that the proportion of each sensitive group Gt within every

cluster πℓ (i.e., ηt(ℓ)) is close to its overall proportion in the dataset (i.e., ηt). In the ideal

case, when ηt(ℓ) = ηt for all groups and all clusters, the clustering will achieves its maximum

balance 1.

This Definition 1 of balance has been adopted in several fair SC methods to promote

fairness across clusters [25,26,47].

2.1.2 Spectral Clustering

SC is a widely used graph clustering algorithm that leverages the spectral properties of

graph representations of data to identify meaningful clusters. The key idea is to represent

the dataset as a similarity graph and then transform this graph into a lower-dimensional

space using the eigenvectors of its graph Laplacian matrix. After obtaining the spectral
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embedding, a standard clustering algorithm such as k-means is applied to partition the

points.

The objective of SC is to partition the graph in a way that minimizes edges between

different clusters while maintaining strong connections within each cluster. This is often

formalized through graph partitioning criteria, such as the Ratio Cut (RCut) or Normalized

Cut (NCut) [27]. The process consists of two main steps:

1. Graph Construction: A similarity graph is constructed from the data to capture

the similarities between pairs of data points.

2. Spectral Embedding and Clustering: The graph Laplacian is computed, and

its eigenvectors are used to create a lower-dimensional representation of the data.

Clustering is then applied in this new space.

Let G = {V,E, S} be an undirected graph represented using a set of data points X =

{x1, . . .xn}. G includes V = {v1, · · · , vn}, denotes the set of vertices, E ⊆ V × V denotes

the set of edges connecting these vertices, and S ∈ Rn×n is the weighted adjacency matrix

of G where Saa = 0 and Sab ≥ 0 (similarity value of the edge Eab between vertex Va and Vb).

The degree matrix D ∈ Rn×n is the diagonal matrix where Dii =
∑n

j=1 Sij, ∀i ∈ {1, · · · , n}.

The Laplacian matrix is expressed as L = D − S, which captures the graph’s structural

information. SC aims to divide the graph G into c ≥ 2 clusters π = {π1, · · · , πc}, so

the clusters are well separated and have high similarity within clusters. To achieve this,

the objective function considered is the NCut [27], which finds the optimal partition by

minimizing the cut of the graph. The NCut value is measured as follows:

NCut(π1, . . . , πc) =
c∑

i=1

Cut(πℓ, π̄ℓ)

Vol(πℓ)
, (2.3)

where Cut(πℓ, π̄ℓ) =
1
2

∑
i∈πℓ,j∈π̄ℓ

Sij shows the sum of the weights of the edges between the

vertices in cluster πℓ and π̄ℓ and Vol(πℓ) denotes the sum of the edge weights in cluster

πℓ. Minimizing the NCut in equation (2.3) is equivalent to solving the trace minimization

19



Background, Datasets and Metrics

problem as NCut(π1, . . . , πc) = Tr(HTLH) where H ∈ Rn×c is the cluster indicator matrix.

The objective function of normalized SC is given as:

min
H∈Rn×c

Tr(HTLH) subject to HTDH = Ic. (2.4)

By substituting H = D−1/2Y for Y ∈ Rn×c, The normalized SC computes an optimal Y,

which contains eigenvectors associated with c smallest eigenvalues of L̄ = D−1/2LD−1/2.

The problem in equation (2.4) becomes:

min
Y∈Rn×c

Tr(YT L̄Y) subject to YTY = Ic (2.5)

The final clustering step is performed by applying k-means to the rows of Y to produce the

final clusters. This converts the continuous embedding into discrete cluster assignments.

The obtained clusters may still be demographically imbalanced, even if the algorithm

accurately reflects the data structure. This motivates the exploration of fair SC, where

fairness considerations are integrated into the spectral framework to obtain fair clusters.

2.1.2.1 Illustrative Example: The Spectral Clustering

To provide a practical intuition of the mathematical foundations discussed in the previous

section, this section presents a step-by-step walk-through of the spectral clustering process

using a synthetic 2D dataset (n=20). This illustrative example, visualized in Figure 2.2,

serves as a baseline for understanding how graph-based partitions are formed before the

introduction of fairness in later chapters.

• Data and Graph Construction

Figure 2.2(a) illustrates the input data, where each point is associated with a sensi-

tive attribute (Male/Female). In Figure 2.2(b), these points are transformed into a

similarity graph G, where edges represent the proximity between nodes, calculated

using a Gaussian kernel. This graph captures the local geometry of the data, which

is essential for identifying non-linear structures. Based on this graph, the adjacency
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(d) Spectral Clustering Output
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Figure 2.2: Illustration of spectral clustering on a toy dataset showing (a) input data with sensitive
attributes, (b) similarity graph construction, (c) graph Laplacian, and (d) final clusters.
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matrix W and degree matrix D are computed, which are then used to construct the

graph Laplacian matrix.

• Laplacian

From the graph, the unnormalized Laplacian matrix L = D − W is derived. The

heatmap in Figure 2.2(c) provides a numerical snapshot of the data structure. The

values along the diagonal represent the degree of each node, while the off-diagonal

values reveal the strength of connectivity between pairs. The emerging block-diagonal

patterns are mathematically significant, as the eigen-decomposition of this matrix

reveals the cluster components.

• Cluster Assignment

By projecting the data into the spectral embedding space and applying k-means , we

obtain the final clusters shown in Figure 2.2(d). While the algorithm successfully cap-

tures the geometric density of the blobs, it is important to observe that the clusters

are determined without regard for the sensitive attributes. This fairness-blind parti-

tioning highlights the potential for demographic imbalance, justifying the need for the

fairness-constrained optimization frameworks proposed in this research.

2.1.3 Fair Spectral Clustering

Kleindessner et al. [25] were the first to introduce fairness in SC. They employed the balance

condition equation (2.1) directly into the SC framework by deriving a linear constraint

that enforces proportional representation of demographic groups within each cluster. The

following lemma explains how to incorporate this aim into the NCut minimization objective

using a linear constraint on cluster indicator H.

Lemma 2.1.1. For t ∈ m, let f (t) ∈ {0, 1}n be the demographic group-indicator vector of

Gt, given as:

f
(t)
i =


1 if xi ∈ Gt

0 otherwise.

(2.6)
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Then, for every cluster ℓ ∈ c:

∀t ∈ [m− 1] :
n∑

i=1

(
f
(t)
i −

|Gt|
n

)
Hiℓ = 0 ⇐⇒ ∀t ∈ [m] :

|Gt ∩ πℓ|
|πℓ|

=
|Gt|
n

. (2.7)

Using the above lemma, JTH = 0 is the balance constraint term where J ∈ Rn×(m−1) is

the matrix with vectors: f (t) −
(

|Gt|
n

)
· 1n as columns. This is used as a constraint in the

objective function of SC, given as,

min
H ∈ Rn×c

Tr(HTLH)

subject to HTDH = Ic,

JTH = 0(m−1)×c.

(2.8)

The matrix J has rank m − 1, and therefore Rank(JT ) = m − 1 as well. It is necessary to

assume c ≤ n−m+ 1 to admit a feasible solution, since otherwise equation (2.8) does not

have any solution. Let P ∈ Rn×(n−m+1) be any matrix whose columns form an orthonormal

basis of the null-space of JT . The cluster indicator matrix can be expressed in the form

H = PY, for Y ∈ R(n−m+1)×c, and the problem equation (2.8) becomes:

min
Y∈R(n−m+1)×c

Tr(YTPTLPY)

subject to YTPTDPY = Ic.

(2.9)

Assuming that the graph G contains no isolated vertices, the matrix PTDP is positive

definite and hence has a positive definite square root, that is, there exists a matrix K ∈

R(n−m+1)×(n−m+1) such that PTDP = K2. By substituting Y = K−1B for B ∈ R(n−m+1)×c,

the optimization problem in equation (2.9) transforms into:

min
B∈R(n−m+1)×c

Tr
(
BTK−1PTLPK−1B

)
subject to BTB = Ic.

(2.10)

A solution to problem equation (2.10) is obtained by matrix B whose columns consist of or-
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thonormal eigenvectors associated with the c smallest eigenvalues of the matrixK−1PTLPK−1.

This defines the fair spectral embedding, which in turn forms the basis of the fair normalized

SC procedure presented in Algorithm 1.

Algorithm 1: Normalized Fair Spectral Clustering

Input : Adjacency matrix S ∈ Rn×n, number of clusters c ∈ N, group-membership
vectors f(t) ∈ {0, 1}n for t ∈ [m]

Output: A partition of [n] into c clusters
1 Compute the graph Laplacian L = D− S, where D is the degree matrix.

2 Let J be a matrix with columns f(t) − |Gt|
n
· 1n, t ∈ [m− 1].

3 Compute a matrix P whose columns form an orthonormal basis of the null space of
JT .

4 Compute the square root of PTD P as K.
5 Compute some orthonormal eigenvectors corresponding to the c smallest

(respecting multiplicities) eigenvalues of K−1PTLPK−1.
6 Let B be the matrix containing these eigenvectors as columns.

7 Apply k-means clustering to the rows of H = PK−1B ∈ Rn×c to obtain the final
clustering.

2.1.4 Constrained Spectral Clustering

Pairwise Constraints

Wagstaff and Cardie [48] first introduced pairwise constraints to guide the clustering process.

Their work demonstrated that clustering performance can be enhanced by incorporating

prior knowledge about which data points should be grouped together and which should

be separated. Building on this insight, constrained SC uses this idea by adding pairwise

constraints, which are of two types:

1. ML: The pair of instances should belong to the same cluster.

ML = {(xi,xj) | xi and xj should be in same cluster}

2. CL: The pair of instances should not belong to the same cluster.

CL = {xi,xj | xi and xj should not be in same cluster}
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These constraints help guide the algorithm toward cluster structures that align with user

requirements or domain knowledge. In practice, ML and CL constraints are usually rep-

resented in a constraint matrix Q ∈ {−1, 0,+1}n×n or in a graph where edges encode ML

(+1) or CL (-1) relationships, given as:

Qi,j =


+1 if (xi,xj) ∈ML

−1 if (xi,xj) ∈ CL

0 otherwise.

(2.11)

Incorporating Pairwise Constraints into Spectral Clustering

Several approaches have been proposed to incorporate pairwise constraints into the SC

framework. In standard SC, an affinity matrix and the corresponding graph Laplacian are

used to derive a low-dimensional embedding that reflects the similarity structure of the data.

Constrained SC modifies this process by incorporating additional information from ML and

CL constraints. This is typically achieved in two main ways:

1. Similarity Graph Adjustment: Pairwise constraints are incorporated by modifying

the similarity graph before clustering. ML pairs are strengthened by increasing their

edge weights or adding new edges, while CL pairs are weakened by reducing edge

weights or removing edges. This ensures that the graph structure reflects the desired

relationships before applying SC [35,36].

2. Optimization-based Modification: Pairwise constraints are embedded explicitly

into the SC objective. The optimization problem is modified so that the cluster

assignment matrix satisfies the pairwise relationships. This integrates constraints

during the clustering process itself [38, 40].

Both approaches integrate pairwise constraints directly into the SC framework and have

been widely used to enhance the performance of clustering. However, these methods focus

solely on constraint satisfaction and do not consider fairness among demographic groups.
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This limitation highlights a clear research gap, the need for further extensions that preserve

the strengths of constrained SC while accommodating fairness.

2.1.5 One-Step Spectral Rotation Clustering

The traditional two-step process of SC often leads to instability, as the final clusters de-

pend not only on the spectral embedding but also on the randomness and sensitivity of

the subsequent k-means steps. One-step spectral rotation addresses this limitation by in-

tegrating similarity learning and clustering into a unified framework. It works directly in

the low-dimensional feature space of the original data, reducing noise and dimensionality

issues. The OSSRC model jointly performs similarity graph learning, spectral embedding,

and spectral rotation into a one-step optimization framework, enabling it to produce more

stable and coherent clustering results.

Spectral Rotation

Spectral rotation provides a direct mechanism for converting the continuous spectral em-

bedding into a discrete cluster indicator matrix, thereby avoiding the need for the k-means

step, which often introduces instability and sensitivity to initialization. Instead, it applies

an orthogonal transformation to the eigenvector matrix, producing a rotated embedding

that aligns more closely with an ideal discrete cluster structure [49].

Let equation (2.5) be examined more closely; the relaxed solution to equation (2.5) is

not unique. Indeed, for any optimal solution Y, YR is another optimal solution, where R is

an arbitrary orthonormal matrix. The goal is to find a proper orthonormal R such that the

resulting YR are closer to the discrete indicator matrix solution set than the Y in k-means.

Figure 2.3 illustrates the concept of spectral rotation, which rotates the spectral vectors

more closely with the discrete indicator matrix compared to traditional spectral vectors.

Similar to k-means, the goal is to find the optimal T that minimizes the distance between
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Clustering Solutions

Solution Set

Eigenvectors

Spectral rotation YR

Figure 2.3: A demonstration of spectral rotation. The curve on the left shows the discrete solution
space. The grey circle corresponds to the set of solutions obtained through the orthonormal matrix
R. The blue triangle shows the outcome of the relaxed SC formulation, while the yellow star
indicates the solution produced through an appropriate spectral rotation.

YR and a cluster indicator matrix T [43]. This can be expressed mathematically as:

min
T∈Ind,RTR=I

∥YR−T∥2F

⇔ min
T∈Ind,RTR=I

Tr
[
(YR−T)T (YR−T)

]
⇔ min

T∈Ind,RTR=I
Tr
(
RTYTYR− 2RTYTT+TTT

)
⇔ min

T∈Ind,RTR=I

(
Tr(YTY)− 2 Tr(YTTRT ) + Tr(TTT)

)
⇔ min

T∈Ind,RTR=I

∥∥∥Y −TRT
∥∥∥2
F
.

(2.12)

Here, the orthonormal constraint ensures that T best approximates YR among all discrete

cluster indicator matrices, while YR is the optimal solution to equation (2.5).

Dimensionality reduction

High-dimensional data often lie on an underlying low-dimensional manifold that reflects

their intrinsic structure. To recover this structure, dimensionality reduction methods are

commonly used in SC and subspace learning. Locality Preserving Projection (LPP) is one

such technique that preserves the local geometric relationships between data points. This
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helps capture the intrinsic structure of the data and produces a robust spectral represen-

tation for clustering [50]. Following the principles of manifold learning, the goal is to find

a projection matrix W ∈ Rd×h that can be combined with data matrix X to best approx-

imate the low-dimensional manifold. The low-dimensional manifold data is embedded into

the Laplacian graph, which gives the objective.

min
W

n∑
i,j

∥xiW − xjW∥22Sij ⇔ min
W

Tr(WTXLXTW), (2.13)

where S is the similarity graph matrix. For equation (2.13), the similarity matrix is typically

constructed using a standard pairwise approach. However, redundant features may distort

the learned subspace and degrade clustering performance. To address this, a ℓ2,1 -norm

regularization is applied to the projection matrix W, promoting feature-level sparsity and

effectively performing feature selection across all samples while learning the subspace [51].

By combining subspace learning with feature selection, redundant features are reduced, a

robust projection matrix is learned, and clustering performance is improved. The resulting

formulation is:

min
W

Tr
(
WTXLXTW

)
+ α∥W∥2,1 s.t. WTW = I, (2.14)

where α is a non-negative parameter balancing subspace learning and feature selection.

This formulation equation (2.14) yields a more robust spectral representation and improved

clustering compared to traditional spectral methods such as RCut and NCut.

2.2 Datasets Description

The methods proposed in this dissertation are evaluated using real-world datasets com-

monly employed in fairness-aware machine learning research, all of which include sensitive

attributes. Based on the comprehensive survey presented in [52], which provides a detailed

taxonomy and discusses datasets curated for fairness research [53,54], the following datasets
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were included in the experiments. Most of these datasets are collected from the UCI repos-

itory [55]. A summary of the datasets used in the experiments is provided in Table 2.1,

followed by detailed descriptions of each dataset.

Table 2.1: Summary of datasets

Dataset Samples Features Class Sensitive Attribute Domain Reference
Adult Income 48,842 14 2 Gender Socio economic [56]
Bank 45,211 16 2 Marital status Marketing [57]
Crime 1994 127 2 Race Law [58]
ILPD 583 10 2 gender Health [59]
Hepatitis 155 19 2 Gender Health [60]
Credit 30,000 23 2 Gender Finance [61]
FriendshipNet 127 - - Gender social networks [62]
FacebookNet 155 - - Gender social networks [62]
DrugNet 193 - - Ethnicity social networks [63]
German Credit 1000 20 2 Gender Finance [64]
Catalonia 4753 133 2 Gender Recidivism Analysis [65]
Student 395 29 10 Gender Education [66]
Law 20798 11 2 Race Education [67]

1. Adult Income

The Adult dataset [56] contains information from the 1994 US Census, including

the target income details of individuals. The task traditionally involves predicting

whether an individual’s annual income exceeds $50,000. The dataset is also known as

the “Census Income” dataset.

• Sensitive Attribute: Gender

2. Bank

The Bank [57] dataset contains records of phone calls made during a marketing cam-

paign run by a Portuguese banking institution. The purpose is to predict if a client

will subscribe (yes/no) to a term deposit using different attributes gathered during

marketing campaigns.

• Sensitive Attribute: Martial status

3. Communities & Crime

The Crime dataset [58] contains crime-related and demographic information for com-
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munities across the United States. The target is to predict the violent crime rate in

the community.

• Sensitive Attribute: Race

4. Indian Liver Patient Dataset (ILPD)

The Indian Liver Patient Dataset (ILPD) [59] dataset contains medical and demo-

graphic records of individuals collected for the diagnosis of liver disease. The predic-

tion task is to determine whether a patient is affected by liver disease.

• Sensitive Attribute: Gender

5. Hepatitis

The Hepatitis [60] dataset’s objective is to predict the patient’s condition, i.e., whether

the patient has been completely cured or not.

• Sensitive Attribute: Gender

6. Credit

The Credit dataset [61] contains information on customers’ credit card payments,

credit data, demographic factors, payment history, and bill settlements in Taiwan.

The prediction task is to determine whether a customer will default on a payment.

• Sensitive Attribute: Gender

7. FriendshipNet

The FriendshipNet [62] dataset represents a friendship network among students, mod-

eled as an undirected graph. It consists of 127 vertices, where each vertex corresponds

to a student, and edges indicate reported friendships between pairs of students.In this

dataset, sensitive attribute gender may impact the dynamics of student relationships

and the patterns of friendships reported between students.

• Sensitive Attribute: Gender
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8. FacebookNet

The FacebookNet [62] dataset represents a high school friendship network with 155

vertices, and an edge between two students indicates friendship on Facebook. In this

dataset, attribute gender may influence online social connections, potentially shaping

the formation of Facebook friendships across genders.

• Sensitive Attribute: Gender

9. DrugNet

The DrugNet [63] captures the acquaintanceship among drug users in Hartford, con-

sisting of 193 vertices.

• Sensitive Attribute: Ethnicity

10. German Credit

The German Credit dataset [64] contains records of loan applicants from 1973 to 1975

collected as part of a study on computer-assisted credit assessment at a regional bank

in southern Germany. Each instance includes demographic and financial attributes

used to classify applicants as either good or bad credit risks.

• Sensitive Attribute: Gender

11. Catalonia

The Catalonia dataset [65] provides information on juveniles involved in the justice

system in Catalonia.

• Sensitive Attribute: Gender

12. Student

The Student dataset [66] contains records from two Portuguese secondary schools,

including grades in Mathematics and Portuguese, along with demographic, social, and

school-related attributes. The task is to predict student achievement.

• Sensitive Attribute: Gender
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13. Law

The Law dataset [67] originates from a 1991 survey conducted across 163 law schools

in the United States. It contains admissions-related information.

• Sensitive Attribute: Race

2.3 Evaluation Metrics

To assess the performance of clustering methods, two categories of metrics are employed:

fairness metrics, which quantify the degree of representational fairness across sensitive

groups, and clustering quality metrics, which measure how well the cluster assignments

reflect the underlying data structure.

2.3.1 Fairness Metrics

1. Balance: The balance of a cluster measures how evenly the sensitive groups are

represented equation (2.2). The higher the balance, the better the fairness. Since

fairness should be maintained across all clusters, the balance of an entire clustering

solution is defined as the minimum balance among all clusters:

Balance = min
ℓ=1,...,c

(Balance(πℓ)) (2.15)

2.3.2 Clustering Quality Metrics

1. Rand Index: The Rand Index (RI) measures the clustering quality based on the

clusters assigned and ground truth labels [68]. It evaluates how consistently pairs of

points are assigned to the same or different clusters.

RI =
a+ b(

n
2

) , (2.16)
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where a = number of pairs in the same cluster in both predicted and ground truth

b = number of pairs in different clusters in both predicted and ground truth(
n
2

)
= total number of possible pairs in a dataset of size n RI ranges from 0 to 1, with

higher values indicating better clustering performance.

2. Accuracy: Accuracy (Acc) measures the proportion of correctly assigned labels.

Acc =
Nc

N
, Acc ∈ [0, 1] (2.17)

where N is the total number of samples, Nc denotes the number of samples whose

predicted cluster labels match the corresponding ground-truth class labels.

3. Normalized Mutual Information: Normalized Mutual Information (NMI) mea-

sures the mutual dependence between the predicted clusters and the ground-truth

classes. It is scaled between 0 and 1. A higher value shows a better match between

the predicted clusters and the true classes.

NMI(Ω, C) =
2 I(Ω;C)

H(Ω) +H(C)
∈ [0, 1], (2.18)

where Mutual Information is

I(Ω;C) =
∑
i

∑
j

pij log

(
pij
pi pj

)
(2.19)

and the Entropy of predicted clusters and true labels

H(Ω) = −
∑
i

pi log pi, H(C) = −
∑
j

pj log pj. (2.20)

4. Normalized Cut: NCut measures the quality of a partition of a graph by evaluating

the dissimilarity between clusters equation (2.3). A low NCut value indicates that the

clusters are weakly connected by edges, representing better graph partition quality.
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5. Objective function cost: SC minimizes the relaxed form of the graph partitioning

objective. The quality of the resulting clustering is evaluated using the objective

function value given in equation (2.4). A lower objective value corresponds to a better

clustering that is more aligned with the graph structure.

6. Constraints Satisfaction: Constraint satisfaction measures how well a clustering

algorithm satisfies the provided ML and CL constraints. A higher value indicates

better adherence to the pairwise constraints.

Constraint Satisfaction = SML + SCL, (2.21)

where SML and SCL are satisfied ML constraints and satisfied CL constraints, respec-

tively.

7. Silhouette Score: The Silhouette Score measures the compactness and separation of

clusters by comparing the intra-cluster distance with the nearest inter-cluster distance

for each sample.

For a single point i, the silhouette score is defined as:

s(i) =
b(i)− a(i)

max(a(i), b(i))

where:

• a(i): average distance between point i and all other points in the same cluster

(cohesion)

• b(i): minimum average distance between point i and points in any other cluster

(separation)

The final score for a clustering model is the average of s(i) across all data points.

The score ranges from −1 to 1, where a higher value indicates better-defined and

well-separated clusters.
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2.4 Summary

This chapter has established the theoretical and empirical foundations necessary for the sub-

sequent research. By providing a detailed background on demographic fairness and spectral

clustering paradigms, alongside a comprehensive description of the datasets and evaluation

metrics. These metrics and datasets will serve as the rigorous benchmark for evaluating the

effectiveness of the proposed frameworks in the following contributory chapters. Building

upon this foundation, the next chapter provides a critical review of the existing literature

and identifies the specific research gaps addressed by this work.

00656//
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“Many of life’s failures are people who did not realize how close

they were to success when they gave up.”

∼Thomas A. Edison

3
Literature Survey

Building upon the foundational concepts and experimental framework established in the

previous chapter, this chapter provides a comprehensive survey of the existing literature

regarding fairness in clustering, with a specific focus on spectral clustering paradigms. Ad-

ditionally, it discusses advanced SC approaches, including constrained SC and one-step

spectral rotation methods. Finally, the chapter highlights the limitations and research gaps

in the current literature, motivating the need to integrate fairness into advanced SC frame-

works.
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3.1 Fairness in Clustering Methods

Fairness in clustering has gained significant attention as these automated systems are in-

creasingly scrutinized for bias and reviewed in [22, 69]. A fairness notion, called balance,

was first proposed by Chierichetti et al. [24] for clustering algorithms. It states that each

cluster should have the same proportion of sensitive groups. For this, fairlet decomposition

algorithms were proposed to enforce balance in center-based clustering for two groups. In

order to do this, the original points were divided into small balanced clusters called fairlets,

and vanilla clustering was applied. Following this, Backurs et al. [70] improved the work

of [24] by proposing a scalable fair clustering algorithm based on faster fairlet computation.

In this work, a tree metric-based non-linear approximation algorithm was proposed for fair

k-medians, achieving nearly linear time complexity. Subsequently, Rosner et al. [71] worked

for fair k-center clustering by proposing an approximation algorithm and generalizing it

to multiple sensitive groups. Beyond fairlet, Bera et al. [53] generalized the seminal work

of [24] by using a bounded representation of groups in clusters. First, the classical cluster-

ing problem is solved and transformed into a fair assignment, converting various clustering

objectives into fair solutions while accommodating different sensitive groups simultaneously.

Subsequently, Ziko et al. [72] proposed a variational approach for fair clustering that incor-

porates a fair penalty term based on KL divergence into the standard clustering algorithms,

including both prototype-based and graph-based. This approach achieved the required fair-

ness while ensuring clustering quality simultaneously. Further, to address the challenge of

fairness and heterogeneous data in multi-view clustering, Zheng et al. [73] proposed a fair-

ness multi-view clustering method, which integrates group fairness and employs contrastive

and non-contrastive learning to handle heterogeneous data. The method achieves effective

and unbiased clustering.
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3.2 Fairness in Spectral Clustering Methods

A few work has been done on fairness in SC and other graph clustering methods. Kleindess-

ner et al. [25] proposed a fair SC method to obtain balanced clusters with respect to sensitive

groups. In this work, a balance constraint is designed following the definition in [24] and in-

corporated a linear constraint on the cluster indicator into the spectral relaxation to achieve

fair clusters. Subsequently, a scaled version of [25] is proposed by Wang et al. [26], in which

a technique is introduced for the spectral computation of fair SC by integrating null-space

projection and Hotelling’s deflation to speed up the computation. Further, Anagnostopou-

los et al. [74] address fairness in densest sub-graph problems with two colors, proposing

a greedy approximation combined with a spectral method. Gupta et al. [30] explored SC

under an individual-level fairness constraint. The representation graph is utilized to encode

individual-level fairness. They evaluated the effectiveness using a fair-planted partition al-

gorithm derived from the representation graph. Li et al. [75] considers group fairness in

normalized-cut graph partitioning to ensure that sensitive groups are fairly represented in

each cluster. A two-step strategy called FNM is presented for the spectral method. First,

an augmented Lagrangian term is aligned with fairness criteria for fair embedding. The

next step uses a rounding approach to form c clusters while maintaining partition quality

and fairness. Fu et al. [31] proposed a model that unifies clique-preserving connections and

fairness in SC for temporal graphs. In addition, Zhou et al. [47] introduced a new regular-

ized term that simultaneously handles fairness and cluster imbalance problems. The term

was integrated into the SC ensemble framework, resulting in fair clusters with equal capac-

ity. Similarly, Yang et al. [76] proposed SFSC by introducing the notion of scale fairness,

addressing the cluster size imbalance. By incorporating entropy-based adjustments into the

Laplacian matrix, SFSC achieves more balanced cluster sizes while maintaining comparable

clustering quality. Further, they also proposed a fair SC framework by introducing fair

Laplacian matrices to address group, individual, and scale fairness [77].

Recent work has focused on addressing fairness in SC by targeting the graph construction

step. A comprehensive review, as summarized in [78, 79], reveals a notable trend in fair
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graph methods. Zhang et al. [33] examined the impact of graph construction on fair SC and

then provided a graph construction method to learn the graph from noisy data. A unified

approach for fair SC is proposed by integrating all stages into a single objective function

using a dual Laplacian framework.

3.3 Advanced Spectral Clustering Methods

Several studies have focused on enhancing the quality and robustness of SC. These methods

address limitations such as noisy data, sensitivity to k-means, and the need to incorporate

domain knowledge. Developments in this area include constrained SC and one-step SC,

which are reviewed in the following subsections.

3.3.1 Constrained Spectral Clustering

As discussed earlier, pairwise constraints can be incorporated into SC through two main

approaches: similarity graph adjustment and optimization-based modification. This section

reviews the methods developed under each approach.

• Similarity Graph Adjustment

Constrained clustering enhances the standard framework by integrating domain knowl-

edge as pairwise constraints. These pairwise constraints, ML and CL, are introduced

to adapt an incremental clustering method [80], which significantly improves perfor-

mance. For this purpose, several constrained graph clustering have been reviewed

in [41]. Kamvar et al. proposed a constrained SC method [37], which modifies the

affinity matrix with 1’s and 0’s for ML and CL constraints, respectively. The graph

Laplacian is then modified accordingly, enabling the method to efficiently use the ex-

ternal information for clustering the data. Subsequently, Kulis et al. [81] proposed to

encode +1 for ML and -1 for CL into the similarity matrix and then utilized kernel

k-means rather than SC to partition the data. In [36], Lu et al. proposed to propa-

gate pairwise constraints within the affinity matrix using a Gaussian process to extend
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constraints to unconstrained objects. This method is particularly suited for two-class

problems, with heuristics proposed for extending it to multi-class. Lu et al. [82] pro-

posed a method for constrained SC through exhaustive constraint propagation. They

break down global propagation into independent label propagation subproblems that

can be solved in quadratic time. This method thoroughly propagates pairwise con-

straints throughout the dataset. As a result, it creates a refined similarity matrix

and improves clustering accuracy. They later extended this work with a graph-based

interpretation, a stronger motivation for similarity adjustment, broader experimental

validation, and a nontrivial extension to multi-source constraint propagation [83].

Furthermore, Jia et al. [84] proposed Semi-supervised Adaptive Symmetric NMF. This

method learns the similarity matrix and clustering results jointly. By using ML and

CL constraints in one optimization process, their approach improves the graph and

achieves better clustering performance. Subsequently, Jia et al. [85] discussed that

sequential propagation of traditional pairwise constraints and affinity refinement can

increase errors in SC. They proposed a joint optimization framework that learns both

the propagation and affinity matrices at the same time. This approach results in a

more accurate cluster structure. Nie et al. [86] address the challenges of handling CL

constraints and multi-class clustering in semi-supervised learning. They proposed a

pairwise constrained structured optimal graph using a novel cannot-link graph reg-

ularization and Laplacian rank constraint. Their method achieves significant perfor-

mance with few pairwise constraints. In [87], Li et al. introduced an instance-level

multi-model constraint propagation approach, which constructs a unified affinity by

combining several modality affinities at the data instance level.

• Optimization-based Modification

Yu et al. [88] modified the optimization problem by encoding pairwise information

through a subspace projection method. This proposed solution for the constrained

eigenvalue problem, however, can handle only ML constraints. Subsequently, a regu-

larization to the spectral embedding is introduced to enforce the pairwise constraints
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by Li et al. [89], which directly applies to multi-class, managing both ML and CL and

efficiently propagates sparse constraints. Similarly, a flexible constrained SC method

was proposed by Wang et al. [38] to encode the pairwise constraints during optimiza-

tion. It uses a user-specified parameter α to lower the bound of how effectively the

external constraints are satisfied. This algorithm is detailed with two-way clustering.

Further, Wang et al. extended this from two-way clustering to multi-way cluster-

ing [90]. Alternatively, Chen et al. [91] provided a unified paradigm that generalizes

instance-level constraints into space-level. In this, the distortion measure assesses the

similarity and dissimilarity of data points and combines it with the Ncut criterion.

Wacquet et al. [40] proposed explicitly adding the pairwise constraints as penaliza-

tion terms with the SC objective function. Then, the optimization problem of the

eigenvalue system associated with a signed Laplacian matrix was addressed.

Furthermore, Cucuringu et al. [92] introduced a faster-generalized eigenvalue problem

for 2-way constrained SC. Liu et al. [93] presented the compressed version of the [92] by

retaining the same accuracy with less computational time. In a different direction, a

multi-view matrix completion method for constrained multi-view SC was introduced

by Zhao et al. [94], which ensures consistency across views via pairwise constraints

and achieves global optimization. Ding et al. [95] integrated pairwise constraints with

graph cut optimization and proposed a space-efficient semi-supervised SC method us-

ing approximate kernel k-means and hidden Markov random fields. Similarly, Chen et

al. [96] and Zhang et al. [97] integrated pairwise constraints into multi-view SC. Yu et

al. [98] addressed computational complexity, two-step procedures, and constraint vio-

lations in constrained SC, proposing an efficient semi-supervised balanced-cut method

that adapts to pairwise constraints and partial labels. In another effort, a method

for constrained clustering with weak label priors (i.e., pairwise constraints and clus-

ter ratio) was proposed in a unified framework by Zhang et al. [99]. This integrated

pairwise constraints as a regularizer with the spectral embedding and label proportion

was integrated as a constraint with the spectral rotation to enhance the clustering
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performance.

3.3.2 One-Step Spectral Clustering

Various one-step SC methods have been proposed in the literature to address the limitations

of traditional two-step SC. Yang et al. [45] proposed a unified framework for SC to learn

discrete clustering labels. The method performs better clustering by integrating a discrete

rotation functionality and an adaptive robust module with l2,p loss. Building on this, Kang

et al. [42] proposed a method that integrates similarity graph learning, continuous label

learning, and discrete cluster labels into a unified framework. The model ensures that the

similarity matrix has exactly c connected components for c clusters, refines solutions for

better discrete labels, and develops multiple kernel learning for adaptivity. Similarly, Pang

et al. [43] present a joint model of SC that incorporates spectral embedding and rotation

to enhance accuracy. They use a scaled orthonormal cluster indicator matrix to reduce

approximation errors.

To enhance robustness to outliers and imbalanced data, Tong et al. [100] proposed a

robust one-step SC method using self-paced learning. It integrates a missing value map-

ping matrix and a self-paced regularizer to reduce the outliers and fuses affinity matrix

learning with spectral decomposition. Zhu et al. [101] extended these ideas with a unified

deep SC framework that integrates all steps of SC, enhancing robustness to noise and high-

dimensional data. The framework implements a two-task deep clustering model with linear

activation functions to produce effective clustering results. However, its use of linear activa-

tions may limit the ability to capture nonlinear relationships. Further addressing imbalance,

Wen et al. [44] present one-step spectral rotation clustering for imbalanced high-dimensional

data, which addresses clustering of imbalanced, high-dimensional data by integrating self-

paced learning with spectral rotation in a unified framework. It performs sample selection

to balance classes and combines subspace learning with feature selection for dimensionality

reduction, improving clustering performance and reducing bias toward majority classes. Fur-

ther, they introduced a balance constraint to generate clusters of similar size [102]. Finally,
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Zhu et al. [103] proposed a novel subspace-guided spectral embedding method for one-step

SC. The method introduces an affine self-expression regularization to learn a robust simi-

larity matrix and incorporates spectral rotation as a penalty to produce clustering-friendly

embeddings.

Fairness in one-step SC has also been explored by Zhang et al. [33], who introduced

a unified fair SC approach that employs a node-adaptive graph filter for graph construc-

tion, effectively learning graphs from noisy data. Furthermore, they integrated the balance

constraint proposed in [25] into their framework as a constrained optimization problem.

3.4 Research Gap Analysis: Need for Fair and Quality-

Preserving Spectral Clustering

The literature reviewed in the previous sections highlights substantial progress in both

fairness-aware clustering and enhanced SC. However, the developments across these areas

have largely evolved independently, resulting in a persistent gap when both fairness and

clustering quality must be achieved simultaneously.

• Existing fair SC methods → Weak cluster quality

• Existing advanced SC methods → No fairness consideration

• Trade-off between fairness and quality

The literature shows a clear trade-off between fairness and clustering quality. Fairness-aware

SC methods improve representational fairness but often reduce cluster quality. On the other

hand, advanced SC methods like constrained SC and one-step spectral rotation improve

accuracy, stability, and robustness but do not consider fairness. Consequently, no existing

framework simultaneously ensures fairness while retaining clustering quality. Addressing this

gap requires an approach that integrates fairness with advanced SC techniques to generate

clusters that are both fair and robust.
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Research Gap: No SC method simultaneously integrates fairness with advanced

quality-enhancing techniques, such as constrained SC or one-step spectral rotation, to

achieve clusters that are both equitable and quality-preserving.

Addressing this gap is crucial for real-world applications where both equitable represen-

tation and the preservation of cluster quality are essential.

3.4.1 Advances Made Through This Thesis

To bridge these identified gaps, this dissertation introduces a series of methodological ad-

vances. Table 3.1 provides a synthesis of these research gaps alongside the proposed ad-

vancements in the subsequent contributory chapters.

Table 3.1: Synthesis of Research Gaps and Proposed Advances

Research Gap in Lit-
erature

Proposed Advancements in Thesis Chapter

Conflict between Fair-
ness and ML/CL con-
straints

Fairness in ML/CL constraint set Chapter 4

Lack of fairness in graph-
building

FC-kNN Balanced Graph Construction Chapter 5

Multi-stage spectral clus-
tering

GFT-based One-Step Optimization Chapter 6

3.5 Summary

This chapter has provided an extensive survey of the existing literature, categorizing fair

clustering methods and advancements in SC techniques and identifying critical limitations in

current spectral frameworks. The analysis highlights a significant research gap: the need for

methods that can seamlessly integrate fairness into quality-improving SC frameworks. This

motivates the research presented in this dissertation. The following chapters introduce the
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proposed methodologies for addressing these challenges and achieving a balanced trade-off

between fairness and clustering performance.
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“The best way to predict your future is to create it.”

∼Abraham Lincoln

4
Fairness-aware Constrained Spectral

Clustering

There are two contributions in this contributory chapter. In the first part, a method is

proposed that modifies the graph Laplacian formulation to enforce pairwise constraints and

fairness jointly. In this work, for the first time, fairness is introduced in the constraint

set. Further, the second part of this chapter embeds fairness with the pairwise constraint

representation itself, ensuring equitable treatment of demographic groups while performing

constrained SC. Together, these contributions address the limitations of existing methods

by enhancing fairness without substantially degrading clustering quality.
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4.1 Fairness-integrated Constrained Spectral Cluster-

ing via Laplacian Adjustment

4.1.1 Introduction

Though the prior works considered fairness in SC for the input data points, fairness in

constrained SC, integrating external information such as ML and CL constraints, has not

yet been explored in the literature. The constrained Spectral Clustering (cSC) [40] method

incorporates pairwise constraints by formulating a constraint matrix and embedding it into

the SC objective using a convex combination approach. Its objective function consists of two

terms: one optimizing SC criteria for input data points, and the other is a penalization term

for pairwise constraints. However, while cSC effectively incorporates pairwise constraints,

it does not account for fairness in the clustering process. As a result, biases in the data

or pairwise constraints could unfairly affect the clusters, leading to unequal representation

of sensitive groups across clusters. To address this gap, a novel fair-constrained Spectral

Clustering (fair-cSC) method is proposed, which ensures that sensitive groups are equally

represented in the resulting clusters, even in the presence of pairwise constraints.

The significant contributions made in this work are summarized as follows:

• This work introduces fairness in ML and CL constraints by defining a fair constraint

matrix, establishing “fair ML” and “fair CL” constraints. This matrix is integrated

into the SC objective, ensuring equitable representation in pairwise relationships.

• To further enhance fairness, a balance constraint [25] is incorporated into the overall

objective function, leading to the proposed novel fair-cSC method. This method pri-

oritizes fair ML and CL constraints, creating a fair-constrained spectral space where

the derived clusters are equitable.

• The performance of the proposed fair-cSC method is evaluated against the baseline

cSC method using key metrics, including balance, RI, objective function value, and

number of satisfied pairwise constraints. Extensive experiments conducted on six real-
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world datasets demonstrate that the proposed method achieves a higher balance than

the baseline cSC while maintaining competitive clustering quality, as indicated by the

RI. Additionally, it achieves a lower objective function value and satisfies a greater

number of fair ML and CL constraints.

This work introduces a novel and generalized framework for incorporating fairness into

cSC. The proposed fair-cSC method is evaluated against unfair versions of cSC methods,

as the primary objective is to establish a foundational baseline. This is the first attempt

to introduce fairness into pairwise constraints, ensuring equal representation of sensitive

groups in pairwise relationships as well as in the input data points.

4.1.2 Baseline: constrained Spectral Clustering (cSC)

The proposed fairness-aware method is built upon the cSC framework [40]. In this frame-

work, the objective function incorporates both ML and CL constraints to guide the clustering

process. The cSC optimization problem is defined as follows:

JcSC = λ · JSC + (1− λ) · JCM , (4.1)

In equation (4.1), JSC is the SC criteria on input data points, and JCM denotes the penal-

ization term for pairwise ML and CL constraints. JCM is obtained by,

min
u∈Rn

uTLQu, (4.2)

where u is the cluster indicator vector; LQ = DQ −Q is the Laplacian matrix; DQ is the

degree matrix, and Q is the constraint matrix given in equation (2.11). Equation (4.1) can

be re-written in terms of modified Laplacian LcSC as,

min
u∈Rn

uTLcSCu

s.t. uTDcSCu = 1,

DcSCu ⊥ 1,

(4.3)
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where,

LcSC = λ · L+ (1− λ) · LQ,

DcSC = λ ·D+ (1− λ) ·DQ,

ScSC = λ · S+ (1− λ) ·Q.

(4.4)

Here, λ is the regularization factor that balances the contributions of SC and pairwise

constraints. Note that the above formulation only gets affected in the graph Laplacian

matrix.

4.1.3 Proposed Methodology

This section presents the fair-cSC methodology, starting with the problem formulation,

definition of fair constraints and the construction of the fair constraint matrix, followed by

the fair-cSC method.

4.1.3.1 Problem Formulation

The fairness in terms of balance is applicable only to the input data points provided for

clustering [25]. When pairwise constraints are also part of the input, one has to extend the

fairness definition to the pairwise constraints as well. However, a straightforward extension

is not feasible due to two reasons: (1) the matrix J in equation (2.8) accounts for input data

point-related constraint as per lemma 1, and (2) the pairwise constraints are to be honored

even when they violate the balance definition. Therefore, fairness must be ensured, given

that the ML and CL constraints need to be handled separately.

4.1.3.2 Fair Constraint Set

The goal is to ensure fairness not only in the input data but also in the external constraint

sets. To achieve this, a definition of fair ML and fair CL is introduced, followed by a fair

constraint matrix.
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Figure 4.1: Visual example of unfair and fair clustering. Given data points with two sensitive
groups (green and orange colors) are partitioned into two clusters. Clusters C = C1 ∪ C2 depict
unfair clustering, and clusters C = V1 ∪ V2 depict fair clustering as samples of each group are
equally represented in each cluster.

For example, consider the pairwise constraints in Figure 4.1(a),“Unfair clustering”, in-

cluding ML pairs {(p13, p24), (p32, p14), (p63, p55)}, and CL pairs {(p43, p33), (p33, p46), (p26, p54)}.

With these constraints, the resulting clusters are C1 and C2. The ML and CL constraints

at the end of clustering are satisfied, leading to improved cluster quality. However, the

fairness of the pairwise constraints is not explicitly taken into account, as the main objec-

tive of specifying the ML and CL constraints is to improve the clustering quality. Now,

Consider the pairwise constraints in Figure 4.1(b), “Fair clustering”, including ML pairs

{(p41, p31), (p43, p12), (p44, p26)}, and CL pairs {(p13, p14), (p33, p54), (p53, p44)}. With these

constraints, the resulting clusters are V1 and V2. These constraints, on the other hand, do

not improve the clustering quality. They reduce the clustering quality due to the involve-

ment of fair connections of ML and CL. However, they lead to improving fairness in the

obtained clusters. This is due to the fact that data points in the ML set belong to different

sensitive groups, which leads to an increase in diversity, which in turn leads to an increase in

balance. Similarly, the data points belonging to the same sensitive group are specified to be

in different clusters. This also results in increasing balance. The above two examples present

two extreme scenarios: unfair ML and CL constraints and fair ML and CL constraints.
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Definition 2 (Fair ML). A pair-wise constraint (xi,xj) is said to be fair ML if (xi,xj) ∈

ML, where xi belong to a group (e.g., female), and xj belong to a different group (e.g.,

male).

Let QML be a matrix coded using the given ML constraint set as follows:

QML(i, j) =


1 if (xi,xj) ∈ML

0 otherwise.

(4.5)

QML codes only the ML constraints. Let Qdsg (where dsg stand for different sensitive

groups) be a matrix that codes whether a pair of data points (xi,xj) belong to different

sensitive groups based on their sensitive attribute value. For each pair (xi,xj), if their

sensitive attribute values differ, then Qdsg(i, j) is assigned a value of +1; otherwise 0. The

following Qdsg matrix specifies the fair ML constraints:

Qdsg(i, j) =


1 if g(xi) ̸= g(xj)

0 otherwise,

(4.6)

where, g(xi) and g(xj) represent the sensitive attribute values of data point xi and xj,

respectively; that is, g(xi) = t if xi ∈ Gt. Here, g(xi) ̸= g(xj) ensures that the linked data

points belong to different sensitive groups, promoting diversity within clusters. The fair

must-link matrix is coded using QML and Qdsg as:

QMLfair = QML ⊙Qdsg. (4.7)

The notation ⊙ represents the element-wise multiplication of the two matrices QML and

Qdsg.

Definition 3 (Fair CL). A pair-wise constraint (xi,xj) is said to be fair CL if (xi,xj) ∈ CL,

where xi and xj belongs to the same sensitive group (e.g., xi and xj are females or xi and

xj are males).
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Let QCL be a matrix coded using the given CL constraint set as follows:

QCL(i, j) =


−1 if (xi,xj) ∈ CL

0 otherwise.

(4.8)

QCL codes only the CL constraints. Let Qssg (where ssg stand for same sensitive groups)

be a matrix that codes whether a pair of data points (xi,xj) belong to same sensitive groups

based on their sensitive attribute value. For each pair (xi,xj), if their sensitive attribute

values are same, then Qssg(i, j) is assigned a value of −1; otherwise 0. The following Qssg

matrix specifies the fair CL constraints:

Qssg(i, j) =


−1 if g(xi) = g(xj)

0 otherwise.

(4.9)

Here, g(xi) = g(xj) ensures that the points from the same sensitive groups can not be

clustered together, promoting balance. The fair cannot-link matrix is coded using the above

Qssg and QCL matrices as:

QCLfair = QCL ⊙Qssg. (4.10)

A comparative overview of the fair ML and fair CL constraints is provided in Table

4.1. This table highlights each constraint type’s definitions, mathematical formulations,

purposes, and illustrative examples. When such pairwise constraints are judiciously given

importance while performing clustering, it improves fairness and retains cluster quality.

Table 4.1: Description of Fair ML and Fair CL constraints.

Constraint
Type

Definition Mathematical
Representation

Purpose Example

Fair ML Ensures pair of data
points belong to different
sensitive groups.

g(xi) ̸= g(xj) (if
xi,xj linked)

Promotes diversity within
clusters.

Two points representing
different genders are
linked.

Fair CL Ensures pair of data
points belong to the same
sensitive group.

g(xi) = g(xj) (if
xi,xj not linked)

Prevents same-sensitive-
group points from being
clustered together.

Two points representing
the same gender can not
linked.

The more fair the ML and fair CL constraints are, the more diversity there is in the

resulting clusters, which in turn increases the balance. The fair constraint matrix Qfair
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captures this notion. The number of fair ML constraints is given by: eTQMLfaire where e is

vector of all 1’s. Similarly, the number of fair CL constraints is given by: eTQCLfaire. The

total number of fair constraints is: eTQMLfaire + eTQCLfaire. This is used as the weight

in the fair constraint matrix Qfair. The Qfair matrix retains those ML and CL constraints

that are not fair with constant weight. These constraints are identified as unfair ML and

CL, ensuring their consistent contribution to the formulation. The fair constraint matrix is

further defined in Definition 4.

Definition 4 (Fair constraint matrix). The elements of the fair constraint matrix (Qfair)

are defined as follows. The entries of the matrix represent constraints from ML and CL,

classified as either fair or unfair.

Qfair(i, j) =



+(eTQMLfaire+ eTQCLfaire) if (xi,xj) ∈ fair ML

−(eTQMLfaire+ eTQCLfaire) if (xi,xj) ∈ fair CL

+1 if (xi,xj) ∈ unfair ML

−1 if (xi,xj) ∈ unfair CL

0 otherwise.

(4.11)

4.1.3.3 fair-cSC

Figure 4.2 illustrates the proposed workflow for fair-cSC. As shown in the figure, fair ML

and CL constraints are introduced to ensure fairness in the constraint set. The constraint

matrixQ is transformed into a fair constraint matrixQfair, which prioritizes fair ML and CL

constraints. In addition, the balance constraint [25] is incorporated with the cSC criteria.

Then, the fair-cSC algorithm partitions the data into clusters that satisfy fairness while

maintaining clustering quality.

With the definition of the Qfair matrix, which assigns a higher weight to fair constraints,

the formulation of fair-cSC is now established. The objective function of the fair-cSC is given
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Figure 4.2: The illustration of the workflow of the proposed fair-cSC method. w is the weight
based on the number of fair constraints equation (4.11). The balance constraint is JTu = 0 as in
equation (2.8).

in the following equation:

Jfair−cSC = λ · JSC + (1− λ) · Jfair−CM , (4.12)

where λ is the regularization factor to balance the contribution of these two terms. The first

term in equation (4.12) is the SC objective function given in equation (2.4), is expressed as:

JSC = uTLu. (4.13)

The second term in equation (4.12) ensures fairness in the pairwise constraints, which is

expressed as:

Jfair−CM = uTLQfair
u, (4.14)

where LQfair
= DQfair

− Qfair, and DQfair
is the degree matrix of Qfair. It is to be

noted that the use of the same symbol, u, in equation (4.13) and (4.14) reflects the unified
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nature. In equation (4.13), Obtaining a cluster indicator vector u yields a minimum cut in

the graph. In equation (4.14), Obtaining a cluster indicator vector u adheres to the given

pairwise constraints, ensuring that the clustering respects these constraints. By combining

these two terms, a cluster indicator vector u is found that yields minimum cut as well as

maximally satisfies pairwise constraints. From this perspective, u in equation (4.13) and

(4.14) are the same.

Substituting equation (4.13) and (4.14) in equation (4.12) yields the following equation:

Jfair−cSC = uT (λ · L+ (1− λ) · LQfair
)u = uTLfair−cSCu, (4.15)

where

Lfair−cSC = Dfair−cSC − Sfair−cSC , (4.16)

with

Dfair−cSC = λ ·D+ (1− λ) ·DQfair
, (4.17)

Sfair−cSC = λ · S+ (1− λ) ·Qfair. (4.18)

The eigenvectors of the Laplacian matrix Lfair−cSC = λ · L + (1 − λ) · LQfair
are used to

obtain the fair representation of constrained spectral space. The eigenvalues of Lfair−cSC

can exhibit negative values as a result of the negative edge weights introduced by the CL

constraints. The signed Laplacian matrix [104] is utilized to address this issue.

L̄fair−cSC = D̄fair−cSC − Sfair−cSC , (4.19)

where D̄fair−cSC denotes the signed degree matrix as follows:

D̄fair−cSC(i, i) =
n∑

j=1

|Sfair−cSC(i, j)|. (4.20)
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In the fair version of normalized cSC, the following equation must be solved:

min
u∈Rn

uT L̄fair−cSCu

s.t. uT D̄fair−cSCu = 1,

JTu = 0,

(4.21)

where JTu = 0 represents the balance constraint, which is taken from equation (2.8) to

enforce fairness on the given input data. The proposed method to incorporate the fair version

of pairwise constraints with balance constraint [25] into the cSC consists of solving equation

(4.21). The method for solving equation (4.21) is explained next, where the rank(J) =

rank(JT ) = m − 1 and assuming that c ≤ n − m + 1 otherwise equation (4.21) does not

have any solution. Substituting u = Py for y ∈ R(n−m+1), where P ∈ Rn×(n−m+1) forms an

orthonormal basis of the null space of JT , then problem in equation (4.21) becomes:

min
y∈R(n−m+1)

yTPT L̄fair−cSCPy, s.t. yTPT D̄fair−cSCPy = 1. (4.22)

Under the assumption thatG does not have any isolated vertices, then the matrixPT D̄fair−cSCP

is positive definite. This ensures that there exists another matrix K ∈ R(n−m+1)×(n−m+1),

which is also positive definite such that PT D̄fair−cSCP = K2. Now substituting y = K−1v

for v ∈ R(n−m+1), problem in equation (4.22) becomes:

min
v∈R(n−m+1)

vT L̄fair−cSCv, s.t. vTv = 1, (4.23)

where L̄fair−cSC = K−1PT L̄fair−cSCPK−1. For c = 2 clusters, the fair constrained spectral

space is determined using the eigenvector that corresponds to the second smallest eigenvalue

of L̄fair−cSC . For more than two clusters (c > 2), the solution is obtained by applying k-

means to the eigenvectors corresponding to the c smallest eigenvalues of L̄fair−cSC . This

way of solving equation (4.21) raises fairness to normalized cSC as given in Algorithm 2.
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Algorithm 2: fair-cSC Algorithm

Input : Input data X ∈ Rn×d; ML and CL constraints; Sensitive attribute values;
threshold λ

Output: Clusters π1 and π2.
1 Construct the affinity matrix S from X.
2 Construct Q matrix as in equation (2.11).
3 Compute the number of fair constraints (eTQMLfaire+ eTQCLfaire).
4 if (eTQMLfaire+ eTQCLfaire) = 0 then
5 Use equation (4.2) as JCM .
6 end
7 else
8 Construct Qfair using equation (4.11).
9 Use equation (4.14) as Jfair−CM .

10 end
11 Calculate the Laplacian L̄fair−cSC via equation (4.19).

12 Compute J matrix with columns f (t) − |Gt|
n
· 1n, t ∈ m.

13 Construct matrix P whose columns form an orthonormal basis for the null space of
JT .

14 Construct K as the square root of PT D̄fair−cSCP.
15 Compute the eigenvector aligns with the second-smallest eigenvalue of

K−1PT L̄fair−cSCPK−1.
16 return u = PK−1v (cluster assignment).

4.1.4 Experiments and Results

The experiments are performed in Python 3.10 by utilizing standard libraries on a system

specification with Intel Core i7-8700 CPU 3.20GHz and 12GB RAM. Following the literature

[22] to assess the fairness, the experiments have been conducted on the following datasets:

Adult [56], Bank [57], Credit [61], Hepatitis [60], ILPD [59], and Communities and Crime

[58]. For analysis, the number of ML and CL constraints is varied to interpret the fairness

and quality of the clusters. A given number of pairs are randomly selected from the dataset,

and ML and CL constraints are generated based on the class labels of the data points. To

establish the proposed work as a generalized framework, the cSC method [40] is used as

a baseline for comparative evaluation with the proposed fair-cSC method. The cSC and

proposed fair-cSC methods are executed on multiple generated sets of pairwise constraints,

and the performance is averaged after every ten sets of constraints.
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4.1.4.1 Parameters and Baselines

There are three parameters in the proposed method and the baseline method. These are

(1) given the input data points, the graph construction method, and the associated param-

eters. (2) the regularization term λ in equation (4.12) and (3) the total number of pairwise

constraints.

k− nearest neighbor graph construction method is used. In this, the number of neighbors,

namely, k, is a parameter. A fixed value of k =
√
n for the fair-cSC and baseline method

is used. For all the experiments, a fixed value of λ = 0.5 for both fair-cSC and baseline

cSC is used. That is giving equal weightage to JSC term and JCM terms in the baseline

method, and equal weightage is given to JSC and Jfair−CM in fair-cSC. The number of

pairwsie constraints are generated randomly, varying from 1% to 20% of a number of input

data points. For the ablation study, a fixed number of pairwise constraints is generated

instead of a number of proportional to the dataset.

The proposed method is compared for fairness measure with unfair variants of con-

strained SC such as the semi-supervised Spectral Learning (SL) [37] that incorporates

pairwise constraints within the affinity matrix. Flexible Constrained Spectral Clustering

(FCSC) [38] that adds the ML and CL constraints as a degree of belief constraint with the

objective function of SC. The cSC [40], which is followed in this work, integrates ML and

CL constraints with the optimization criteria of SC. The clustering results on balance for

all baselines are reported across different numbers of pairwise constraints.

4.1.4.2 Evaluation Against Fairness

Figure 4.3 presents the balance values under varying numbers of pairwise constraints. In

the Adult dataset, the red colored line denotes the balance achieved using the proposed

fair-cSC method. Green, blue, and orange colored lines denote the balance achieved using

the baselines cSC, SL, and FCSC, respectively. The red dashed line parallel to the x-

axis denotes the maximum achievable balance value in the Adult dataset for the sensitive

attribute gender. It is observed that the proposed method achieves an increased balance
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Table 4.2: The balance values of fair-cSC method and the compared baseline cSC with varying
Pairwise Constraints (PC) and cluster numbers (c).

Datasets PC
c=2 c=3 c=4 c=5 c=6

cSC fair-cSC cSC fair-cSC cSC fair-cSC cSC fair-cSC cSC fair-cSC

Adult

5% 0.8828 0.9324 0.8319 0.8408 0.7253 0.7712 0.7381 0.7586 0.7303 0.7792
10% 0.8512 0.8772 0.7457 0.7553 0.7776 0.8131 0.6740 0.7172 0.5177 0.7376
15% 0.8038 0.8232 0.7781 0.8068 0.4376 0.7550 0.3786 0.6682 0.4215 0.6299
20% 0.8070 0.8532 0.6993 0.7584 0.5713 0.7116 0.3647 0.6713 0.6713 0.6758

Bank

5% 0.1465 0.1461 0.1275 0.1384 0.1199 0.1239 0.1132 0.1231 0.1031 0.1053
10% 0.1460 0.1535 0.1192 0.1397 0.1067 0.1249 0.0950 0.1037 0.0926 0.0928
15% 0.1340 0.1462 0.1228 0.1257 0.1082 0.1123 0.0979 0.0983 0.0963 0.1009
20% 0.1519 0.1642 0.1304 0.1406 0.1035 0.1110 0.0902 0.1031 0.0898 0.1018

Credit

5% 0.8410 0.8639 0.7353 0.8541 0.6550 0.6890 0.6072 0.6507 0.5776 0.5985
10% 0.7963 0.8342 0.6980 0.7848 0.6442 0.6728 0.6243 0.6686 0.6189 0.6403
15% 0.7944 0.8595 0.7126 0.7832 0.6237 0.7146 0.5814 0.6426 0.5822 0.6135
20% 0.8006 0.8796 0.6885 0.7573 0.6099 0.6581 0.5628 0.5887 0.5616 0.6119

Hepatitis

5% 0.1420 0.1544 0.0594 0.0828 0.0111 0.0125 0.0 0.0 0.0 0.0
10% 0.0806 0.1342 0.0 0.0276 0.0259 0.0429 0.0 0.0 0.0 0.0
15% 0.0618 0.0748 0.0339 0.0357 0.0068 0.0255 0.0 0.0111 0.0 0.01
20% 0.1145 0.1293 0.0336 0.0983 0.0111 0.0162 0.0211 0.0262 0.0 0.0083

ILPD

5% 0.2623 0.2921 0.1751 0.2046 0.1101 0.1438 0.0817 0.0913 0.0524 0.0632
10% 0.2571 0.2772 0.1275 0.1470 0.0752 0.0810 0.1150 0.1201 0.1254 0.1402
15% 0.2177 0.2303 0.0416 0.0676 0.1031 0.1436 0.0825 0.0926 0.0195 0.0300
20% 0.2327 0.2445 0.1534 0.1531 0.0411 0.0646 0.0342 0.0428 0.0676 0.0676

Crime

5% 0.1352 0.7928 0.1198 0.4278 0.0303 0.2781 0.0054 0.0395 0.0075 0.0149
10% 0.3892 0.7407 0.0670 0.4821 0.0609 0.3323 0.0059 0.0573 0.0025 0.0064
15% 0.2942 0.4839 0.1595 0.4303 0.0036 0.2752 0.0093 0.0887 0.0036 0.0250
20% 0.2228 0.4241 0.1507 0.4409 0.0218 0.3021 0.0069 0.0751 0.0005 0.0098

value compared to the baseline methods across all generated numbers of pairwise constraints.

A similar observation is made for the Bank, Credit, Hepatitis, ILPD, and Crime datasets.

The baseline methods produced solutions with a low balance and became discriminatory

due to the additional pairwise constraints.

On the other hand, the fair-cSC method maintains a balanced distribution of sensitive

groups in the clusters. With increasing pairwise constraints, fair-cSC solutions maintained

a significant increase in balance compared to the SL, FCSC, and cSC. Another observation

from Figure 4.3 is that achieving improvements in the balance becomes a challenge beyond

a certain number of pairwise constraints.

The proposed fair-cSC method is also compared with the baseline cSC considering c-way

clustering and varying numbers of pairwise constraints. Table 4.2 shows the balance values

for each number of clusters (c) with pairwise constraints taking 5%, 10%, 15%, and 20% of

data for six datasets. In this analysis, the balance value is calculated by varying c from 2 to

6. The table clearly shows that the fair-cSC method achieves a significantly higher balance
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Figure 4.3: Comparison of the proposed fair-cSC with baseline methods in terms of balance for
varying numbers of pairwise constraints.
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than the cSC on all six datasets. It can also be observed that as the number of clusters

increases, the balance value tends to degrade. This is expected, as the balance value is

measured based on the minimum balance across all the clusters, and an increasing number

of clusters generally makes the task more challenging. However, despite this degradation,

the proposed fair-cSC method consistently shows improved balance compared to the baseline

cSC. This demonstrates the effectiveness of the proposed method, regardless of the number

of clusters or pairwise constraints. It is to be noted that the Hepatitis dataset produces a

balance value of 0 for c = 5 and c = 6 clusters due to the inherent imbalance in the dataset

itself, with 69 males and 11 females (overall balance: 0.1594). The potential reason could be

with the increasing number of clusters c, the lower number of females makes it challenging

to distribute them across clusters evenly. Nevertheless, the fair-cSC method improves the

balance with higher number of pairwise constraints of 15% and 20%.

4.1.4.3 Evaluation Against Clustering Quality

For a comparative assessment of clustering quality, the Rand index is computed for the

proposed and baseline methods. Figure 4.4 shows the Rand index values on both fair-

cSC and cSC methods. The obtained cluster quality of the proposed fair-cSC is at par

with the baseline cSC method. With an increasing number of pairwise constraints, the

Rand index increases in the proposed method as well as the baseline method. However,

slight variations in the rand index values are observed, indicating that the fair constraints

proposed in fair-cSC subtly affected the clustering quality. The proposed method selects the

pairwise constraints, considering clustering quality and fairness. This leads to the fair-cSC

maintaining clustering quality that is comparable to cSC. The Rand index trend is also

observed to retain when pairwise constraints are increased.

The effect of increasing the weight to the fair ML and CL constraints on the objective

function given in equation (4.23) is also measured. The objective function, as defined in

equation (4.3), is also computed using the baseline method. Figure 4.5 presents the objective

function values. The fair-cSC method achieves a lower objective function value on five out of
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Figure 4.4: Rand Index of cSC and fair-cSC against the different number of pairwise constraints
on all the six datasets with c = 2 clusters.
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Figure 4.5: The cost variation over the different number of pairwise constraints for cSC and
fair-cSC on all six datasets with c = 2 clusters.
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six datasets. By increasing the number of input pairwise constraints, the proposed method

retains the trend of achieving lower objective function values. For the Hepatitis dataset,

the objective function value of the proposed method increased marginally over the baseline

method. These trends indicate that the fair-cSC method achieves fairness without sacrificing

the objective function value.

4.1.4.4 Constraints Satisfaction

The number of satisfied constraints determines how well each method adheres to the given

pairwise constraints. When a large number of satisfied ML and CL constraints do not

consider fairness, they lead to better cluster quality. Conversely, satisfying more fair ML

and CL constraints improves balance. The fair-cSC assigns a higher weight to fair ML and

CL constraints, as defined in equation (4.11), prioritizing the maximization of satisfying fair

constraints. Figure 4.6 shows that fair-cSC consistently satisfies an equal or greater number

of pairwise constraints compared to cSC across all datasets. Importantly, the satisfied

constraints in fair-cSC are primarily fair ML and CL, reinforcing its ability to ensure fairness

in pairwise relationships. This leads to more equitable clustering outcomes, demonstrating

the effectiveness of incorporating fairness into constraint satisfaction. Unlike fair-cSC, cSC

satisfies constraints without considering fairness, emphasizing the importance of integrating

fairness alongside clustering quality.

4.1.4.5 Ablation Studies

Four ablation studies are conducted to analyze the effectiveness of the proposed fair-cSC

method. The method is tested under different settings of fair and unfair pairwise constraints

as well as varying the values of the regularization factor λ. Overall, the results demonstrate

a significant improvement in balance across all cases. A detailed analysis of each study is

presented below.

Effect of λ on Balance: Since balance is a crucial metric in assessing fairness, the

purpose of this experiment is to observe the impact of varying the λ parameter on the
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Figure 4.6: Comparison of total satisfied constraints between cSC and the fair-cSC against differ-
ent numbers of pairwise constraints on all six datasets with c = 2 clusters. The bars with diagonal
lines show the number of fair constraints satisfied by these methods.
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Figure 4.7: Balance results of fair-cSC and cSC across all six datasets by varying the parameter
λ. The number of pairwise constraints is set to 5% of the data points. The plots show the impact
of λ on the clustering balance.
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balance value in the proposed fair-cSC and the baseline cSC methods. The number of

pairwise constraints is set to 5% of data points. The value of λ is varied from 0.1 to 1

in steps of 0.1. This experiment demonstrates the significance of tuning the λ parameter

to obtain optimal balance value in fair-cSC and baseline cSC. A suitable λ improves the

clustering performance by balancing the trade-off between pairwise constraints and the

clustering objective. Figure 4.7 shows that λ = 0.5 is most effective across all the datasets,

providing a balanced trade-off between SC and pairwise constraints. This guarantees that

both objectives are given equal weight, which leads to better clustering performance.
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Figure 4.8: Impact of applying only fair and only unfair pairwise constraints on balance and the
number of satisfied constraints for bank dataset. The left side graphs show the effect on balance,
and the right side graphs show the number of satisfied constraints. Comparing fair-cSC with cSC
to evaluate the maximization of fair constraint satisfaction.

Impact of Fair vs. Unfair Constraints: The impact of fair and unfair ML and CL

constraints on balance is examined using the fair-cSC and baseline cSC. The plots in the

first row of Figure 4.8 present the balance by generating all fair ML and CL constraints
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Figure 4.9: Analysis of fairness (balance value) without considering balance constraint in equation
(4.24). The number of pairwise constraints employed is 50 for all the six datasets. The value of λ
is set to 0.1 to demonstrate the impact of Qfair on fair-cSC, and baseline cSC

on the bank dataset. It is observed that the balance improves consistently in the case of

fair-cSC when compared to the baseline cSC. It is also observed that the total number of

pairwise constraints satisfied is high in the fair cSC compared to the baseline cSC. This is

due to the high weightage given to the fair constraints in the Qfair matrix.

Also, the plots in the second row of Figure 4.8 present the balance by generating all

unfair ML and CL constraints. It is observed that the balance achieved is solely due to the

fair SC method, and the number of satisfied constraints is at par with the baseline method.

Influence of the Fair Constraint Matrix: The effect of the fair constraint matrix on

balance is analyzed by modifying the fair-cSC objective function. This is done by removing

the balance constraint (JTu = 0) while keeping the second term unchanged. Figure 4.9

illustrates the effect of Qfair on balance by solving the following method. This method is

the same as in equation (4.21) but without the balance constraint:

λ× Jsc + (1− λ)× Jfair−CM , (4.24)
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Figure 4.10: Impact of applying only fair CL constraints on balance (left side) and the number
of satisfied constraints (right side) for all the datasets with λ = 0.5. This is conducted with a fixed
number of pairwise constraints (i.e., 50).

where λ = 0.1. This shows the effect of ensuring fairness on the ML and CL constraint alone

and not incorporating the fairness on input data points. Here, the Qfair matrix shouldering

the fairness effect.

Effect of Using Only Fair CL Constraints: This study examines the impact of inte-

grating only fair CL constraints to evaluate the effectiveness of fair-cSC and understand the

role of CL constraints. Figure 4.10 shows the effect of fair-cSC on balance and constraint

satisfaction by generating only fair CL constraints. Previous works on constrained SC criti-

cized the CL constraints due to their non-transitive property [105], which leads to constraint

violations and inconsistency in clustering outcomes. With this concern, the ablation study

evaluates how the integration of only fair CL constraints affects the clusters obtained from

cSC and fair-cSC across all the datasets. A certain number of CL constraints were randomly

generated. The experimental results in Figure 4.10 demonstrate a significant improvement

in balance and lower violation for CL constraints than cSC. This suggests that these fair CL

constraints maintain an equal proportion of sensitive groups in each cluster. This highlights

the effectiveness of the proposed method in maintaining fairness while handling pairwise

constraints efficiently. Thus, the proposed method enhances fairness and achieves higher

constraint satisfaction, which means the proposed method is more robust and fair. Thus,
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the utility of fair CL constraints in achieving fair clusters is validated.

4.2 Constrained Spectral Clustering with Pairwise Fair-

ness

4.2.1 Introduction

This work proposes an approach to achieve an equitable representation of demographic

groups in the resulting clusters while performing constrained SC. Firstly, this introduces the

Pairwise Constrained Spectral Clustering (PCSC) method. This method ensures that the

ML and CL constraints lie in the null space of the cluster indicator matrix while minimizing

the NCut objective function. Thereafter, a pairwise fairness definition specific to ML and

CL constraints is incorporated in the PCSC to ensure fairness in the presence of ML and

CL constraints. The resulting PCSC method, which incorporates fairness considerations, is

referred to as Fairness in Pairwise Constrained Spectral Clustering (FPCSC). It is essential

to note that the balance notion [25] involves the use of the entire dataset without any

external information. In contrast, this work extends it to include ML and CL constraints.

The main contributions of this work can be summarized as:

• This work presents a novel approach for incorporating fairness into constrained SC to

ensure equitable representation of demographic groups.

• Pairwise fairness is incorporated into the pairwise constraint set by embedding a lin-

ear constraint that considers demographic group information into the SC objective

function.

• A comprehensive set of experiments is conducted on real-world datasets, including

Hepatitis, Census, and FriendshipNet, to evaluate the performance of the proposed

approach in terms of both fairness and clustering quality.
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4.2.2 Pairwise Constraints in Spectral Clustering

The standard NCut problem of SC is extended by introducing a linear constraint that

fulfills the ML and CL constraints. An algorithm named PCSC is developed. To encode

the supervision of ML and CL constraints, the constraint matrix Q defined in equation

(2.11) is used. A constrained optimization task is developed to integrate these constraints

into the SC framework by incorporating the constraint matrix Q. By aligning the existing

constrained clustering algorithms of [88, 106, 107], A constraint QH = 0 is defined, which

forces the solution indicator H to reside in the feasible subspace defined by this constraint.

Adding this constraint, QH = 0 with the NCut optimization of SC in equation (2.4), the

optimization problem for PCSC will become:

min
H∈Rn×c

Tr(HTLH) s.t. HTDH = Ic and QH = 0n×c. (4.25)

Following [25,30], the optimization problem is solved using the Rayleigh-Ritz theorem by

finding a basis in the feasible solution space defined byQH = 0, whereH represents solution

matrix. This guarantees that the final partitioning follows the ML and CL constraints when

dividing the data into c clusters.

4.2.3 Proposed Methodology

This work presents the fair version of SC in the presence of ML and CL constraints, ex-

tending the equation (4.25) by incorporating the balance specific to the ML and CL con-

straint set. Figure 4.11 presents the outline of the proposed approach. Although these

constraints enhance clustering quality, they may adversely affect fairness. Therefore, the

approach FPCSC is introduced to ensure the equal representation of binary-valued demo-

graphic groups in each cluster. This approach begins by introducing a fair constraint term

and subsequently develops a constrained optimization problem to generate clusters that

closely satisfy this constraint term.
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Figure 4.11: Illustration of PCSC and FPCSC (proposed).

4.2.3.1 Fair Constraint Term

To achieve fairness in pairwise constraints, the notion of balance in equation (2.2) is con-

sidered. The higher the balance value, the more fair the clustering is, as it indicates an

adequate representation of demographic groups within each cluster.

Definition 5. Given s ∈ {1,−1}n be the demographic membership vector, where si = 1

if xi ∈ Gt and si = −1 otherwise, a constraint matrix Q given in equation (2.11), and a

cluster indicator matrix H ∈ Rn×c, the following linear constraint ensures that every cluster

has an equal representation of demographic groups.

(ssTQ)H = 0. (4.26)

Here, the pairwise constraints in Q use weighted demographic group information as

linear constraint on cluster indicator H. The resulting matrix ssTQ influences the cluster

assignments in H. Therefore, The constraint in equation (4.26) ensures that the clustering
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Figure 4.12: Example illustrating the encoding of sensitive attributes, pairwise constraint matrix,
and the resulting fair and unfair cluster assignments in the proposed framework.

results respect the ML and CL requirements based on the sensitive attribute information

encoded in s.

4.2.3.2 Illustrative Example of Fair Constraint Term

To provide further intuition on how sensitive attributes are input and utilized within the

fairness-aware constrained spectral clustering framework, we consider an example consisting

of four data points (x1, x2, x3, x4) as discussed in Figure 4.12.

• Input Representation:

– Sensitive Attributes (s): The sensitive information is input as a group in-

dicator vector s. In this example, x1 and x2 belong to one demographic group

(assigned a value of 1), while x3 and x4 belong to a second group (assigned a

value of −1) .

73



Fairness-aware Constrained Spectral Clustering

– Constraint Matrix (Q): The domain knowledge is encoded in a matrix Q.

Here, we define ML relationships for (x2, x3) and (x1, x4), and CL relationships

for (x1, x2) and (x3, x4).

• Evaluation of Clustering Fairness:

The algorithm evaluates cluster indicator matrices (H) against the fairness and con-

straint criteria. As shown in Figure 4.12:

– Fair Clustering: In assignment cases (1) and (2), the clustering results in a

balanced representation of both demographic groups across the clusters. Mathe-

matically, the interaction between the indicator matrix and the fairness-constraint

terms results in a zero-matrix [0, . . . , 0], indicating that the fairness requirements

are satisfied.

– Unfair Clustering: In case (3), the clustering assignment fails to maintain

group balance. This misalignment is captured by the optimization term (ssT )Q,

where the resulting non-zero matrix values signify a violation of the fairness

objectives.

4.2.3.3 Fairness in Pairwise Constrained Spectral Clustering

Given the objective of clustering data points, while simultaneously satisfying pairwise con-

straints and ensuring fairness concerning sensitive attribute information, the constraint de-

fined in equation (4.26) guides the clustering process. It balances the ML and CL constraints,

resulting in fair clusters. This constraint is incorporated into the SC problem of equation

(2.4) by defining the constrained graph partitioning problem with fairness consideration.

Therefore, the FPCSC method is formulated as follows:

min
H∈Rn×c

Tr(HTLH) s.t. HTDH = I, and (ssTQ)H = 0. (4.27)

The solution approach is analogous to the work of fair SC [25]. The constraint (ssTQ)H =

0 implies that for any feasible matrix H, its column must lie in the null space of ssTQ. Thus,
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any feasible H can be represented as H = PY, where Y ∈ R(n−r)×c, and P ∈ Rn×(n−r) is

an orthonormal basis whose columns span the null space of ssTQ. Here, r is the rank of

ssTQ and assuming that c ≤ n − r otherwise equation (4.27) does not have any solution.

The problem in equation (4.27) will become:

min
Y∈R(n−r)×c

Tr(YTPTLPY) s.t. YTPTDPY = I. (4.28)

The square root of PTDP is positive definite, indicating that there exists a positive

definite K ∈ R(n−r)×(n−r) such that PTDP = K2. By substituting Y = K−1B for B ∈

R(n−r)×c, the following problem is equivalent to equation (4.28):

min
B∈R(n−r)×c

Tr(BTK−1PTLPK−1B) s.t. BTB = I. (4.29)

The solution to the above optimization problem involves finding the top c eigenvectors

of the matrix K−1PTLPK−1, which form the matrix B. The clusters are then identified by

applying k-means clustering to the rows of H = PK−1B. The procedure is summarized in

the Algorithm 3.

Algorithm 3: FPCSC Algorithm

Input : Similarity matrix S ∈ Rn×n, clusters c ∈ N, constraint matrix Q ∈ Rn×n,
demographic group information

Output: Clusters π1, . . . , πc

1 Let s be a demographic group membership vector s ∈ {1,−1}n.
2 Compute the Laplacian matrix L = D− S using degree matrix D.
3 Compute a matrix P containing orthonormal basis of null space of (ssTQ).

4 Compute the square root of PTDP as K.

5 Solve the equation (4.29) by computing c smallest eigenvalues of K−1PTLPK−1 and
corresponding eigenvectors (B is the matrix containing these vectors as columns).

6 Apply k-means clustering to the rows of H = PK−1B to obtain the clusters
π1, . . . , πc.

Computational Complexity: With the above implementations, the time complexity of

both the methods PCSC and FPCSC is O(n3), and the space complexity is O(n2). This is

comparable with the worst-case complexity of conventional SC, particularly in the case of
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an arbitrary number of clusters. The computationally dominant steps are computing the

null space of ssTQ to calculate P (which involves singular value decomposition) and finding

the eigenvectors.

Theoretical Analysis: The proposed approach ensures that the clustering outcomes ad-

here to fairness concerns in the presence of pairwise constraints. The product term ssTQ in

equation (4.26) integrates demographic information with the constraint matrix Q, captur-

ing the interaction between pairwise constraints under the influence of demographic groups.

This strategy updates the constraint matrix with weighted terms based on the group mem-

bership information. When (ssTQ)H = 0 is satisfied, it implies that the interaction matrix

ssT , weighted by Q, is orthogonal to the cluster indicator matrix H. This ensures that

the interaction patterns dictated by demographic group information are preserved within

the clusters, leading to a distribution that aligns with the pairwise constraints in Q. As a

result, the clusters are more likely to respect ML and CL constraints, promoting equitable

representation of demographic groups.

4.2.4 Experiments and Results

The experiments are performed on Hepatitis1, Census2, and FriendshipNet3 datasets. The

pairwise constraints are randomly generated using ground truth labels to form the matrixQ ,

and the algorithm’s performance is averaged over ten iterations of the constraint generation

process. For the FriendshipNet dataset, pairwise constraints are generated randomly due to

the absence of ground truth information. Consequently, the Rand Index is not evaluated for

this dataset. All algorithms, including baselines, are implemented in Python3. The built-in

k-means clustering method is utilized, keeping all parameters at their default values.

1
https://archive.ics.uci.edu/dataset/46/hepatitis

2
https://archive.ics.uci.edu/dataset/2/adult

3
http://www.sociopatterns.org/datasets/high-school-contact-and-friendship-networks/
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Figure 4.13: Balance and NCut values for c = 2 obtained by varying the number of pairwise
constraints using PCSC and FPCSC (proposed) for Hepatitis, Census, and FriendshipNet datasets.

4.2.4.1 Parameters and Baselines

The proposed approach is examined using two parameters: the number of pairwise con-

straints and the number of clusters c. The impact of varying the number of pairwise con-

straints on fairness and clustering quality is analyzed by increasing these constraints to

evaluate how effectively the proposed approach ensures fairness while respecting the pair-

wise constraints. In addition, the number of clusters c varied to analyze the impact of

FPCSC.

To benchmark the performance, PCSC is used as the baseline model to evaluate how

the FPCSC model performs, as it is the fundamental algorithm on which the fair version

is built. To further evaluate the fairness aspect of the proposed approach, a comparison is

made with two additional baselines: standard SC and fair SC [25].

4.2.4.2 Fairness and Clustering Performance

The performance of PCSC vs FPCSC is evaluated against the varying pairwise constraints

for c = 2 Hepatitis, Census, and FriendshipNet datasets as illustrated in Figure 4.13. The

fairness of the clustering is measured through balance (shown on the left axis of the plot),

and the performance of the clustering is measured through the NCut value (shown on the

right axis of the plot). The results demonstrate that the FPCSC performs better in terms

of fairness and NCut than the PCSC. This enhancement is evident in the fact that even

with the increasing number of pairwise constraints, FPCSC produces well-balanced clusters.
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Figure 4.14: Rand Index comparison for standard SC, PCSC, and FPCSC by varying the number
of pairwise constraints.

However, the PCSC struggles with balance due to its rigid focus on satisfying the constraints,

which can come at the cost of fair clusters.

In contrast, the FPCSC method generates fair clusters and maintains minimal inter-

cluster similarity. In the Hepatitis dataset, the relative improvement of 169.42% is observed

with 30% pairwise constraints, the Census dataset shows a 44.92% improvement with 80%

pairwise constraints, and the FriendshipNet dataset achieves an improvement of 59.66% with

3% pairwise constraints. Moreover, in terms of NCut, FPCSC maintains a well-controlled

NCut value. As the number of pairwise constraints increases, The NCut value rises for

PCSC. However, a low NCut value for FPCSC is observed, except for the Hepatitis dataset.

The Hepatitis dataset has no clear increasing or decreasing trend, which can be attributed

to the nature of pairwise constraints enforced during clustering. Thus, Figure 4.13 show

that the FPCSC consistently produces clusters that achieve lower NCut values and maintain

higher balance, even with increasing pairwise constraints.

4.2.4.3 Evaluation Against Clustering Quality

Figure 4.14 illustrates the clustering quality using the RI and compares the PCSC with

SC. Since the results of SC are independent of pairwise constraints, it is drawn as a hor-

izontal line in Figure 4.14. PCSC consistently improves the RI for every set of pairwise

constraints, validating its ability to enhance clustering quality by satisfying the maximum

possible constraints. However, it provides better clustering quality than SC; it does not in-
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Table 4.3: Comparison of balance metric for various datasets.

Dataset→
Method ↓

Hepatitis
(c = 2)

Census
(c = 6)

FriendshipNet
(c = 9)

SC 0.1 0.762 0.391
fair SC 0.156 0.777 0.485
PCSC 0.134 0.693 0.374

FPCSC (proposed) 0.156 0.804 0.541
aThe best values in each column are denoted with boldface.

herently guarantee fairness. In contrast, the fair version of this algorithm, FPCSC, focuses

on the equal representation of demographic groups, leading to a slight decrease in the RI.

Therefore, the RI of FPCSC is lower than that of PCSC, which can be seen as the price

of fairness. It reflects the trade-off between fairness and clustering quality. Despite this,

FPCSC still achieves an improved clustering quality in terms of RI compared to standard

SC while ensuring fairness.

4.2.4.4 Comparison Experiments

The experimental results in Table. 4.3 compare the balance value of PCSC and FPCSC with

SC and fair SC [25], keeping a fixed set of pairwise constraints (5% of data). The number

of clusters c is set to 2, 6, and 9 for the Hepatitis, Census, and FriendshipNet datasets. Fair

SC provides a fair variant of the SC algorithm, although both algorithms are independent

of pairwise constraints. The balance value for PCSC reduces, indicating that incorporating

pairwise constraints sometimes leads to a lower balance. However, FPCSC integrates fair-

ness with pairwise constraints and outperforms all the other algorithms. FPCSC achieves a

16.41% relative improvement in balance over PCSC in the Hepatitis dataset, a 16.01% im-

provement in the Census dataset, and a 44.65% improvement in the FriendshipNet dataset.

4.2.4.5 Analysis

Varying Number of Clusters: To further study the effect of cluster choices on the

proposed approach, the number of clusters c varies. The balance and NCut values are

computed to observe the fairness and clustering performance while keeping a fixed number
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Figure 4.15: Balance achieved by PCSC and the proposed FPCSC across varying numbers of
clusters c , with a fixed number of pairwise constraints (10% of the data), evaluated on the Hepatitis,
Census, and FriendshipNet datasets.

of pairwise constraints (10% of data). Figure 4.15 shows how the variation of c affects the

balance and NCut value. It is observed that with an increasing number of c, the balance of

PCSC decreases, while the NCut value shows an upward trend.

In contrast, the FPCSC algorithm exhibits a different behavior. Although the NCut

value also rises with c, the rate of increase is notably slower than that observed in PCSC.

More importantly, the balance of FPCSC is improved with an increasing number of clus-

ters compared to PCSC. This means FPCSC consistently adheres to balance criteria. This

consistent achievement of balance highlights the FPCSC’s ability to ensure equitable distri-

bution of demographic groups across two or more clusters.

Quality Vs. Fairness: The trade-off achieved by the FPCSC algorithm with respect to

RI and fairness is demonstrated. As shown in Figures 4.13 and 4.14, the plots highlight

how the FPCSC method navigates these trade-offs. For PCSC, when pairwise constraints

increase, RI increases, and the balance value decreases. In contrast, the FPCSC improves

the balance by partitioning the clusters equitably and achieves a trade-off between clustering

quality and fairness. Specifically, FPCSC may not always reach the same high RI level as

PCSC, but it ensures that the obtained cluster adheres more closely to fairness criteria.
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4.3 Summary

This chapter presented two contributions toward integrating fairness into constrained SC. In

the first part of this chapter, a fair-cSC framework is proposed by incorporating fair ML and

CL constraints through the construction of a fairness constraint matrix. This matrix is inte-

grated into the clustering process by modifying the graph Laplacian of SC. This formulation

ensures fairness both at the level of individual data points and within the constraint sets.

Experimental evaluations on six benchmark datasets demonstrate that fair-cSC achieves

substantially improved cluster balance while maintaining competitive clustering quality in

terms of RI and reducing the objective function value. Overall, the method consistently

outperforms its baseline cSC across fairness and quality metrics.

In the second part of this chapter, a novel FPCSC approach is proposed to consider

fairness in constrained SC with pairwise constraints. Unlike the first contribution, which

enforces fairness by modifying the graph Laplacian, this work integrates a linear constraint

that considers demographic group information alongside the pairwise constraints into the

SC objective. This formulation ensures equitable representation of demographic groups in

each cluster while simultaneously satisfying pairwise constraints. The impact of pairwise

constraints on FPCSC is analyzed by evaluating the RI, balance, and NCut. The experimen-

tal results demonstrate that the FPCSC generates balanced clusters with varying pairwise

constraints, outperforming SC, PCSC, and fair SC methods.

Together, these two methods demonstrate that fairness can be successfully incorporated

into the optimization stage of spectral clustering. However, both approaches adopt in-

processing strategies, overlooking the fact that bias present in the data is transferred directly

into the similarity graph before any optimization begins. This results in an inherently unfair

graph structure and limits the effectiveness of downstream fairness mechanisms. This limita-

tion highlights the need to integrate fairness considerations earlier in the graph-construction

stage to mitigate biases before clustering. This raises the question of whether fairness and

constraint compliance can be encouraged even earlier in the pipeline, specifically, at the

graph construction stage, before the spectral embedding is computed. Therefore, the next
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contributory chapter introduces a graph-level preprocessing technique that embeds fairness

and constraint information directly into the similarity graph. This approach provides an

alternative pathway for achieving fair clustering while preserving clustering quality, without

modifying the optimization objective.

00656//

82





“We should not give up and we should not allow the problem to

defeat us.”

∼A P J Abdul Kalam

5
Fairness and Constraint Integration at

Graph-Level

This chapter presents the second contribution, which focuses on a graph-level preprocessing

technique that embeds fairness and pairwise constraints directly into the similarity graph

before spectral decomposition. Instead of modifying the objective function, the proposed

approach adjusts the graph structure itself by incorporating fairness-aware connections and

reweighting edges to enforce constraint consistency. As a result, the constructed Laplacian

inherently reflects fair and constraint-aligned relationships.
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5.1 Introduction

While the previous contributions mark an important step toward incorporating fairness into

constrained SC, they operate mainly at the constraint or objective function levels. Conse-

quently, any biases already encoded in the similarity graph remain unaddressed, and the

fairness–quality trade-off persists. This limitation highlights the need to integrate fairness

considerations earlier in the graph construction process to mitigate biases before clustering

commences. Embedding fairness at this stage, along with supervision from ML and CL con-

straints, enables the representation of more balanced and meaningful relationships among

data points. This preprocessing step is therefore crucial to ensure that fairness is embed-

ded in the data representation itself, enabling subsequent clustering to achieve equitable

partitions while preserving clustering quality in a principled manner.

In this work, this challenge is addressed by proposing a novel pre-processing framework

for fairness-aware constrained SC, in which fairness and pairwise constraints are embedded

directly into the graph construction stage. The performance of SC depends heavily on the

quality of the similarity graph. The k-Nearest Neighbor (kNN) graph is the most common

choice because it effectively captures local neighborhood structures. In this work, we enhance

this approach by building a fair kNN graph.

This graph enforces group balance at the node level by extending the disparate impact

concept, formulated in supervised learning contexts [12]. In this work, this notion is adapted

to the unsupervised setting of graph construction, ensuring that the neighborhood of each

node includes a minimum proportion of nodes from groups different from its own. This

adaptation promotes local fairness in the similarity structure, ensuring node neighborhoods

are not biased toward any particular group. To illustrate the intuition behind our approach,

Figure 5.1 presents how the local neighborhood composition of a node directly influences

fairness in clustering: when a single sensitive group dominates the neighborhood of a node,

the imbalance propagates into the cluster, whereas neighborhoods with diverse groups yield

more balanced and fair clusters. At the same time, ML and CL constraints are integrated

into the fair graph in a manner that preserves fairness. When adding an ML constraint to
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VS

(a) Unfair Clusters (b) Fair Clusters
x

y

x

y

Figure 5.1: Impact of node x’s neighborhood on clustering fairness. A homogeneous neighborhood
dominated by one group reinforces unfairness, whereas a heterogeneous neighborhood leads to more
balanced clusters.

a node, the farthest node belonging to the same sensitive group as the node being linked

through the ML constraint, is dropped to maintain k-regularity and neighborhood balance.

Conversely, for a CL constraint on a node, the existing connection between the two nodes

is removed, and the next-nearest neighbor belonging to the same sensitive group as that

node is added to restore diversity. This adaptive integration leverages domain knowledge

while upholding fairness guarantees and mitigating bias early in the graph construction

stage before clustering occurs. The resulting framework, termed Fair Constrained k-Nearest

Neighbor (FC-kNN) for SC, produces fair and structurally coherent clusters. The main

contributions of this chapter are summarized below:

• This is the first study on SC that includes a preprocessing method to incorporate

fairness and pairwise constraints at the same time.

• A novel method is proposed to construct a fair kNN graph to ensure group balance

for each node’s neighborhood.

• This graph is then extended to incorporate ML and CL constraints, ensuring both
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fairness and domain knowledge are respected simultaneously.

• Developed a SC framework using FC-kNN, that jointly applied fairness and pairwise

constraints at the graph construction stage to obtain fair and quality clusters.

• Empirical evaluation demonstrates that the proposed method enhances fairness and

clustering quality, effectively overcoming the trade-off observed in prior works.

The rest of the chapter is structured as follows. Section 5.2 and Section 5.3 describe the

construction of the standard kNN graph and the Constrained k-Nearest Neighbor (C-kNN)

graph, respectively. Section 5.4.1 presents the proposed FC-kNN approach. Section 5.4.2

evaluates the effectiveness of the proposed method in comparison with its unfair baseline

using real-world datasets. Finally, Section 5.5 summarizes the chapter.

5.2 Standard kNN Graph

A kNN graph is a building block in clustering algorithms. Let X = {x1,x2, · · · ,xn} be a

dataset of n real-valued vectors, where each xi ∈ Rd. For a given query point xi, the kNN

search is performed to find k points closest to xi with respect to a distance metric d(xi,xj)

that measures the distance between xj ∈ X and the query point xi. Formally, the kNN set

of xi is Nk(xi) = argminR⊆X,|R|=k

∑
xj∈X d(xi,xj).

The kNN graph G(V,E) is constructed using the neighborhoods obtained from the kNN,

search. Each vertex vi ∈ V corresponds to a data point xi ∈ X. An edge (vi, vj) ∈ E is added

if xj belongs to the k-nearest neighbor set of xi as obtained from kNN search. Formally,

(vi, vj) ∈ E ⇔ xj ∈ Nk(xi). Edges are also assigned weights to reflect similarity between

connected points. A common choice is the Gaussian kernel:

wij = exp

(
−∥xi − xj∥2

2σ2

)
, (5.1)

where σ > 0 is a scale parameter. The resulting adjacency matrix S then encodes these

neighborhood relationships. The kNN graph is widely used in clustering and graph-based
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learning methods, such as SC, since it preserves local neighborhood structure while remain-

ing computationally efficient and sparse. Once the similarity graph is constructed, the SC

framework involves computing the graph Laplacian, deriving its eigenvectors to embed the

data into a low-dimensional space, which is then partitioned into clusters.

5.3 Constrained kNN Graph

Several studies [35–37] have developed methods to directly integrate ML and CL constraints

during the graph construction phase. However, in conventional kNN graphs, the edge con-

nections are determined solely based on pairwise distance, without considering any prior

knowledge about which samples should or should not be connected. The proposed C-kNN

graph construction explicitly honors these ML and CL constraints during the kNN forma-

tion stage. Each node’s neighborhood is adaptively modified such that the resulting graph

simultaneously respects domain knowledge and preserves the k-regularity structure.

Definition 6 (k-Regularity). A C-kNN graph G satisfies the k-regularity if the degree of

every vertex vi ∈ V remains equal or close to k, i.e.,

|Nk(vi)| = k ± ϵ, ∀vi ∈ V,

where ϵ≪ k is a small deviation introduced by the enforcement of ML and CL constraints.

These constraints affect the neighborhood structure according to:

∀(vi, vj) ∈ML =⇒ vj ∈ Nk(vi), ∀(vi, vj) ∈ CL =⇒ vj /∈ Nk(vi).

Thus, while ML constraints require certain vertices to be included in the neighborhood and

CL constraints prohibit specific vertices from being included, the overall degree of each vertex

remains close to k, yielding a near-uniform local neighborhood structure.

Maintaining k-regularity prevents severe degree imbalance and preserves the spectral

characteristics of the graph, ensuring that pairwise constraint integration does not distort
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its underlying structure. The key innovation is to reshape each local neighborhood in a

constraint-aware manner rather than merely adding or removing edges. This preserves the

k-regularity while embedding the required pairwise constraints. The process is executed in

three main stages:

1. Initial neighborhood identification: A baseline graph structure is first established

by performing a kNN search under a similarity metric d(., .). for each data point.

In this initial step, every node is connected to its k closest points in the feature

space, capturing the local geometry that serves as the foundation for later constraint

refinement. For each node xi, its neighborhood is:

Nk(xi) = {xi1 , . . . ,xik | d(xi,xi1) ≤ · · · ≤ d(xi,xik)}.

2. Constraint-Driven Neighborhood Correction: Once the baseline graph is built,

it is systematically refined to respect the ML and CL constraints:

• ML Constraint Enforcement: For each (xi,xj) ∈ ML, the algorithm ensures

a strong link exists between them. If xj /∈ Nk(xi)), the neighborhood of xi is

updated by adding xj to Nk(xi) and removing the farthest existing neighbor to

preserve the k-regular structure. The new constrained neighborhood NC
k (xi) is

formed by:

NC
k (xi) =

(
Nk(xi) \ {xp}

)
∪ {xj},

where xp = argmax
xm∈Nk(xi)

d(xi,xm).
(5.2)

This operation replaces the farthest neighbor, xp, with the required neighbor xj,

ensuring that the ML relationship is explicitly embedded in the local neighbor-

hood structure.

• CL Constraint Enforcement: For each (xi,xj) ∈ CL, the algorithm enforces

the constraint by pruning any direct connection between xi and xj. If such an

edge exists (i.e.,xj ∈ Nk(xi)), it is removed. To preserve the k-regular structure

89



Fairness and Constraint Integration at Graph-Level

of the graph, the removed edge is immediately replaced. This is achieved by

performing a secondary search to find the new neighbor xnew, the next closest

point to xi that is not already in its neighborhood. The updated neighborhood

NC
k (xi) is formed by:

NC
k (xi) =

(
Nk(xi) \ {xj}

)
∪ {xnew},

where xnew = argmin
xm∈X\(Nk(xi)∪{xi,xj})

d(xi,xm)
(5.3)

This process removes the CL connection to xj and repairs the structure with

the next-best alternative xnew from the ordered list of neighbors. This maintains

consistency with the kNN property and ensures that the local structure reflects

both geometric proximity and the imposed constraint.

3. Final Affinity Matrix Formulation: Upon completion of all neighborhood cor-

rections, the final neighborhoods represent a structure that encodes both the local

manifold of the data and the pairwise constraints. From this, the final constrained

affinity matrix SC is build as given in following equation 5.4:

SC(i, j) =



1, (xi,xj) ∈ ML,

0, (xi,xj) ∈ CL,

wij, as in equation (5.1).

(5.4)

The matrix SC is subsequently used to compute the graph Laplacian, and the rest of the

SC algorithm proceeds as standard.

5.4 Fair Constrained kNN

This section presents the proposed method for fair neighborhood rewiring and constraint

integration, along with the corresponding algorithms.
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5.4.1 Proposed Methodology
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(a) Conventional Spectral Clustering

(b) Constrained Spectral Clustering

(c) Proposed Approach

Figure 5.2: Comparative diagram showing the progression from conventional to constrained and
fair constrained SC. The proposed approach integrates a fair graph construction with pairwise
constraints to ensure balanced and consistent clustering.

The work introduces a novel FC-kNN, a graph construction strategy that unifies fair-

ness and pairwise constraints. It is specifically designed as a pre-processing step for SC.

The method addresses the limitations of the standard kNN graph, where neighborhood for-

mation can disadvantage sensitive groups, and imposing pairwise constraints can further

disrupt group balance. Unlike prior studies that prioritize one aspect at the expense of the

other, FC-kNN addresses both issues in one pipeline. To provide an overview of how the

proposed framework differs from conventional approaches, Figure 5.2 presents a comparative

diagram of conventional SC, constrained SC, and the proposed fair constrained SC. This

highlights how the proposed FC-kNN extends existing methods by embedding fairness into

the constraint-based clustering paradigm.

The process begins with constructing a standard kNN graph G from the dataset X.

Next, it enforces a neighborhood-level disparate-impact requirement, ensuring that each
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node’s neighbors include at least a minimum proportion of nodes from groups different

from its own. This adjustment produces a fair-kNN graph with demographically balanced

local neighborhoods. Thereafter, the fair-kNN graph is expanded using the given ML and

CL constraints: ML edges are added to strengthen similarity, while CL edges are removed

to reflect dissimilarity, ensuring that domain knowledge is respected without violating the

fairness condition. The outcome is the final affinity matrix SFC , which simultaneously

encodes demographic fairness and domain constraints. This matrix serves as the input to

SC.

Figure 5.3 illustrates an example of the proposed FC-kNN framework, showing how

fairness-aware neighborhood construction and constraint propagation are carried out to

form the balanced neighborhood structure. Part (I) demonstrates the construction of a fair

neighborhood in a step-wise manner. Initially, the top-k neighbors of a node x are selected

based on distance ranking. In the first step of initial kNN selection, all four neighbors

(k=4) belong to the same sensitive group (Group 1) i.e., N4(x)={a,b,c,d}, resulting in an

unfair neighborhood. In the second step, a fair kNN adjustment is performed to improve

group balance. The farthest neighbor d from Group 1 is replaced with the next-neraest

candidate f from the different group (Group 2), yielding N4(x)={a,b,c,f}. However, the

neighborhood still lacks fairness. Therefore, a further fair kNN adjustment is applied by

replacing the farthest remaining neighbor c from Group 1 with the next-nearest node g from

Group 2. This results in the updated neighborhood N4(x)={a,b,f,g}, which achieves a fair

representation of the sensitive groups. Part (II) shows the pairwise constraint propagation

step, where ML and CL constraints are integrated into the fair neighborhood. For an

ML constraint between (x,p), node p (belonging to Group 2) is added as a neighbor of x.

To maintain both k-regularity and neighborhood balance, the farthest neighbor from the

same group as p (Group 2), namely g is dropped from the neighborhood. This adjustment

results in the updated neighborhoodN4(x)={a,b,f,p}. Similarly, for a CL constraint between

(x,b), the connection to node b (belonging to Group 1) is dropped and replaced with the

next-nearest candidate c from the same group as b (Group 1). This adjustment results in
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the updated neighborhood N4(x)={a,f,p,c}. These updates ensure that both fairness and

constraint satisfaction are preserved, producing a refined neighborhood.

The following subsections describe this process in detail through Phase I: Fairness-Aware

Neighborhood Rewiring and Phase II: Fairness-preserving Constraints Propagation.

5.4.1.1 Fairness-Aware Neighborhood Rewiring

This phase begins with building a standard kNN graph from the dataset and then refin-

ing local neighborhoods to satisfy a fairness criterion. The goal is to mitigate disparate

impact by ensuring that each node’s neighborhood reflects a balanced representation of

demographic groups. Specifically, the neighborhood of each node is examined for the dis-

tribution of sensitive groups. If an imbalance is detected, the farthest neighbor from an

over-represented group is replaced with the next closest node from an underrepresented

group, while maintaining k neighbors.

Fairness is controlled by a parameter α, which specifies the minimum required pro-

portion of cross-group neighbors. The kNN graph is iteratively refined until every node’s

neighborhood satisfies this fairness condition, yielding the fair-kNN graph.

Definition 7 (Neighborhood Fairness). Let G be a kNN graph and consider a node xi with

neighborhood Nk(xi) of size k. Each node is associated with a sensitive group label g(xi),

where g(xi) = t if xi ∈ Gt. Define

ndiff
i =

∣∣{xj ∈ Nk(xi) : g(xj) ̸= g(xi)}
∣∣ (5.5)

as the number of neighbors of xi that belong to groups different from g(xi), and

nsame
i =

∣∣{xj ∈ Nk(xi) : g(xj) = g(xi)}
∣∣ (5.6)

as the number of neighbors that share the same group as xi. The neighborhood N(xi) is

deemed fair if

ndiff
i ≥ α · nsame

i , α ∈ [0, 1]. (5.7)
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Where α is a parameter that controls the minimum required neighbors from different sensitive

groups. Since ndiff
i + nsame

i = k, this condition can be equivalently written as

ndiff
i ≥ α

1 + α
k. (5.8)

Remark 2. The parameter α controls degree of cross-group representation required in each

neighborhood. When α = 0, the definition reduces to the standard kNN neighborhood with

no fairness requirement, while larger values of α enforce greater diversity. In practice, the

choice of α is motivated by the disparate impact criterion commonly expressed as the 80%

rule [12]. This provides a principled way to calibrate α so that local neighborhoods respect

the disparate impact threshold.

If a neighborhood Nk(xi) does not satisfy the fairness condition, its neighbors are ad-

justed through an iterative rewiring procedure to enforce the criterion consistently across the

graph (see Algorithm 4). This criterion guarantees that each neighborhood contains a suffi-

cient share of cross-group neighbors, preventing dominance of a single group and promoting

balanced local structures. In particular, it avoids situations where a node is exclusively

surrounded by its own group, thereby mitigating homophily.

5.4.1.2 Fairness-preserving Constraints Propagation

This phase is about Propagating ML and CL into the fairkNN graph to guide the graph con-

struction further. A straightforward approach, such as directly adding or removing edges,

may compromise the fairness guarantees established in the previous stage. For instance,

adding an ML edge might displace a cross-group neighbor, potentially dropping a node’s

neighborhood below the fairness threshold. To address this challenge, we introduce a novel

fairness-preserving constraint propagation framework. When a constraint forces a structural

change (an edge addition or removal), our method performs a compensatory modification

that is specifically designed to preserve the pre-existing count of neighbors from each sensi-

tive group. This ensures the local fairness condition remains stable and robust throughout
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Algorithm 4: FairkNN

Input : Initial neighborhoods {Nk(xi)}ni=1, group labels g(xi), fairness threshold α
Output: Fair neighborhoods {NF

k (xi)}ni=1

1 for each node xi ∈ X do
2 Compute ndiff

i and nsame
i using equation (5.5) and (5.6).

3 while ndiff
i < α · nsame

i do
4 Identify farthest same-group neighbor:

xr = argmaxxp∈Nk(xi), g(xp)=g(xi)
d(xi,xp)

5 Identify nearest cross-group node not already in Nk(xi):
xa = argminxp∈X\Nk(xi), g(xp)̸=g(xi)

d(xi,xp)

6 if xa exists then
7 Update neighborhood: Nk(xi)←

(
Nk(xi) \ {xr}

)
∪ {xa}

8 Recompute ndiff
i , nsame

i

9 end
10 else
11 break
12 end

13 end
14 NF

k (xi)← Nk(xi)

15 end
16 return {NF

k (xi)}ni=1

the constraint integration process.

For each (xi,xj) ∈ ML, a direct edge must connect the corresponding nodes in the graph.

If xj ∈ NF
k (xi), no modification is needed. Otherwise, xj is added to the neighborhood of

xi, which temporarily increases its size beyond k and violates the kNN structure. To restore

the neighborhood size, one existing neighbor must be removed. An arbitrary removal of a

neighbor could disrupt the neighborhood’s sensitive group distribution, reintroducing bias.

To prevent this, the fairness-preserving mechanism of FairkNN is extended. Let g(xj) denote

the sensitive attribute of the newly added node. The neighborhood cardinality is restored

by removing the node from the same group as xj that is farthest from xi:

xrem = argmax
xp∈Nk(xi)∪{xj}, g(xp)=g(xj)

d(xi,xp).

In this way, the addition of xj is exactly counterbalanced by the removal of the most distant

node from the same group. This preserves the group distribution within N(xi) and ensures
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that fairness is maintained while all ML constraints are satisfied (Algorithm 5).

Algorithm 5: ML Constraint Enforcement

1 procedure EnforceML
(
{Nk(xi)}ni=1,ML, g(x)

)
2 forall (xi,xj) ∈ ML do
3 if xj /∈ Nk(xi) then
4 Xrem ← {xp ∈ Nk(xi) | g(xp) = g(xj), (xi,xp) /∈ ML}
5 xrem ← argmaxxp∈Xrem d(xi,xp)

6 Nk(xi)←
(
Nk(xi) \ {xrem}

)
∪ {xj}

7 end

8 end
9 return {Nk(xi)}ni=1

10 end procedure

For each (xi,xj) ∈ CL, it must be ensured that no direct edge connects them. If an edge

(xi,xj) exists in the fair graph, it is removed. This action reduces the cardinality of N(xi)

and introduces an unbalanced neighborhood corresponding to the group of the removed

node. To restore both structural balance and fairness, the removed neighbor is replaced

with a new candidate node. Specifically, a closest available node will be searched such that

xadd belongs to the same sensitive group as xj. such that xadd belongs to the same sensitive

group as xj.

xadd = argmin
xp∈X\Nk(xi) , g(xp)=g(xj)

d(xi,xp),

By replacing the removed neighbor with the nearest feasible candidate from the identical

sensitive group, this method ensures that satisfying CL constraints does not degrade the

fairness guarantees of the graph structure (Algorithm 6).

The resulting neighborhoods {NFC
k (xi)}ni=1 are simultaneously fair and constraint-compliant,

and are used to construct the affinity matrix SFC via a Gaussian kernel given in equation

(5.1). This modified affinity matrix encodes both fairness and pairwise constraints while

preserving the local kNN structure and similarity information. Normalized SC is then

performed on the adjusted graph: the Laplacian LFC is computed from SFC , followed by

spectral embedding using its eigenvectors, and finally standard clustering methods (e.g.,

k-means) are applied to obtain the partitioning. The final clusters thus inherit the fairness

guarantees and constraint satisfaction embedded in SFC , achieving a principled balance be-
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Algorithm 6: CL Constraint Enforcement

1 procedure EnforceCL
(
{Nk(xi)}ni=1,CL, g(x)

)
2 forall (xi,xj) ∈ CL do
3 if xj ∈ Nk(xi) then
4 Xadd ← {xp ∈ X \ (Nk(xi)) | g(xp) = g(xj), (xi,xp) /∈ CL}
5 xadd ← argminxp∈Xadd d(xi,xp)
6 Nk(xi)← Nk(xi) ∪ {xadd}
7 Nk(xi)← Nk(xi) \ {xj}
8 end

9 end
10 return return {Nk(xi)}ni=1

11 end procedure

tween structural integrity, demographic representation, and domain-specific requirements

(Algorithm 7)

5.4.2 Experiments and Results

This section presents the experiments designed to evaluate the performance of the proposed

method on real-world datasets, with a particular focus on the role of pairwise constraints in

SC. Pairwise constraints were randomly generated using class labels and varied to examine

their influence on clustering quality and fairness. To assess the effectiveness of fairness

considerations, both C-kNN and FC-kNN graph construction methods were implemented in

Python, and their outcomes were compared. This evaluation demonstrates the contribution

of the proposed fair constrained graph construction to improving fairness while ensuring

clustering performance. The results and their corresponding discussions are presented in

the following subsections.

5.4.2.1 Experimental Parameters

In the kNN graph construction, the number of nearest neighbors k is set to k =
√
n. For

FC-kNN, the disparate impact parameter α was fixed at 0.8. The number of clusters c was

set to the actual number of classes in each dataset. This is a principled choice because the

pairwise constraints are generated based on the ground-truth labels. Maintaining c equal
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Algorithm 7: FC-kNN Spectral Clustering

Input : Dataset X = {x1, . . . ,xn}; sensitive group labels g(xi); number of
neighbors k; fairness threshold α; ML constraints; CL constraints; desired
number of clusters c

Output: Partition of X into c clusters {π1, . . . , πc}

// Step 1: Initial kNN Search

1 Compute initial neighborhoods {Nk(xi)}ni=1

// Step 2: Fair Neighborhood Rewiring

2 {NF
k (xi)}ni=1 ← FairkNN({Nk(xi)}ni=1, g(x), α) ▷ Algorithm 4

// Step 3: Pairwise Constraints Integration

3 {NFC
k (xi)}ni=1 ← EnforceML({NF

k (xi)}ni=1,ML, g(x)) ▷ Algorithm 5
4 {NFC

k (xi)}ni=1 ← EnforceCL({NF
k (xi)}ni=1,ML, g(x)) ▷ Algorithm 6

// Step 4: Affinity Matrix Construction

5 Build the affinity matrix: SFC(i, j) =


as in equation (5.1), xj ∈ NFC

k (xi),

1, (xi,xj) ∈ ML,

0, (xi,xj) ∈ CL.

// Step 5: Spectral Clustering

6 Compute degree matrix D = diag(SFC)

7 Form normalized Laplacian LFC = I−D−1
2SFCD

−1
2

8 Compute the c eigenvectors U = [u1, . . . ,uc] of LFC corresponding to the c smallest
eigenvalues

9 Apply k-means to the rows of U to obtain clusters {π1, . . . , πc}
10 return {π1, . . . , πc}

to the number of true classes ensures that the evaluation of clustering quality and con-

straint satisfaction remains consistent and interpretable. Moreover, the number of pairwise

constraints was systematically varied to examine its influence on clustering results.

5.4.2.2 Evaluation Against Fairness

Fairness is measured by how well the clustering maintains the ratio of sensitive groups. The

results of constrained and fair constrained graph construction are reported for SC in the

Table 5.1. It shows that FC-kNN outperforms the C-kNN on all the datasets w.r.t fair-

ness (i.e., balance), demonstrating the method’s motivation. FC-kNN consistently achieves
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Table 5.1: Balance and NCut comparison between C-kNN and FC-kNN across datasets under
varying pairwise constraints.

Dataset
Constraints

(×103)
Balance NCut Dataset

Constraints
(×103)

Balance NCut

C-kNN FC-kNN C-kNN FC-kNN C-kNN FC-kNN C-kNN FC-kNN

Bank

5
10
15
20
25
30
35

0.4123
0.3122
0.0884
0.1319
0.0534
0.2062
0.0592

0.4428
0.4322
0.2216
0.1931
0.0638
0.4571
0.4485

0.0432
0.0632
0.0698
0.0705
0.0628
0.0756
0.0809

0.0256
0.0723
0.0931
0.1106
0.1410
0.1585
0.1375

Crime

10
20
30
50
100
120
140

0.0379
0.0388
0.0570
0.0685
0.0798
0.0850
0.0889

0.1897
0.1899
0.1770
0.1921
0.1450
0.1448
0.1436

0.2184
0.3025
0.3733
0.3945
0.5187
0.5526
0.5862

0.2810
0.3290
0.3564
0.4042
0.4979
0.5605
0.6003

Catalonia

5
10
15
20
25
30

0.0546
0.0306
0.0318
0.0248
0.0324
0.0576

0.1407
0.1415
0.1371
0.0909
0.0705
0.0736

0.0842
0.1506
0.2269
0.2683
0.2131
0.1775

0.2074
0.3018
0.3668
0.4249
0.5389
0.5296

Student

1
6
9
20
40
50

0.0000
0.0893
0.3529
0.1000
0.0769
0.0000

0.2143
0.5217
0.5238
0.5000
0.1429
0.4828

0.2026
0.2017
0.2021
0.2697
0.3256
0.4811

0.6876
0.7043
0.7301
0.7767
0.7622
0.7470

German

5
10
15
20
25
30
35

0.3121
0.2804
0.3118
0.3122
0.3303
0.3280
0.3245

0.3152
0.4310
0.4240
0.4077
0.4032
0.4069
0.4044

0.0294
0.0367
0.0420
0.0492
0.0592
0.0774
0.0979

0.0828
0.0895
0.0892
0.0951
0.0979
0.1054
0.1108

ILPD

5
10
15
20
25
30
35

0.0289
0.0417
0.0508
0.0875
0.1569
0.3051
0.2892

0.0895
0.0739
0.1224
0.3162
0.2518
0.3129
0.3117

0.1617
0.2852
0.3341
0.3885
0.4326
0.4722
0.4643

0.0978
0.1823
0.2964
0.3682
0.4467
0.4958
0.4652

Census

50
100
150
200
250
300

0.2931
0.2194
0.1934
0.1869
0.1826
0.1973

0.4263
0.4215
0.4332
0.4189
0.4297
0.4238

0.1784
0.1725
0.1670
0.1618
0.1572
0.1530

0.3538
0.4673
0.4287
0.3775
0.3462
0.3362

Law

20
40
60
80
100
120

0.0596
0.0584
0.0817
0.0677
0.0838
0.0893

0.0537
0.1374
0.1393
0.0963
0.1256
0.1792

0.1981
0.2267
0.2343
0.2614
0.2905
0.3215

0.3337
0.3898
0.4210
0.4720
0.4979
0.5605

higher balance scores compared to C-kNN (without fairness). Even under strict pairwise

constraints, the proposed FC-kNN method maintains a balanced proportion of sensitive

groups in each cluster, whereas the baseline often exhibits significant deviations. As shown

in Table 5.1, FC-kNN achieves notable absolute improvements in balance across all datasets,

ranging from 0.01 – 0.39 (avg. 0.14) for Bank, 0.02 – 0.11 (avg. 0.07) for Catalonia, 0.003

– 0.15 (avg. 0.09) for German, 0.13 – 0.25 (avg. 0.21) for Census, 0.05 – 0.15 (avg. 0.10)

for Crime, 0.07 – 0.48 (avg. 0.29) for Student, 0.01 - 0.23 (avg. 0.07) for ILPD, and -0.01

- 0.09 (avg. 0.04) for Law datasets across different constraint levels, demonstrating that

the proposed fairness-aware graph construction enables more balanced neighborhood for-

mation. Since the focus is on constructing the fair graph using the disparate impact rule,

it maintains the balance on each node for each group so that the obtained clusters will

reflect the balanced group representation. Thus, the proposed method consistently achieves

better balance even under varying constraint levels. Importantly, integrating ML and CL

constraints alongside fairness requirements does not compromise fairness performance.
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Figure 5.4: Clustering performance of C-kNN and FC-kNN across eight datasets under varying
numbers of pairwise constraints, with the number of clusters c fixed to the ground-truth labels. The
plots report the RI, showing that the proposed FC-kNN method consistently achieves competitive
clustering quality.
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5.4.2.3 Evaluation Against Clustering Quality

The clustering quality is evaluated using two widely adopted measures: NCut and RI. Ta-

ble 5.1 reports the NCut values for both C-kNN and FC-kNN SC methods. The NCut values

generally show an upward trend for both C-kNN and FC-kNN methods as the number of

pairwise constraints increases. While the initial NCut values are low, indicating good sep-

aration with fewer pairwise constraints, they rise significantly with the addition of further

pairwise constraints. This implies that the graph structure becomes less stable under heav-

ier supervision. Moreover, the proposed FC-kNN method exhibits higher NCut values than

C-kNN in most cases, reflecting the influence of fairness-aware neighborhood modifications.

These adjustments not only enforce demographic balance but also integrate constraint sat-

isfaction simultaneously, resulting in a slight increase in the cut cost. However, for a small

number of pairwise constraints, the difference between C-kNN and FC-kNN remains mini-

mal, suggesting that the fairness component becomes more prominent as constraint density

grows.

To further assess clustering quality, the RI is compared between C-kNN and FC-kNN

SC across a varying number of pairwise constraints. As shown in Figure 5.4, the RI values

generally increase with the number of pairwise constraints, indicating improved alignment

with the true cluster structure. In most cases, FC-kNN achieves comparable or higher RI

scores than C-kNN, particularly at moderate and higher constraint levels. This improvement

can be attributed to the fairness-aware neighborhood construction, which ensures cross-

group representation and prevents fairness degradation while leveraging the added pairwise

constraints more effectively. Overall, the RI results highlight that both methods benefit

from pairwise constraints, with FC-kNN providing a more balanced clustering outcome.

To further evaluate the clustering quality obtained by the proposed approaches, an in-

ternal cluster validation metric, namely the Silhouette Score, was computed for all datasets

to assess the compactness and separation of the clusters generated by C-kNN and FC-kNN.

Table 5.2 presents a comparison of Silhouette scores between the C-kNN and FC-kNN across

different datasets and varying numbers of constraints. From the obtained results, it can be
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Table 5.2: Silhouette score comparison between C-kNN and FC-kNN across datasets under vary-
ing pairwise constraints.

Dataset
Constraints

(×103)
Silhouette Score Dataset Constraints (×103) Silhouette Score

C-kNN FC-kNN C-kNN FC-kNN

Bank

5
10
15
20
25
30
35

0.4521
0.4413
0.4302
0.4215
0.4001
0.3914
0.3827

0.4186
0.4097
0.3984
0.3892
0.3712
0.3648
0.3585

Crime

10
20
30
50
100
120
140

0.4027
0.3928
0.3836
0.3719
0.3604
0.3498
0.3411

0.3894
0.3811
0.3725
0.3612
0.3485
0.3407
0.3325

Catalonia

5
10
15
20
25
30

0.5114
0.5032
0.4918
0.4801
0.4695
0.4583

0.4981
0.4876
0.4789
0.4664
0.4541
0.4435

Student

1
6
9
20
40
50

0.5314
0.5247
0.5183
0.5071
0.4916
0.4809

0.5288
0.5293
0.5242
0.4996
0.4824
0.4713

German

5
10
15
20
25
30
35

0.4732
0.4645
0.4538
0.4426
0.4314
0.4218
0.4105

0.4618
0.4524
0.4417
0.4313
0.4202
0.4109
0.4016

ILPD

5
10
15
20
25
30
35

0.4216
0.4138
0.4025
0.3917
0.3812
0.3725
0.3631

0.4185
0.4102
0.3989
0.3894
0.3798
0.3696
0.3592

Census

50
100
150
200
250
300

0.3817
0.3726
0.3618
0.3521
0.3414
0.3322

0.3698
0.3605
0.3517
0.3429
0.3326
0.3238

Law

20
40
60
80
100
120

0.3924
0.3838
0.3745
0.3632
0.3541
0.3436

0.3896
0.3807
0.3714
0.3609
0.3518
0.3417

observed that both methods achieve positive Silhouette Scores across all datasets, indicating

meaningful cluster structures. In most cases, the C-kNN method achieves slightly higher

Silhouette Scores than the FC-kNN method. This behavior is expected because incorpo-

rating fairness constraints into FC-kNN imposes additional restrictions during clustering,

which may slightly reduce cluster compactness to maintain fairness among sensitive groups.

The Silhouette Score decreases gradually as the number of constraints increases across all

datasets. A similar trend is observed for both C-kNN and FC-kNN methods, indicating

that increasing constraints can affect cluster separability. Nevertheless, FC-kNN maintains

competitive clustering quality while enforcing fairness constraints.
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Figure 5.5: Comparison of satisfied pairwise constraints between C-kNN and FC-kNN across
eight datasets under varying numbers of pairwise constraints, with clusters set to the ground-truth
labels.
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5.4.2.4 Constraints Satisfaction

The constraint satisfaction metric evaluates how effectively each method fulfills the given

pairwise relationships. As the number of pairwise constraints increases, the satisfaction

ratio in FC-kNN generally shows a slight upward trend, indicating that more pairwise

constraints are being respected during clustering, as shown in Figure 5.5. When only a small

number of pairwise constraints are provided, both methods perform comparably. However,

occasional minor decreases are observed, likely due to conflicts among pairwise constraints

as their number increases. For the Census, Law, and Bank datasets, FC-kNN exhibits

nearly similar or slightly reduced satisfaction at higher constraint levels, which can be

attributed to the denser and larger constraint sets. For example, on the Bank dataset, both

methods perform comparably for fewer pairwise constraints, but at 35 × 103 constraints,

FC-kNN satisfies about 19% more constraints than C-kNN. On the Catalonia dataset, the

gap widens with more supervision: FC-kNN achieves a 25% gain at 30 × 103, where it

fully satisfies all the given pairwise constraints. These results highlight a consistent pattern

across datasets: constraint satisfaction is comparable under limited supervision, but with

more constraints, FC-kNN not only preserves fairness but also adheres to a larger number of

pairwise relationships. This trend aligns with the higher RI observed earlier, since improved

constraint satisfaction directly contributes to better clustering quality.

5.4.2.5 Sensitivity Analysis of FC-kNN Parameters

To assess the robustness of the proposed method, experiments were conducted with different

values of k. Furthermore, the disparate impact parameter α varied to examine its influence

on balance.

Impact of k: This analysis focuses on the effect of varying the neighborhood size k on

the balance of the proposed FC-kNN method. Fig. 5.6 reports the results for eight datasets

under a fixed number of pairwise constraints. At smaller neighborhood sizes, the balance

score of FC-kNN is relatively high, indicating that fairness is preserved when local neigh-
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Figure 5.6: Analysis of the effect of the number of nearest neighbors k on cluster balance un-
der fixed pairwise constraints. The figure compares FC-kNN with the dataset balance across four
datasets: Bank (50k constraints), Catalonia (2k constraints), German (25k constraints), Census
(50k constraints), Crime (50k constraints), Student (8k constraints), ILPD (2k constraints), and
Law (50k constraints).
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borhoods remain compact. As k increases, a slight decline in balance is observed. The

results suggest that while small to moderate k values maintain stable fairness levels, larger

k values lead to imbalanced neighborhoods and reduced fairness in clustering. An important

observation is that the effectiveness of pairwise constraints depends on k. With increasing

k, the influence of pairwise constraints tends to weaken, as more edges dilute the effect of

specific constraint-based modifications. Consequently, fairness deteriorates as k grows with

pairwise constraints. Thus, compact neighborhoods not only allow pairwise constraints to

operate with greater impact but also preserve cross-group diversity more effectively, whereas

large neighborhoods introduce structural bias and reduce fairness.

Moreover, it is not always possible to maintain exactly k neighbors in the modified graph

since the inclusion of ML and CL constraints may require adding or removing edges, thereby

slightly altering the neighborhood structure.
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Figure 5.7: Effect of the fairness parameter α on cluster balance across varying numbers of
pairwise constraints, demonstrating how FC-kNN maintains fairness.

Impact of parameter α: The experiments shown in Fig. 5.7 demonstrate how cross-

group representation in FC-kNN evolves under varying fairness parameter α ∈ {0.1, 0.2, · · · , 1}

in equation (5.7). Balance is measured under different levels of pairwise constraints on Bank,

Catalonia, German, and ILPD datasets. As α increases, the level of cross-group represen-

tation in the kNN graph systematically improves, which directly affects the balance values

of the clustering. At very low values of (α = 0.1–0.2), the fairness condition is weak, since

only a small fraction of cross-group neighbors is required. For example, when α = 0.1, a

node with 10 same-group neighbors only needs one different-group neighbor, leaving neigh-
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borhoods dominated by the same group. As a result, balance values remain low. As α

increases to moderate levels (0.3–0.6), more cross-group connections are enforced, leading

to noticeable improvements in neighborhood diversity. At higher values (α = 0.7–0.8), the

graphs achieve their strongest fairness levels. For instance, when α = 0.8, the condition

requires at least 8 different-group neighbors per 10 same-group neighbors, yielding strongly

mixed neighborhoods. This corresponds to the disparate impact rule from fairness litera-

ture [12], a common criterion for reducing disparate impact. Beyond this, values of α ≥ 0.9

approach infeasibility, since not every node can achieve such a high proportion of cross-

group neighbors. At very high α, equation (5.8) may require ndiff
i values that are locally

impossible; many nodes cannot find enough different-group neighbors within a reasonable

distance, making α→ 1 infeasible.

The integration of ML and CL constraints may counteract or reinforce the fairness ad-

justments. A well-chosen α thus facilitates constraint integration by maintaining structural

diversity in neighborhoods. Across all datasets, α = 0.8 consistently achieves the best

trade-off between feasibility and fairness. It enforces strong cross-group representation and

preserves balance even under the influence of ML and CL constraints. This demonstrates

that fairness in neighborhood graph construction is highly sensitive to the choice of α: small

values leave the graph biased, excessively large values become infeasible, and the interme-

diate choice of α = 0.8 achieves the most effective balance.

5.5 Summary

In the second contributory chapter, the FC-kNN graph is introduced, a novel approach

that integrates fairness considerations and pairwise constraints directly into the similarity

graph construction stage for SC. By enforcing group balance conditions within each node’s

neighborhood, FC-kNN mitigates disparate impact and ensures that sensitive groups are

adequately represented. At the same time, the incorporation of ML and CL constraints

preserves meaningful cluster structure. Experimental results across multiple real-world

datasets demonstrate that FC-kNN achieves substantial improvements in fairness compared
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to C-kNN, while maintaining competitive clustering quality and high constraint satisfac-

tion. These findings confirm the effectiveness of embedding fairness and pairwise constraints

jointly into the neighborhood graph, rather than treating them as separate objectives. Ad-

ditionally, the proposed FC-kNN framework is designed with scalability in mind; by oper-

ating on sparse neighborhood graphs, it significantly reduces computational and memory

complexity compared to fully connected graph representations. Future improvements can

further enhance scalability for large-scale clustering applications through techniques such

as approximate nearest-neighbor search, NN-Descent-based graph construction, and sparse

eigensolvers.

Having incorporated fairness into constrained SC, the dissertation has addressed one

major branch of advanced SC methods that improve clustering quality by leveraging pairwise

constraints. The contributions presented in Chapters 4 and 5 demonstrate how fairness can

be embedded in both the optimization formulation and the graph construction process. This

approach ensures that different demographic groups receive fair treatment while leveraging

ML and CL relationships. Although these methods enhance the fairness and performance

of the traditional two-stage SC pipeline, they inherently work within separate frameworks:

first, constructing the graph, then performing the clustering. This separation can lead to

information loss and sub-optimal results.

To overcome these limitations, it is essential to consider a framework that integrate all SC

steps. One such improvement is one-step spectral rotation clustering. This method brings

together graph construction and cluster assignment into a single optimization framework,

providing greater flexibility in incorporating fairness directly into the optimization criterion,

thereby avoiding the limitations of the traditional two-step approach.

To address these limitations, the next chapter explores a one-step approach for SC.

This is a unified framework that learns a fair spectral representation and cluster assignment

within a single optimization procedure.

00656//
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“The biggest risk is not taking any risk. . . In a world that’s changing really

quickly, the only strategy that is guaranteed to fail is not taking risks.”

∼ Mark Zuckerberg

6
Fairness in Unified Spectral Clustering

This chapter presents a fairness-aware extension of the OSSRC framework. Unlike the con-

ventional two-step process, the one-step formulation jointly learns the graph structure and

the cluster assignments together in a single optimization step. Building on this advantage,

group fairness is integrated directly into the objective function so that fairness influences the

clustering mechanism with each iteration. The proposed method adaptively updates both

the similarity graph and the cluster indicators, enabling the graph to evolve in response

to fairness considerations. Through the integration of fairness, spectral embedding, and

adaptive graph learning, the framework aims to produce clusters that preserve clustering

quality while remaining demographically balanced.
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6.1 Introduction

One Step Spectral Rotation Clustering (OSSRC) methods were introduced to address the

drawbacks of traditional multi-stage SC methods. By jointly optimizing graph learning,

spectral embedding, and cluster assignment together in a single objective, one-step formu-

lations avoid the performance degradation that typically arises when these components are

optimized separately. This unified structure enables the graph and clustering to influence

each other more effectively, often resulting in improved clustering quality. However, despite

these advantages, existing one-step SC techniques do not consider fairness with respect to

sensitive attributes.

To address this gap, a few recent studies have attempted to bring fairness into such

unified models. For example, Zhang et al. [33] introduced a unified fair SC approach that

employs a node-adaptive graph filter for graph construction, effectively learning graphs

from noisy data. Furthermore, they integrated the balance constraint proposed in [25] into

their framework as a constrained optimization problem. However, a major drawback of

this method is that it considers the balance constraint as a separate component within

the optimization criterion, which may not fully capture or directly influence the fairness

requirements across clusters. To alleviate these limitations, a Fair One-Step Spectral Ro-

tation clustering (FOSSRC) framework is proposed, which is directly embedded into the

optimization objective. The framework includes a novel Group Fairness Term (GFT) to

obtain an equitable representation of sensitive groups across all clusters.

The contribution of this chapter is described as follows:

• GFT is introduced on the cluster indicator matrix to ensure equal representation of

sensitive groups within clusters.

• The effect of the GFT term is theoretically analyzed. Motivated by the analysis, GFT

is integarted with the OSSRC method.

• The balance of clustering is adaptively adjusted through iterative updates within a

one-step learning framework until convergence.
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• The proposed fair model is evaluated on real-world datasets, demonstrating its effec-

tiveness in improving fairness and clustering quality.

In this chapter, the OSSRC method is first described, and its limitations with respect to

fairness are highlighted in Section 6.2. GFT is then introduced in Section 6.3.1, forming the

basis for achieving fairness. Next, the fair version of OSSRC is presented, demonstrating

how GFT is integrated to ensure fairness in Section 6.3.2. The method is subsequently

evaluated through experiments in Section 6.3.3, followed by a summary in Section 6.4.

6.2 One-Step Spectral Rotation Clustering via Adap-

tive Graph Learning

In this section, a model for OSSRC is provided. Unlike the two-stage SC approach, The OS-

SRC method learns the similarity matrix and performs SC simultaneously. It works directly

in the low-dimensional feature space of the original data, reducing noise and dimensionality

issues. Building on [108], which integrates adaptive graph learning into unsupervised feature

selection, this work incorporates spectral rotation for clustering, inspired by one-step spec-

tral rotation approaches [44,100,102,109,110]. The OSSRC model integrates affinity graph

learning, spectral embedding, and spectral rotation into a one-step framework to produce

final clustering results.

Given a data set X ∈ Rn×d with n samples and d dimension. Assume M ∈ {0, 1}n×c is

the binary index matrix. We aim to find an orthogonal projection matrix W ∈ Rd×c that

finds a low-dimension subspace when linearly integrated with the data matrix X. We follow

the literature [108] with spectral rotation term and have the objective function given below:

min
W,S,γ,U,R,Y

Tr(WTXLXTW) + γ∥S∥2F − ρTr(WTXUUTXTW)

+ ∥Y −XWR∥2F + τ∥W∥2,1,

s.t. WTW = I, UTU = I, RTR = I, ST1 = ρ1.

(6.1)

The first term captures the important correlation of the data as explained in equation
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(2.14), where the matrix L represents the Laplacian, defined as L = D− S, where S ∈ Rn×n

represents the similarity matrix and D is the degree matrix with diagonal entries given by

Dii =
∑

j(sij). The second term contributes towards the iterative update of matrix S and

refines the structure of the subspace graph. The third term is to maximize the between-class

scatter matrix in the subspace where indicator matrix U = M(MTM)−1/2 is relaxed from

a discrete form to an orthogonal one that UTU = I. The fourth term is the objective of

spectral rotation to obtain the clusters as given in equation (2.12), where R and Y are the

rotation and cluster indicator matrices, respectively. Due to the sensitivity of k-means to

the initial selection of cluster centers, the resulting solution may differ from true discrete

clustering. To address this, spectral rotation is used as proposed in [49]. The fifth term is the

ℓ2,1−norm on W for feature selection to reduce redundancy and outliers. The regularization

parameter τ adjusts the influence of feature selection. We symmetrize the similarity matrix

as S = (ST + S)/2 to enhance the connection between closer data points in the subspace

and impose a constraint ST1 = ρ1, where ρ is the controlling parameter. The coefficient

γ is distinct from other parameters (i.e., τ, ρ) and is adaptively updated throughout the

optimization process.

6.3 Fair One-Step Spectral Rotation Clustering via

Adaptive Graph Learning

6.3.1 Group Fairness Term

A new perspective is provided on the definition of balance. According to Definition 1,

balance is defined as the equitable distribution of sensitive groups across all clusters. To

understand the distribution of sensitive groups, we must first examine the imbalance within

clusters, as outlined in the following definition:

Definition 8. (Imbalance) Given a dataset X ∈ Rn×d with n data points and d features.

The dataset contains m sensitive groups {G1, . . . , Gm} and partitioned into c clusters π =
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Figure 6.1: An example to demonstrate the effectiveness of the GFT. We considered n = 4 data
points having two sensitive groups, G1 and G2, with two clusters: π1 and π2.

{π1, . . . , πc}. Nt(ℓ) represents total number of data points belonging to sensitive group Gt,

where Gt represents t-th group (t ∈ {1, . . . ,m}) in cluster ℓ ∈ {1, 2, . . . , c} (i.e.,|πℓ ∩ Gt|).

The ideal case is that each cluster ℓ should have |Gt|
c

data points to maintain balance. Thus,

the objective of achieving fair clusters is to minimize the imbalance, as defined below:

Imbalance =
1

c

c∑
ℓ=1

(
Nt(ℓ)−

|Gt|
c

)2

, ∀t ∈ {1, . . . ,m} (6.2)

From the perspective of Definition 8, balance is ensured if the number of data points

belonging to the Gt in each cluster is as close as possible to the proportion of Gt in the

entire dataset (i.e., |Gt|
c
). Our aim here is to minimize the imbalance to obtain the equal

distribution of sensitive groups ( |Gt|
c
) across all the clusters. In order to achieve this, a GFT

is introduced that penalizes deviations from the ideal distribution Nt(ℓ) = |Gt|
c
, reducing

imbalance for all the groups.

Theorem 6.3.1. Let F ∈ {0, 1}n×m be a sensitive group membership matrix where Fit = 1

indicates that data point i belongs to sensitive group t and Fit = 0 otherwise, and Y ∈

{0, 1}n×c be a cluster indicator matrix where Yiℓ = 1 if data point i assigned to ℓth cluster

and Yiℓ = 0 otherwise. The GFT is expressed as:
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T (Y ) = Tr(YTFFTY) (6.3)

Minimizing T(Y) ensures an even distribution of sensitive groups across clusters, reduc-

ing the concentration of the same sensitive groups in a single cluster.

Proof. Let (FFT )ij =
∑m

t=1 FitFjt denote the (i, j) − th entry of FFT . This entry equals

1 if data points i and j belong to the same sensitive group and 0 otherwise. The term

YTFFTY measures how data points from the same sensitive group are distributed across

clusters. The trace Tr(YTFFTY) =
∑c

ℓ=1(Y
TFFTY)ℓℓ sums the diagonal values, each of

which represents the total number of pairs of data points from the same sensitive group

that are assigned to the same cluster. Specifically, for each sensitive group t, the diagonal

value counts all pairs of data points (both self-pair and cross-pair) that are assigned to the

same cluster, which is given as T (Y ) =
∑m

t=1

∑
i,j∈Gt

1[i ∈ πℓ, j ∈ πℓ]. A high value of T (Y )

indicates a large number of data point pairs within the same sensitive group are assigned to

the same cluster, leading to an imbalance, as shown in Figure 6.1. Therefore, minimizing the

T (Y ) promotes the distribution of members from the same sensitive group across different

clusters, reducing the imbalance. The ideal case for minimizing the T (Y ) occurs when no

two data points from the same sensitive group are assigned to the same cluster, leading to

YiℓYjℓ = 0 for all i and j such that FitFjt = 1. However, this ideal condition is not achievable

practically, as the number of clusters is small relative to the number of data points in the

sensitive groups. Based on the Definition 8, we aim each cluster ℓ to contain approximately

|Gt|
c

data points from group Gt. If Nt(ℓ) = |Gt|
c

for all clusters, then the sensitive group

Gt is evenly distributed among the clusters. In this scenario, The value of T (Y ) will be

minimum as demonstrated in the fair clustering case of Figure 6.1. Conversely, if most

members of group Gt are concentrated in a single cluster ℓ, then Nt(ℓ) ≫ |Gt|
c
, leads to

a larger T (Y ). Thus, minimizing T (Y ) in equation (6.3) indirectly reduces the imbalance

defined in equation (6.2), pushing Nt(ℓ) closer to
|Gt|
c

for all clusters.
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6.3.2 FOSSRC

The model in equation (6.1) is for OSSRC without consideration of fairness. To achieve

fairness in OSSRC , we proposed a novel fair model that integrates the GFT of equation

(6.3) in the objective function of OSSRC in equation (6.1) and penalizes imbalance in

which members of the same sensitive group are overrepresented in a cluster. The proposed

optimization problem of FOSSRC is represented as:

min
W,S,γ,U,R,Y

Tr(WTXLXTW) + γ∥S∥2F − ρTr(WTXUUTXTW)

+ ∥Y −XWR∥2F + τ Tr(WTOW) + δTr(YTFFTY),

s.t. WTW = I, UTU = I, RTR = I, ST1 = ρ1.

(6.4)

To simplify the calculation, the regularization term ∥W∥2,1 of equation (6.1) is converted

into a matrix form Tr(WTOW) in equation (6.4) by taking advantage of Iteratively Re-

weighted Least Square (IRLS) [111] where O is a d × d diagonal matrix with oii =
1

2∥wi∥2 .

Here, δ is a balance (i.e., group fairness) parameter that adjusts the extent of the balancing

effect during the learning process. Thus, similarity graph learning, dimensionality reduction,

and group fairness are jointly optimized, ensuring fairness while preserving clustering quality

within a unified framework.

Therefore, we obtain the group fairness regularized term Tr(YTFFTY). According to

Theorem 6.3.1, by minimizing the regularized term, we can achieve fair clusters.To under-

stand the idea of our proposed group fairness term, we have taken a small example for

n = 4 data points X = {x1,x2,x3,x4} with m = 2 sensitive groups and c = 2 clusters.The

working of the GFT is shown in Figure 6.1.

6.3.2.1 Model Optimization

The problem in equation (6.4) is not jointly convex with respect to all variablesW,S,γ,U,R,

and Y. However, It is convex with respect to each variable when the remaining variables

are fixed. We utilized an alternative optimization strategy to optimize each variable it-
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eratively by keeping the others fixed, continuing this process until the convergence. The

corresponding pseudo is summarized in Algorithm 9, and the details are explained below:

Algorithm 8: Steps for the optimization in equation (6.6)

Input: Original data X, tuning parameters τ, ρ, and cluster number c;
Output: W;

1 Initialize V and Z as random matrix;
2 repeat
3 Update W using equation (6.8)
4 Update Z following the GPI framework [112]
5 Update V using equation (6.10);

6 until convergence of equation (6.6);

A. Update W by fixing U,S, γ,Y,R:

When the other variables are fixed, the objective function in equation (6.4) simplifies

to:

min
W

Tr(WTXLXTW)− ρTr(WTXUUTXTW)

+ τ Tr(WTOW) + ∥Y−XWR∥2F s.t. WTW = I

(6.5)

We employ the framework of Alternating Direction Method of Multipliers (ADMM)

[113] to divide the problem of equation (6.5) into sub-problems by setting XW = Z.

The corresponding pseudo is summarized in Algorithm 8.

min
Z,W,V

Tr(ZTLZ)− ρTr(ZTUUTZ) + τ Tr(WTOW)

+ ∥Y− ZR∥2F + β∥Z−XW+V∥2F s.t. ZTZ = I

(6.6)

Equation (6.6) can be interpreted as iteratively solving the following sub-problems:



W(t+1) : minW(t) τ Tr(W(t)TOW(t)) + β∥Z(t) −XW(t) +V(t)∥2F

Z(t+1) : minZ(t) Tr(Z(t)TLZ(t))− ρTr(Z(t)TUUTZ(t))

+∥Y− Z(t)R∥2F + β∥Z(t) −XW(t+1) +V(t)∥2F , s.t. Z(t)TZ(t) = I,

V(t+1) = V(t) + (Z(t+1) −XW(t+1))

(6.7)
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– Update W (t+1): By fixing Z(t) and V(t), and setting the derivative with respect

to W equal to zero, we obtain the closed-form solution for W as follows:

W(t+1) = β(τO+ βXTX)−1XT (Z(t) +V(t)) (6.8)

– Update Z(t+1): By fixing V(t) and W(t+1), we utilize the Generalized Power

Iteration (GPI) method [112] with the orthogonal constraint, we have:

min
ZTZ=I

Tr(Z(t)TAZ(t) − 2Z(t)TB) (6.9)

Where A = (L− ρUUT + βI) and B = (βXW(t+1) +YRT − βV(t)).

– Update V(t+1): By fixing Z(t+1) and W(t+1), obtaining V becomes straightfor-

ward:

V(t+1) = V(t) + (Z(t+1) +XW(t+1)) (6.10)

B. Update U by fixing W, S, γ, Y and R:

When the other variables are fixed, the optimization of U becomes straightforward as:

U = argmin
UTU=I

−Tr(WTXUUTXTW) = argmax
UTU=I

Tr(UTXTWWTXU). (6.11)

The optimal solution for U is given by the eigenvectors of (XTWWTX) associated

with the c largest eigenvalues.

C. Update S by fixing W, U, γ, Y and R:

To guarantee that S is semi-positive definite, we impose the constraint 0 ≤ si ≤ 1.

The objective function with respect to S is expressed in vector form as:

min
S

n∑
i,j=1

(
∥WTxi −WTxj∥22sij + γs2ij

)
s.t. ∀i, sTi 1 = ρ, 0 ≤ si ≤ 1. (6.12)

Since the problem in equation (6.12) is independent for each i, it can be rewritten in
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vector form as:

min
sTi 1=ρ, 0≤si≤1

∥∥∥∥si + 1

2γ
di

∥∥∥∥2
2

(6.13)

Where di,j = ∥WTxi - W
Txj∥22. The Lagrangian function of equation (6.13) as:

L(si, σ, ζi) =
1

2

∥∥∥∥si + di
2γ

∥∥∥∥2
2

− σ(sTi 1− ρ)− ζTi si (6.14)

where σ and ζi ≥ 0 are the Lagrangian multipliers. According to the KKT conditions,

the optimal solution sij is:

sij =

(
− dij
2γi

+ σ

)
+

(6.15)

The regularization parameter γ is obtained as follows:

γ =
1

n

n∑
i=1

 k

2ρ
di,k+1 −

1

2ρ

k∑
j=1

dij

 (6.16)

Where k denotes the number of nearest neighbors to xi that are considered for con-

structing the sparse similarity matrix S. Refer to [108] for more detail. Thus, the

optimal sij will be:

sij =

 ρdi,k+1 − ρdij

kdi,k+1 −
∑k

j=1 dij


+

(6.17)

D. Update R by fixing W, S, U, γ and Y:

When the other variables are fixed, the optimization problem with respect to R is:

min
RTR=I

∥Y−XWR∥2F (6.18)

According to the literature [43], R has the following closed-form solution:

R = ABT (6.19)

WhereA andB are left and right singular vectors of the Singular Value Decomposition
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(SVD) with respect to WTXTY, i.e., WTXTY = AΣBT

E. Update Y by fixing W, S, γ, U, and R:

When the other variables are fixed, the objective function for Y becomes:

min
Y
∥XWR−Y∥2F + δTr(YTFFTY) (6.20)

The problem is non-smooth and optimizing the discrete matrixY is difficult. Using the

Augmented Lagrange Method (ALM) [114], we replace Y with a continuous matrix

H in the GFT. We then apply ADMM to convert the problem into an equality-

constrained optimization, solving iteratively by alternating between updating Y and

H. Thus, equation (6.20) is reformulated as:

min
Y, H
∥XWR−Y∥2F + δTr(HTFFTH) +

ξ

2
∥Y−H+

1

ξ
µ∥2F (6.21)

Here, ξ is a positive scalar that gradually increases, and µ is the Lagrange multiplier

estimate, improving accuracy with each iteration. While Y is fixed, the derivative of

the Lagrangian function of equation (6.21) with respect to H is set to zero. Thus, we

have:

H = (ξIn + 2δFFT )−1(ξY+ µ) (6.22)

While H is fixed, the equation (6.21) will become:

min
Y
∥Y−K∥2F + ω, (6.23)

where K = 2
2+ξ

(XWR) + 1
2+ξ

(ξH − µ), and ω is a constant. Equation (6.23) is

independent for each i, Thus, we can solve it separately for each yi.

min
yi

n∑
i=1

c∑
ℓ=1

(yiℓ − viℓ)
2, s.t. yiℓ ∈ {0, 1},

c∑
ℓ=1

yiℓ = 1. (6.24)
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Thus, optimal solution of yi is as follows:

yiℓ =


1, if ℓ = argmaxℓ′∈[1,c] viℓ′

0, otherwise

(6.25)

Algorithm 9: Steps for the optimization in equation (6.4)

Input: Original data X ∈ Rn×d, cluster number c, hyper-parameters τ, ρ, δ, and
θ ∈ (1, 2);

Output: Clustering result Y;
1 Randomly initialize R, W, Y, S matrices and O = I;
2 Initialize random binary index matrix M ∈ {0, 1}n×c;
3 Initialize ξ > 0 and µ = 0 ∈ Rn×c;
4 repeat
5 Update W via Algorithm 8;
6 Update the diagonal matrix O such as oii =

1
2∥wi∥2 ;

7 Update U using equation (6.11);
8 Update S using equation (6.17);
9 Determine γ using equation (6.16);

10 Update R via equation (6.19);

11 Update H via Ht+1 = (ξtIn + 2δFFT )−1(ξtYt + µt);
12 Update Y via equation (6.25);
13 Update µ via µt+1 = µt + ξt(Y−H);
14 Update ξ via ξt+1 = θξt;

15 until convergence or the number of iterations = T1 with respect to equation (6.4);

6.3.3 Experiments and Results

We set the number of clusters c corresponding to the actual number of classes in each

dataset. The Lagrange multiplier coefficient ξ is often set to 0.1 or 1, whereas the θ is

chosen somewhat more than 1 for ALM optimization [114]. We used ξ = 0.1 and θ = 1.005

for all datasets in our experiments. k is set to
√
n for k-nearest neighbors in corresponding

methods. We tune the parameters and present the results based on the optimal parameter

setting of τ, ρ, δ ∈ {10−3, 10−2, . . . , 103}. In experiments, we first evaluated the OSSRC

method on all possible combinations of τ, ρ. We selected the best combination of τ and ρ

and used the same combination with all the values of δ in the FOSSRC model.
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Table 6.1: Balance improvement(%) of the FOSSRC method over baseline methods

Datasets
Existing Methods

SC FSC UFSC OSSRC
FacebookNet (c = 2) 100 95.12 35.59 100
DrugNet (c = 6) 156.52 118.51 59.45 136

The performance of the FOSSRC model is evaluated using two widely used benchmark

datasets from [25, 33]: FacebookNet1 and DrugNet2. Since these datasets include ground-

truth graphs and the FOSSRC algorithm relies on adaptive graph learning, the data are gen-

erated according to the underlying ground-truth graph, following the procedure described

in [33]. Furthermore, the performance of the FOSSRC model is assessed on real-world

datasets collected from the UCI Machine Learning repository3, including Bank, ILPD, Ger-

man Credit, and Hepatitis.

6.3.3.1 Baselines and Evaluation Metrics:

The baseline methods for comparison include SC, Fair Spectral Clustering (FSC) [25], Uni-

fied Fair Spectral Clustering (UFSC) [33], and OSSRC (i.e., Eq. (6.1)) without fairness.

First, we compare the FOSSRC model with the above methods on two benchmark datasets.

Additionally, we explored other real-world datasets to test the effectiveness of the FOSSRC

method by comparing it with SC and OSSRC without fairness.

Based on the literature, we use standard metrics, including Acc, NMI, to assess clustering

performance and use balance to assess the fairness of clustering as in equation (2.2) (averaged

over all clusters).

6.3.3.2 Results

Since we do not have class labels in the benchmark data sets (i.e., FacebookNet and

DrugNet), we evaluate the FOSSRC method using the balance metric. Figure 6.2 demon-

strates that the FOSSRC method significantly improves balance by 35.59% and 59.45% on

1
http://www.sociopatterns.org/datasets/high-school-contact-and-friendship-networks/

2
https://sites.google.com/site/ucinetsoftware/datasets/covert-networks/drugnet

3
https://archive.ics.uci.edu/datasets
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Figure 6.2: Balance comparison of the FOSSRC(proposed) method against baseline methods with
varying numbers of clusters on two benchmark datasets.

Table 6.2: Clustering results on additional real-world datasets

Bank ILPD
Method Acc NMI Balance Method Acc NMI Balance
SC 0.613 0.0025 0.38 SC 0.594 0.031 0.180
OSSRC 0.678 0.0031 0.403 OSSRC 0.620 0.001 0.259
FOSSRC 0.633 0.0017 0.426 FOSSRC 0.597 0.002 0.315

German Hepatitis
Method Acc NMI Balance Method Acc NMI Balance
SC 0.54 0.0052 0.21 SC 0.726 0.095 0.10
OSSRC 0.598 0.0054 0.417 OSSRC 0.819 0.013 0.096
FOSSRC 0.580 0.0046 0.443 FOSSRC 0.764 0.003 0.142
Dataset balance: Bank (0.427), ILPD (0.318), German (0.449), Hepatitis (0.159).

FacebookNet (c = 2) and DrugNet(c = 6) datasets compared to the UFSC model. In ad-

dition to the results in Figure 6.2, Table 6.1 presents the percentage improvement of the

proposed FOSSRC method compared to the baseline methods. Thus, these results demon-

strate the superiority of the FOSSRC method in achieving a higher balance.

To further validate the generalizability of the proposed FOSSRC approach, we evaluate

it on four additional real-world datasets summarized in Table 6.2. Acc, NMI, and balance

metrics are calculated for SC, OSSRC, and FOSSRC, with the best results highlighted in

bold. The proposed FOSSRC model takes advantage of the GFT integrated with adap-

tive graph learning, achieving superior clustering performance while maintaining fairness.

Notably, FOSSRC outperforms the other methods with respect to fairness metrics(i.e., bal-

ance) across all the datasets, improving balance by 5.7% in the Bank, 21.62% in ILPD,
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6.23% in German, and 57.77% in the Hepatitis dataset. Moreover, FOSSRC achieves higher

Acc than SC across all datasets due to adaptive graph learning, though a slight trade-off

in NMI is observed while enhancing fairness. OSSRC outperforms SC in terms of balance

and Acc because it employs adaptive graph learning in a unified framework rather than a

fixed graph. We observed increased NMI in OSSRC on the Bank and German datasets, but

there is a trade-off in NMI in the ILPD and hepatitis datasets compared to SC. Overall,

the proposed FOSSRC method achieves fair clusters and simultaneously improves accuracy

compared to the standard SC.

6.3.3.3 Convergence Analysis
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Figure 6.3: Convergence analysis of the proposed Algorithm 9.

Figure 6.3 shows the changes in objective function values obtained by the proposed
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Figure 6.4: Parameter sensitivity analysis illustrating the effect of varying δ.

Algorithm 9 for each iteration. The stop condition of iterations is set as |obj(t)−obj(t−1)| ≤

10−3, where obj(t) is the objective function value at the t − th iteration. The convergence

plot in Figure 6.3 shows that some parts of the convergence curve exhibit fluctuations and

lack smoothness. This is due to the discrete nature of the cluster indicator matrix Y.

6.3.3.4 Parameter Sensitivity

Eq. (6.4) has four tuning parameters, that is, τ, γ, ρ and δ. We directly compute the value of

γ as given in [108]. To analyze the influence of other parameters (τ, ρ and δ) we evaluate over

the range: {10−3, 10−2, . . . , 103}. We perform clustering in the OSSRC model with varying

parameters τ and ρ, selecting their optimal combination. This optimal setup is then used
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with δ in the FOSSRC model for further analysis of fairness. Figure 6.4 illustrates the

balance in all datasets for different values of δ in the FOSSRC model. The best balance

value for the Bank dataset is 0.426, corresponding to τ = 0.001, ρ = 10, δ = 0.1. For the

ILPD dataset, the balance value is 0.315, corresponding to τ = 0.01, ρ = 0.001, δ = 1.

For the German dataset, the balance value is 0.443, which corresponds to τ = 1000, ρ =

100, δ = 0.01. For the Hepatitis dataset, the balance value is 0.142, corresponding to

τ = 100, ρ = 0.01, δ = 1.

6.4 Summary

This final contributory chapter introduced a novel GFT designed to incorporate fairness

directly into the OSSRC framework. The chapter presented a new perspective and ex-

planation of fairness in one-step clustering criteria, providing a theoretical analysis that

demonstrates the role and impact of the proposed GFT. Based on these insights, the GFT

was integrated with the objective function of the OSSRC, leading to the FOSSRC model.

An effective optimization algorithm is formulated to solve the FOSSRC model by alternately

updating the variables corresponding to each sub-task. Comprehensive experiments show

that FOSSRC achieves fair clusters and outperforms state-of-the-art models (i.e., FSC and

UFSC). In addition, FOSSRC achieves better clustering accuracy than SC, confirming its

effectiveness in simultaneously ensuring fairness and maintaining clustering quality.

Furthermore, while the fairness-aware SC frameworks presented in this dissertation pri-

marily demonstrate effectiveness using single sensitive attributes, they provide a flexible

foundation for addressing more complex demographic structures. Specifically, the proposed

models can be extended to achieve intersectional fairness by adopting a composite attribute

approach. By defining protected groups as the Cartesian product of multiple sensitive di-

mensions (e.g., the intersection of race and gender). Furthermore, the frameworks can

support multi-attribute objectives by reformulating the optimization criterion to include

independent GFT penalties for each sensitive attribute. In this multi-penalty structure,

distinct fairness constraints are summed and weighted individually within the objective
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function, allowing practitioners to prioritize different demographic dimensions according to

specific legal or ethical requirements. This pathway extensibility ensures that the proposed

spectral optimization remains a robust and scalable solution for the multi-dimensional de-

mographic landscapes encountered in real-world, high-impact decision systems.

The next chapter concludes the dissertation by summarizing the key contributions and

outlining potential directions for future research.

00656//
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“Obstacles are those frightful things you see when you take your eyes off your

goal.”

∼Henry Ford

7
Conclusions and Future Perspectives

This chapter concludes the dissertation by summarizing the key contributions made through-

out the research and discussing potential directions for future research. It highlights how

the proposed fairness-aware clustering methods advance both fairness and clustering per-

formance. The chapter is organized into two sections: a summary of contributions and a

discussion of future work.

7.1 Summary of Contributions

This thesis addressed the problem of fairness in SC, with a particular focus on integrating

fairness into advanced and improved variants of SC, such as constrained SC and OSSRC.

Existing fair SC methods often compromise clustering quality when fairness is imposed; in
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contrast, advanced SC methods, such as constrained SC and OSSRC, essentially prioritize

structural performance over fairness. Motivated by these shortcomings, this dissertation

developed fairness-aware variants of advanced SC methods that simultaneously improve

fairness and preserve clustering quality. The research focused on two primary directions:

(i) enhancing fairness within constrained SC, and (ii) integrating fairness into one-step

SC. All the proposed works are extensively validated theoretically and experimentally. A

consolidated summary of the contributions is provided in Table 7.1, which summarizes

how fairness has been incorporated at different levels: objective-level fairness, graph-level

preprocessing, and unified one-step fairness modeling.

The dissertation contains four main contributions:

7.1.1 Fairness-integrated Constrained Spectral Clustering via Lapla-

cian Adjustment

The first contribution of this dissertation introduced a fairness-aware extension of cSC by

modifying the Laplacian formulation to incorporate demographic group information with

ML and CL constraints. Fairness is defined in ML and CL constraints through a specially

designed fair constraint matrix. A fair constraint matrix is designed to introduce fairness

in the constraint set, which encodes group-level balance requirements. This matrix, to-

gether with a balance constraint, is integrated into the SC objective by adjusting the graph

Laplacian. Experimental results and analysis demonstrated the effectiveness of the method,

ensuring fair representation of demographic groups while preserving clustering quality.

7.1.2 Constrained Spectral Clustering with Pairwise Constraints

The second contribution extended fairness into the pairwise constraint representation itself.

A refined PCSC framework was developed in which demographic information is embed-

ded within the structure of ML and CL constraints. This was achieved by formulating a

fairness-driven linear constraint that aligns the SC objective. As a result, the obtained

clusters reflect a distribution of sensitive groups that aligns with the given pairwise con-
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straints. Experimental evaluations demonstrated substantial improvements in fairness while

preserving clustering quality.

7.1.3 Fair and Constraints-respecting Graph Construction for Spec-

tral Clustering

The third contribution proposed a novel preprocessing method that integrates fairness and

pairwise constraints at the graph construction stage to address the limitations of fairness

integration at the optimization level. A fair constrained kNN graph is constructed, en-

suring neighborhood fairness, where each group is proportionally represented within local

neighborhoods, while simultaneously enforcing ML and CL constraints at the graph level.

By embedding fairness and pairwise constraints directly into the similarity graph itself, the

method produces an unbiased structural representation prior to clustering. SC applied to

this fair constrained graph subsequently yields fair clusters that preserve clustering quality

while satisfying the specified pairwise constraints.

7.1.4 Fairness-aware One-Step Spectral Rotation Clustering

This fourth contribution integrates fairness within the one-step SC framework. A novel

group fairness term is introduced and integrated with the OSSRC formulation to reduce

demographic imbalances in the resulting clusters while preserving accuracy. By combining

the three stages of traditional SC, the proposed FOSSRC model jointly performs adaptive

graph learning, fairness enforcement, and clustering in a unified framework. An efficient

alternating optimization algorithm is used to solve the model. Experimental results showed

that FOSSRC produces fair clusters and outperforms fairness-driven baselines such as FSC

and UFSC.

Across all four contributions, this dissertation demonstrates that fairness can be effec-

tively integrated into advanced SC methods, enabling the generation of clusters that are

fair while preserving clustering quality.
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Table 7.1: Summary of the main contributions presented in this dissertation

Method Fairness Inte-
gration Level

Objective Outcome

Fair Constrained
SC (Contribution 1
& 2)

In-processing
(objective modi-
fication)

Adds fairness + pair-
wise constraints

Maintains fairness and
clustering quality

Graph-Level Fair
Constrained SC
(Contribution 3)

Preprocessing
(graph-level)

Enforces fairness +
pairwise constraints in
kNN graph

Improves fairness con-
sistency before clus-
tering

Fair One-Step
Spectral Rotation
SC (Contribution
4)

Unified model
(one-step)

Adds fairness to one-
step objective

Ensures fairness, effi-
ciency, and improved
performance

7.2 Practical Deployment and Applicability

Transitioning the fairness-aware SC frameworks developed in this dissertation from theo-

retical models to practical, real-world deployment requires a thorough consideration of sys-

tem applicability and production constraints. The utility of these frameworks spans across

several critical, high-impact domains, such as healthcare analytics for equitable resource

distribution, financial decision systems for unbiased credit profiling, educational data anal-

ysis, personalized recommendation engines, and social network analysis, where group-level

bias mitigation is increasingly mandatory. From a deployment perspective, the proposed

methods can be integrated into existing graph-based clustering pipelines with relatively lim-

ited modifications, since fairness interventions are incorporated through graph construction,

fairness regularization, or constrained optimization. The experimental results presented in

this dissertation demonstrate that fairness can be effectively integrated into advanced SC

frameworks while preserving competitive clustering quality, thereby supporting the practical

applicability of the proposed methods in real-world systems.

7.3 Scope for Future Work

While this dissertation makes significant contributions to the development of fair and im-

proved SC methods, there are still several future directions that could be explored to further
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enhance fairness and clustering performance through more advanced and optimized meth-

ods. This initiative marks the beginning of such advancements. This can be further extended

to more advanced versions.

7.3.1 Scalability Considerations

Although the proposed fairness-aware SC frameworks demonstrate strong clustering and

fairness performance on benchmark datasets, scalability remains an important challenge

for very large-scale data. Similar to traditional SC methods, the computational bottle-

neck primarily arises from similarity graph construction and eigen-decomposition of the

graph Laplacian. Nevertheless, the proposed methods preserve the sparse graph structure

commonly used in spectral clustering, particularly through the use of k-nearest neighbor

graphs and sparse constraint representations. This reduces computational and memory re-

quirements compared to fully connected graph formulations. For large-scale applications

involving millions of samples, future research may explore scalable approximations such as

landmark-based spectral clustering, sparse eigensolvers, distributed graph processing, and

GPU-accelerated optimization frameworks. These extensions would further improve the

practical applicability of fairness-aware SC in large real-world systems.

7.3.2 Extension to Multiple Sensitive Attributes

The methods introduced in this dissertation primarily focus on fairness defined over a single

sensitive attribute. Extending the core frameworks to handle multiple sensitive attributes

simultaneously represents an important and necessary direction for future research. Gener-

ally, two strategies can be applied across all the proposed methods: First, the intersectional

Approach defines protected groups as the Cartesian product of multiple attributes (e.g.,

combining ’Age’ and ’Race’ into a single multi-valued variable). This ensures that fairness

interventions protect individuals at the intersection of multiple identities, preventing bias

against specific combined subgroups. Second, the multi-objective approach formulates in-

dependent fairness terms for each distinct attribute, integrating them into a single objective
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function via a weighted summation. This allows for the simultaneous enforcement of distinct

fairness constraints.

7.3.3 Fairness in Online and Incremental Spectral Clustering

Many real-world systems operate in dynamic environments where data evolves over time.

Incorporating fairness into online or incremental SC could significantly broaden the practical

applicability of fairness-aware clustering, particularly in domains such as evolving social

networks, recommendation systems, and real-time decision-making tools.

7.3.4 Unified Framework for Constraints, Fairness, and Graph

Learning

Each contribution in this dissertation addressed fairness at a specific stage. The next step is

to develop a fully unified model that simultaneously incorporates pairwise constraints, fair-

ness considerations, graph learning, and clustering within a joint optimization framework.

Such a comprehensive approach would further reduce information loss between stages, mit-

igate sub-optimal intermediate results, and potentially produce more accurate and robust

clustering outcomes.

7.3.5 On the Availability of Sensitive Attributes

The proposed fairness-aware SC frameworks assume the availability of sensitive attributes

during clustering. This assumption is a well-established paradigm in fairness-aware machine

learning literature because fairness objectives, constraints, and evaluation metrics necessi-

tate access to demographic or protected-group information. Furthermore, the use of such

attributes is standard practice across foundational benchmarks, such as Adult, COMPAS,

and German Credit datasets, which explicitly provide sensitive attributes for evaluating

algorithmic bias and fairness performance.

In many practical domains, including healthcare analytics, educational systems, and
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census-based studies, sensitive information is often accessible under strict ethical and pri-

vacy guidelines. Indeed, the availability of such data is essential for the initial auditing

phase of any fairness intervention, as the absence of protected-group information makes the

measurement and mitigation of disparities significantly more challenging. This requirement

highlights a fairness-privacy paradox: while privacy regulations may restrict the collection

of sensitive data, the absence of such data prevents the empirical verification of fairness.

Therefore, while the current assumption provides a necessary baseline for developing and

benchmarking fairness-aware clustering methods, extending these approaches to settings

with missing or unavailable sensitive attributes remains an important direction for future

research. Potential extensions include fairness under unawareness [115] and the use of proxy

variables correlated with protected groups. Such advancements would ensure that fairness-

aware spectral clustering remains robust even in environments where explicit demographic

information is restricted.

7.3.6 Privacy Considerations

The integration of sensitive attributes into clustering algorithms necessitates a robust pri-

vacy framework, particularly when data is handled in distributed or single-node environ-

ments. In distributed settings, directly sharing sensitive demographic information may

violate privacy regulations. Future extensions of the proposed frameworks may therefore

incorporate privacy-preserving mechanisms, such as federated learning, differential privacy,

or encrypted graph learning. These approaches would allow fairness constraints to be op-

timized collaboratively while keeping sensitive data localized. However, this introduces

an important fairness–privacy trade-off. Fairness evaluation and mitigation often require

access to sensitive attribute information, whereas privacy-preserving systems seek to mini-

mize exposure of such information. Designing fairness-aware spectral clustering frameworks

that effectively balance demographic fairness, clustering quality, and privacy preservation

remains an important direction for future research.
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